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Probabilistic Models

Instructor: Chris Mavrogiannis

TAs: Kay Ke, Gilwoo Lee, Matt Schmittle

*Slides based on or adapted from Sanjiban Choudhury



Logistics

General 
• Everyone officially in the class? 
• Everyone has a team? 
• Access to the lab/CSE1 building? 
• Assignment/Piazza/Canvas/Website  

Recitation on Probability Concepts 
• Thursday Jan 23 at 9:00am, CSE 022 
• During Gilwoo’s OH
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Bayes filter in a nutshell

bel(xt)

zt

ut

bel(xt)

Step 1: Prediction - push belief through dynamics given action

bel(xt) =

Z
P (xt|ut, xt�1)bel(xt�1)dxt�1

Step 2: Correction - apply Bayes rule given measurement

bel(xt) = ⌘P (zt|xt)bel(xt)

bel(xt�1)



Today’s objective
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1. Briefly discuss different paradigms of Bayes filtering

2. Probabilistic motion model

3. Look again at Bayes filter if there are questions and time



Bayes filter is a powerful tool
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Localization Mapping SLAM POMDP



Casting different tasks as Bayes filtering
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Tasks State Action Measurement

Localization Pose of the robot Motor commands
GPS / Laser scans / 

RGB(D) images

Mapping Objects in the world NOP
Exact pose + Laser 

scans / RGB(D) 
images

SLAM
Pose of robot / Objects 

in the world

Motor commands (for 
pose), NOP (for 

objects)

GPS / Laser scans / 
RGB(D) images

Pursuit-
Evasion

Pose of target
Guess where target 

can move
Camera image



Assembling Bayes filter

7

Tasks
Localization 

P(pose | data)

Mapping 
P(map | data)

SLAM 
P(pose, map | data)

Belief Representations

Probabilistic Models

Bayes 
Filter



Tasks that we will cover 
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Tasks Belief Representation Probabilistic Models

Localization 
P(pose | data)

Gaussian / Particles
Motion model 

Measurement model

Mapping 
P(map | data)

Discrete (binary) Inverse measurement model

SLAM 
P(pose, map | 

data)

Particles+Gaussian 
 (pose, landmarks) 

Motion model, 
measurement model, 
correspondence model

(Week 3)

(Week 4)

(Week 4)
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What is localization?
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Probabilistic models in localization

zt
ut

bel(xt) =

Z
P (xt|ut, xt�1)bel(xt�1)dxt�1bel(xt) = ⌘P (zt|xt)bel(xt)

Motion model Measurement model
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How do we think  
about models?



Three questions you should ask
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1. Why is the model probabilistic?

2. What defines a good model?

3. What model should I use for my robot?
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Motion Model

P (xt|ut, xt�1)



Spectrum of motion models
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Statistical Techniques in Robotics (16-831, F14) Lecture#04 (Thursday September 4)

Importance Sampling and Particle Filters

Lecturer: Drew Bagnell Scribe: Joe Bartels1

1 Introduction

Last time, we discussed the Monte Carlo Method. In this lecture we will first discuss Importance
Sampling and then Particle Filters. In particular, we will explain how they work, and the bad
aspects of Particle Filters as well as fixes.

Figure 1: The motion model: Posterior distributions of the robot’s pose upon executing the motion
command illustrated by the dashed line. Isocontours are shown for the probability of the particle.
This plot has been projected into 2-D. The original density is three-dimensional, taking the robot’s
heading direction, ✓, into account.

2 Importance sampling (IS)

Although we are unable to sample from the required distribution, p(x), we can use a trick that
will allow us to sample from the known distribution, q(x). The trick: Sample from the available
distribution and reweight samples to fix it. Manipulating the expectation over p(x) yields the
following approximiation:

1Some content adapted from previous scribes: Nate Wood, David Fouhey, Mike Shomin, and M. Taylor

1

Highest fidelity models of 
everything

Simple model with  
lots of noise

vs

(Redbull simulator)



Three questions you should ask
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1. Why is the model probabilistic?

2. What defines a good model?

3. What model should I use for my robot?



Why is the motion model probabilistic?
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If we know how to write out equations of motion,  
we should be able to exactly predict where a body ends up, right?

What are the sources of noise stochasticity?

Category Example

Control signal error Voltage discretization, communication lag

Unknown physics parameters Friction of carpet, tire pressure

Incorrect physics Ignoring tire deformation, ignoring wheel slippage



Three questions you should ask
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1. Why is the model probabilistic?

2. What defines a good model?

3. What model should I use for my robot?



What is the practical goal of modeling?
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In theory - try to accurately model uncertainty

In practice - do we really need this?

