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Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Bayes filter in a nutshell
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Instantiating Sensor Models

Instantiating Motion Models

Putting together for the Car

Kalman Filtering



Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

Bayes filter in a nutshell



Step 0. Start with the belief at time step t-1

Key Idea: Apply Markov to get a recursive update!

Step 1: Prediction - push belief through dynamics given action

Step 2: Correction - apply Bayes rule given measurement

So what do we need to define to instantiate this?



Let’s ground this in the context of the car

PREDICTION CORRECTION

PREDICTION CORRECTION



Motion Model

How do we know this?
à it’s just physics!



A Spectrum of Motion Models

Highest-fidelity 
models capturing 

everything we know
(Red Bull F1 Simulator)

Simple model
with lots of noise

VS

https://www.f1simulatormaniac.com/red-bull-simulator/


Why is the motion model probabilistic?

n If we know how to write out equations of motion, 
shouldn’t we be able to predict exactly where an 
object ends up?

n “All models are wrong, but some are useful” —
George Box
n Examples: ideal gas law, Coulomb friction

n Stochasticity is a catch-all for model error, actuation 
error, …



What defines a good motion model?

n In theory: try to accurately model the uncertainty (e.g., actuation 
errors)

n In practice…
n We need just enough stochasticity to explain any measurements we’ll see

(Bayes filter uses measurements to hone in on the right state)
n We need a model that can deal with unknown unknowns

(No matter the model, we need to overestimate uncertainty)
n We would like a model that is computationally cheap

(Bayes filter repeatedly invokes this model to predict state after actions)
n Key idea: simple model + stochasticity



What motion model should I use for MuSHR?

n A kinematic model governs how wheel speeds map to 
robot velocities

n A dynamic model governs how wheel torques map to 
robot accelerations

n For MuSHR, we’ll ignore dynamics and focus on 
kinematics (assuming the wheel actuators can set speed 
directly)

n Other assumptions: wheels roll on hard, flat, horizontal 
ground without slipping



Kinematic Car Model

X-COORDINATE

Y-COORDINATE

HEADING

SPEED

STEERING ANGLE



Kinematic Car Model

INTEGRATE

ADD NOISE



HTTPS://EN.WIKIPEDIA.ORG/WIKI/INSTANT_CENTRE_OF_ROTATION

A planar rigid body undergoing a rigid 
transformation can be viewed as 
undergoing a pure rotation about an 
instant center of rotation.

rigid body: a non-deformable object

rigid transformation: a combined 
rotation and translation

Definition: Instant Center of Rotation (CoR)



Equations of Motion

?



Equations of Motion



Kinematic Car Model

INTEGRATE



Integrate the Kinematics Numerically

Assume that steering 
angle is piecewise 
constant between t and t’



Integrate the Kinematics Numerically

Assume that steering 
angle is piecewise 
constant between t and t’



Kinematic Car Update



Kinematic Car Model

INTEGRATE

ADD NOISE



Why is the kinematic car model probabilistic?

n Control signal error: voltage discretization, communication lag
n Unmodeled physics parameters: friction of carpet, tire pressure
n Incorrect physics: ignoring tire deformation, ignoring wheel 

slippage
n Our probabilistic motion model

n Add noise to control before propagating through model
n Add noise to state after propagating through model



Motion Model Summary

n Write down the deterministic equations of motion 
(kinematic car model)

n Introduce stochasticity to account against various factors

MOTION MODEL
PROB. DENSITY FUNCTION

MOTION MODEL
SAMPLES
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Sensor Model



How Does LIDAR Work?

HTTPS://YOUTU.BE/NZKVF1CXE8S



LIDAR in the Real World

HTTPS://YOUTU.BE/I8YV5D8CPOC



Why is the sensor model probabilistic?

n Incomplete/incorrect map: pedestrians, objects moving 
around

n Unmodeled physics: lasers go through glass
n Sensing assumptions: light interference from other 

sensors,
multiple laser returns (bouncing off multiple objects)



What defines a good sensor model?

n Overconfidence can be catastrophic for Bayes filter
n LIDAR is very precise, but has distinct modes of failure

n Anticipate specific types of failures, and add stochasticity 
accordingly



What sensor model should I use for MuSHR?