1. We need something that is computationally cheap
(Bayes filter will sample repeatedly from this)

3. We need a model that can deal with unknown unknowns
(No matter what the model, we need to overestimate uncertainty)

2. We need just enough stochasticity to explain any 
measurements we may see

(bayes filter will use measurements to hone in on the right state)
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Key Idea: 
Simple model + Stochasticity



Three questions you should ask
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1. Why is the model probabilistic?

2. What defines a good model?

3. What model should I use for my robot?



Kinematics: A simple car
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Kinematic model governs how wheel speeds map to robot velocities

Assume wheels rolls on hard, flat, horizontal ground without slipping

We will ignore the dynamics and focus on the kinematics 
(assume we can set the speed directly)

Dynamic model governs how wheel torques map to robot accelerations

Chapter 13



Aside I: Instant centre of rotation
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Any displacement (translation + rotation) of a rigid body can be 
modeled as pure rotation about an instant centre of rotation (CoR). 

rigid body = a solid body whose deformation is negligible  



Aside II: Velocity on Rotating Body

ω⃗

A

r⃗

V⃗ = ω⃗ × r⃗ = |ω⃗||r⃗| sin(θ)

O



Motion model
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P (xt|ut, xt�1)
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Motion model: Equations of Motion

{G}

{B}

Chapter 13. Wheeled Mobile Robots
525

CoR

(x, y)

rmin

 

�

ŷ

x̂{s}

Figure 13.10: The two front wheels of a car are steered at di↵erent angles using

Ackermann steering such that all wheels roll without slipping (i.e., the wheel heading

direction is perpendicular to the line connecting the wheel to the CoR). The car is

shown executing a turn at its minimum turning radius rmin.

and the angular speed w of the steering angle. The car’s kinematics are

q̇ =

2

664

�̇
ẋ
ẏ
 ̇

3

775 =
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(tan )/` 0
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v
w

�
, (13.16)

where ` is the wheelbase between the front and rear wheels. The control v is

limited to a closed interval [vmin, vmax] where vmin < 0 < vmax, the steering rate

is limited to [�wmax, wmax] with wmax > 0, and the steering angle  is limited

to [� max, max] with  max > 0.

The kinematics (13.16) can be simplified if the steering control is actually

just the steering angle  and not its rate w. This assumption is justified if the

steering rate limit wmax is high enough that the steering angle can be changed

nearly instantaneously by a lower-level controller. In this case,  is eliminated

as a state variable, and the car’s configuration is simply q = (�, x, y). We use

the control inputs (v,!), where v is still the car’s forward speed and ! is now its

rate of rotation. These can be converted to the controls (v, ) by the relations

v = v,  = tan�1

✓
`!

v

◆
. (13.17)

The constraints on the controls (v,!) due to the constraints on (v, ) take a

somewhat complicated form, as we will see shortly.

May 2017 preprint of Modern Robotics, Lynch and Park, Cambridge U. Press, 2017. http://modernrobotics.org

✓

�

R

V

L

tan � =
L

R

R =
L

tan �

ẋ = V cos(✓)
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Discretize: Numerical integration
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✓̇ =
V

L
tan �

Assume that steering angle is piece-wise constant from t to t+1 

✓t+1 = ✓t +
V

L
tan ��t✓t+1 � ✓t =

Z t+�t

t
✓̇dt

Z t+�t

t
ẋdt =

Z t+�t

t
V cos ✓(t)dtxt+1 � xt =

Z t+�t

t
ẋdt =

Z t+�t

t

V cos ✓

✓̇

d✓

dt
dt

=
L

tan �

Z t+�t

t
cos ✓d✓ =

L

tan �
(sin ✓t+1 � sin ✓t)

yt+1 � yt =
L

tan �
(� cos ✓t+1 + cos ✓t)



Why is the motion model probabilistic?
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If we know how to write out equations of motion,  
we should be able to exactly predict where a body ends up, right?

What are the sources of noise stochasticity?

Category Example

Control signal error Voltage discretization, communication lag

Unknown physics parameters Friction of carpet, tire pressure

Incorrect physics Ignoring tire deformation, ignoring wheel slippage



Stochasticity
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1. Control signal error

V̂ ⇠ N (V,�2
v) �̂ ⇠ N (�,�2

� )

2. Unknown physics parameters

L̂ ⇠ N (L,�2
L)

3. Incorrect physics

x̂ ⇠ N (x,�2
x) ŷ ⇠ N (y,�2

y) ✓̂ ⇠ N (✓,�2
✓)



Good Exercises
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1. Equations of motion for front axle

2. Equations of motion for centre of mass