MAPLASER SCAN STATE



Assumption: Conditional Independence



Assumption: Conditional Independence



Single Beam Sensor Model

DISTANCE



Typical Sources of Stochasticity

1. Correct range (distance) with local measurement noise
2. Unexpected objects
3. Sensor failures
4. Random measurements



Factor 1: Local Measurement Noise

What the range must have 
been, given the map

Sensor limit



Factor 2: Unexpected Objects

What the range must have 
been, given the map

Sensor limit



Factor 2: Unexpected Objects
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Factor 2: Unexpected Objects (Project)

What the range must have 
been, given the map

Sensor limit



Factor 3: Sensor Failures

What the range must have 
been, given the map

Sensor limit



Factor 4: Random Measurements

What the range must have 
been, given the map

Sensor limit



Putting It All Together

Weights sum to 1



LIDAR Model Algorithm

1. Use robot state to compute the sensor’s pose on the map
2. Ray-cast from the sensor to compute a simulated laser scan
3. For each beam, compare ray-casted distance to real laser scan 

distance
4. Multiply all probabilities to compute the likelihood of that real 

laser scan
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Tuning Single Beam Parameters

n Offline: collect lots of data and optimize parameters



Tuning Single Beam Parameters

n Online: simulate a scan and plot the likelihood from different positions

Actual scan Likelihood at various locations



Dealing with Overconfidence

n Subsample laser scans: convert 180 beams to 18 beams
n Force the single beam model to be less confident



MuSHR Localization Project

n Implement kinematic car motion model
n Implement different factors of single-beam sensor model
n Combine motion and sensor model with the Particle Filter 

algorithm



Lecture Outline

Instantiating Sensor Models

Instantiating Motion Models

Putting together for the Car

Kalman Filtering



What makes this challenging?

Tractable computation of Bayesian posteriors

n Dynamics (Prediction)

n Measurement (Correction)

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)

Need to choose form of probability distributions



What makes this challenging?

Model as Linear Gaussian

n Dynamics (Prediction)

n Measurement (Correction)

<latexit sha1_base64="mO0sx6Q+AoX8ruzHqbbIHz3kpnY="></latexit>

Bel(xt) =

Z
P (xt|ut�1, xt�1)Bel(xt�1)dxt�1

<latexit sha1_base64="HOKqiRVEE89M2dfLQfgY2D0oGyo=">AAACF3icbVDLSgMxFM34rPU16tJNsAh1U2ZE1I0gdeOygn1AW4ZMeqvBzIPkjljH/oUbf8WNC0Xc6s6/MZ3OQlsPBA7nnJvkHj+WQqPjfFszs3PzC4uFpeLyyuraur2x2dBRojjUeSQj1fKZBilCqKNACa1YAQt8CU3/5mzkN29BaRGFlziIoRuwq1D0BWdoJM+uVEGW7zzcoye0A8horXzv4UOmdCIzObo4NaFhlvLsklNxMtBp4uakRHLUPPur04t4EkCIXDKt264TYzdlCgWXMCx2Eg0x4zfsCtqGhiwA3U2zvYZ01yg92o+UOSHSTP09kbJA60Hgm2TA8FpPeiPxP6+dYP+4m4owThBCPn6on0iKER2VRHtCAUc5MIRxJcxfKb9minE0VRZNCe7kytOksV9xDysHFwel02peR4Fskx1SJi45IqfknNRInXDySJ7JK3mznqwX6936GEdnrHxmi/yB9fkD/O6eng==</latexit>

Bel(xt) = ⌘P (zt|xt)Bel(xt)



Discrete Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Kalman filter = Bayes filter with Linear Gaussian dynamics and sensor models



Discrete Kalman Filter
Estimates the state x of a discrete-time controlled 
process that is governed by the linear stochastic 
difference equation

with a measurement Linear Gaussian

<latexit sha1_base64="M6a6z1WStAjKhXuaIrzPy9yspUM=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkaIui25cSQv2Ap2hZNJMG5pkhiQjlKFrN76KGxeKuPUJ3Pk2ZtpZaPWHwMd/ziHn/EHMqNKO82UVlpZXVteK66WNza3tHXt3r62iRGLSwhGLZDdAijAqSEtTzUg3lgTxgJFOML7O6p17IhWNxJ2exMTnaChoSDHSxurbhx6JFWUGNfQU5dDjSI8wYunttOKcwuZJ3y47VWcm+BfcHMogV6Nvf3qDCCecCI0ZUqrnOrH2UyQ1xYxMS16iSIzwGA1Jz6BAnCg/nZ0yhcfGGcAwkuYJDWfuz4kUcaUmPDCd2aJqsZaZ/9V6iQ4v/ZSKONFE4PlHYcKgjmCWCxxQSbBmEwMIS2p2hXiEJMLapFcyIbiLJ/+F9lnVPa/WmrVy/SqPowgOwBGoABdcgDq4AQ3QAhg8gCfwAl6tR+vZerPe560FK5/ZB79kfXwDxAuZpg==</latexit>

✏t ⇠ N (0, Q)

<latexit sha1_base 64="XrCmeevq3hy8tUWcY0cNTD6Rs+Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREirosunElVewDmhImk2k7dDIJMzdCCV268VfcuFDErZ/gzr9x+lho9cCFwzn3cu89QSK4Bsf5snILi0vLK/nVwtr6xuaWvb3T0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMLsd+854pzWN5B8OEdSLSk7zLKQEj+fa+FzIBxAfsaR5hLyLQp0Rk16OSc4xvj3y76JSdCfBf4s5IEc1Q8+1PL4xpGjEJVBCt266TQCcjCjgVbFTwUs0SQgekx9qGShIx3ckmj4zwoVFC3I2VKQl4ov6cyEik9TAKTOf4UD3vjcX/vHYK3fNOxmWSApN0uqibCgwxHqeCQ64YBTE0hFDFza2Y9okiFEx2BROCO//yX9I4Kbun5cpNpVi9mMWRR3voAJWQi85QFV2hGqojih7QE3pBr9aj9Wy9We/T1pw1m9lFv2B9fAPyOZij</latexit>

�t ⇠ N (0, R)

<latexit sha1_base64="DqO+KDhuQQSZOdzaAQ21COAEsRE=">AAACC3icbVDLSgMxFM34rPU16tJNaBGEQpmRom6EWjcuK9gHtGXIpJk2NPMguSMtQ/du/BU3LhRx6w+4829Mp7PQ1gMhh3POJbnHjQRXYFnfxsrq2vrGZm4rv72zu7dvHhw2VRhLyho0FKFsu0QxwQPWAA6CtSPJiO8K1nJHNzO/9cCk4mFwD5OI9XwyCLjHKQEtOWZh7CRQsqf4Cl+PHcAlXIvTq8sixYWOgGMWrbKVAi8TOyNFlKHumF/dfkhjnwVABVGqY1sR9BIigVPBpvlurFhE6IgMWEfTgPhM9ZJ0lyk+0Uofe6HUJwCcqr8nEuIrNfFdnfQJDNWiNxP/8zoxeJe9hAdRDCyg84e8WGAI8awY3OeSURATTQiVXP8V0yGRhIKuL69LsBdXXibNs7J9Xq7cVYrVWlZHDh2jAjpFNrpAVXSL6qiBKHpEz+gVvRlPxovxbnzMoytGNnOE/sD4/AEbe5k5</latexit>

xt+1 = Axt +But + ✏t

<latexit sha1_base64="4KTmwBYLMa/Y522PGezajjR7OyQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiCIWSSFE3QrEblxXsBdoQJpNpO3RyYeZErKErN76KGxeKuPUZ3Pk2TtsstPWHgY//nMOZ83ux4Aos69vILS2vrK7l1wsbm1vbO+buXlNFiaSsQSMRybZHFBM8ZA3gIFg7lowEnmAtb1ib1Ft3TCoehbcwipkTkH7Ie5wS0JZrHj64KZTsMb7EtfsMS7jrMwHEBdcsWmVrKrwIdgZFlKnuml9dP6JJwEKggijVsa0YnJRI4FSwcaGbKBYTOiR91tEYkoApJ52eMcbH2vFxL5L6hYCn7u+JlARKjQJPdwYEBmq+NjH/q3US6F04KQ/jBFhIZ4t6icAQ4Ukm2OeSURAjDYRKrv+K6YBIQkEnV9Ah2PMnL0LztGyflSs3lWL1Kosjjw7QETpBNjpHVXSN6qiBKHpEz+gVvRlPxovxbnzMWnNGNrOP/sj4/AHbKZd6</latexit>

zt+1 = Cxt+1 + �t



55

Components of a Kalman Filter
Matrix (n x n) that describes how the state evolves 
from t-1 to t without controls or noise.

Matrix (n x l) that describes how the control ut-1
changes the state from t-1 to t

Matrix (k x n) that describes how to map the state 
xt to an observation zt.

Random variables representing the process and 
measurement noise that are assumed to be 
independent and normally distributed with 
covariance R and Q respectively.

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="XF9VczO2tu6+DAjBLH3xLQrwIGU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae2oWy2k3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqz02MNEcxHLvumXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NL56SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMzeJwOukBkxsYQyxe2thI2ooszYkEo2BG/55VXSuqh6l9Xafa1Sv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzsvzrvzsWgtOPnMMfyB8/kD4IuREA==</latexit>✏t
<latexit sha1_base64="YAFQJimcJgUMZO0zofxobKMB15M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEmkf++WKW3XnIKvEy0kFcjT65a9emLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9EB71qqaMyNP5nfOyVnVglJlGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD6NqfCJVmyBVbLIoySTAhs+dJKDRnKMeWUKaFvZWwIdWUoY2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AEjbZAM</latexit>

�t



Goal of the Kalman Filter

<latexit sha1_base64="MbTS1h+M8tSUvbDJaAPrpe2jaBU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0swm7E7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTS/VMPe+WKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1buont+dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AF0Ko3s</latexit>xt
<latexit sha1_base64="yEjHXyrA7HAsERBPkDNK20KG6fk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Vio9q</latexit>xt�1

<latexit sha1_base64="ewhU9ifNOjXpn7qKffvO7JosrDM=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Sfo9o</latexit>xt+1

<latexit sha1_base64="d75H1O4xVlguEXkd3egWzVkaPVg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiRT0WvXisYD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtdN+hhfetF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVr2rau2hVqnf5nEU4QRO4Rw8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N4I9l</latexit>ut+1
<latexit sha1_base64="tgiqUaVAb7LR8+WtIMpZpMg2/eE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJz/o5TvvVmlt35yCrxCtIDQo0+9Wv3iBhWcwVMkmN6XpuikFONQom+bTSywxPKRvTIe9aqmjMTZDPj52SM6sMSJRoWwrJXP09kdPYmEkc2s6Y4sgsezPxP6+bYXQT5EKlGXLFFouiTBJMyOxzMhCaM5QTSyjTwt5K2IhqytDmU7EheMsvr5LWRd27ql8+XNYat0UcZTiBUzgHD66hAffQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz80eo71</latexit>ut

<latexit sha1_base64="2a49in2cAz4GKQiJzUvej1fdp/E=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2mk/wwtv2i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+7pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZr+TgdCcoZxYQpkW9lbCRlRThjahkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBTWAwhmd4hTcncV6cd+dj0Vpw8plj+APn8wcQ7I9n</latexit>ut�1

<latexit sha1_base64="x6C33XKumf9j3NAsbAqPLyZEFoE=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9ci1EbF6wHHC/YgOlAgFo2il1lMvw3Nv0iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx27oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpr+TvtCcoRxbQpkW9lbChlRThjahog3BW3x5mTQvKt5lpXpfLddu8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8Yno9s</latexit>zt�1
<latexit sha1_base64="5ITwDtXiLU4qiPzemb6+ZA+UmY8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lst+3SzSbsToQa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj25nfeuTaiFg94CThQUSHSgwEo2gl/6mX4bRXrrhVdw6ySrycVCBHo1f+6vZjlkZcIZPUmI7nJhhkVKNgkk9L3dTwhLIxHfKOpYpG3ATZ/NgpObNKnwxibUshmau/JzIaGTOJQtsZURyZZW8m/ud1UhxcB5lQSYpcscWiQSoJxmT2OekLzRnKiSWUaWFvJWxENWVo8ynZELzll1dJ86LqXVZr97VK/SaPowgncArn4MEV1OEOGuADAwHP8ApvjnJenHfnY9FacPKZY/gD5/MHPCKO+g==</latexit>zt

<latexit sha1_base64="yPeLDQN0fLiGnufZV/Bynxgu4Gk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLzLSvW+Wq7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8Vko9q</latexit>zt+1

Belief

Idea: recursive update

Measurement

Dynamics

Recursive Belief

2 step process:
n Dynamics update (incorporate action)
n Measurement update (incorporate sensor reading) 

<latexit sha1_base64="/OL0PycvDRxjdDpQ688ap6rOa1g=">AAACAnicbZDLSgMxFIYz9VbrbdSVuAkWoYKWGSkqropuXFawF2jLkEnTNjRzITkj1nFw46u4caGIW5/CnW9j2s5CW38IfPznHE7O74aCK7CsbyMzN7+wuJRdzq2srq1vmJtbNRVEkrIqDUQgGy5RTHCfVYGDYI1QMuK5gtXdweWoXr9lUvHAv4FhyNoe6fm8yykBbTnmTli4c+Dh3omtc0gOcTSGIzs5cMy8VbTGwrNgp5BHqSqO+dXqBDTymA9UEKWathVCOyYSOBUsybUixUJCB6THmhp94jHVjscnJHhfOx3cDaR+PuCx+3siJp5SQ8/VnR6Bvpqujcz/as0IumftmPthBMynk0XdSGAI8CgP3OGSURBDDYRKrv+KaZ9IQkGnltMh2NMnz0LtuGifFEvXpXz5Io0ji3bRHiogG52iMrpCFVRFFD2iZ/SK3own48V4Nz4mrRkjndlGf2R8/gCFOZY5</latexit>

p(xt|z0:t, u0:t�1)

<latexit sha1_base64="I8rOzZyQTiWCBTdNdwt2SMHt1RA="></latexit>

/ p(zt|xt)

Z
p(xt|xt�1, ut�1)p(xt�1|z0:t�1, u0:t�2)dxt�1



Class Outline

Motion Planning Lazy Search

Search

Feedback Control

LQRMPC

Robotic System Design Filtering

SLAMLocalization

State Estimation Control

Planning

PID Control

Heuristic Search

Learning

Actor-Critic Model-Based RL

Imitation Learning Policy Gradient


