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U
ncertainty

J

P
robability

J

S
yntax

J

S
em

antics

J

Inference
rules
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LetactionLM
=

leave
for

airportN

m
inutes

before
flight

W
illLM

getm
e

there
on

tim
e?

P
roblem

s:
1)

partialobservability
(road

state,other
drivers’plans,etc.)

2)
noisy

sensors
(K

U
O

W
traffic

reports)
3)

uncertainty
in

action
outcom

es
(flattire,etc.)

4)
im

m
ense

com
plexity

ofm
odelling

and
predicting

traffic

H
ence

a
purely

logicalapproach
either

1)
risks

falsehood:
“ LOP

w
illgetm

e
there

on
tim

e”
or

2)
leads

to
conclusions

thatare
too

w
eak

for
decision

m
aking:

“LOP

w
illgetm

e
there

on
tim

e
ifthere’s

no
accidenton

the
bridge

and
itdoesn’train

and
m

y
tires

rem
ain

intactetc
etc.”

(LQRRS

m
ightreasonably

be
said

to
getm

e
there

on
tim

e
butI’d

have
to

stay
overnightin

the
airportTTT )
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D
efau

lt
or

n
o

n
m

o
n

o
to

n
ic

logic:
A

ssum
e

m
y

car
does

nothave
a

flattire
A

ssum
e LOP

w
orks

unless
contradicted

by
evidence

Issues:
W

hatassum
ptions

are
reasonable?

H
ow

to
handle

contradiction?

R
u

les
w

ith
fu

d
g

e
facto

rs:

LOPZY[S \]

getthere
on

tim
e

^_a`b
cd
ef` Y[S \ggih
fNj `k
ll

h
fNj `k
ll Y[S \mon kb
c

Issues:
P

roblem
s

w
ith

com
bination,e.g.,^_ `b

cd
ef`

causesn kb
c ??

P
ro

b
ab

ility
G

iven
the

available
evidence,

LOP

w
illgetm

e
there

on
tim

e
w

ith
probability

0.04
M

ahaviracarya
(9th

C
.),C

ardam
o

(1565)
theory

ofgam
bling

(F
u

zzy
lo

g
ic

handles
degree

oftruth
N

O
T

uncertainty
e.g.,

h
fNj `k
ll

is
true

to
degree

0.2)
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P
robabilistic

assertions
sum

m
arize

effects
of

lazin
ess:

failure
to

enum
erate

exceptions,qualifications,etc.
ig

n
o

ran
ce:

lack
ofrelevantfacts,initialconditions,etc.

S
u

b
jective

or
B

ayesian
probability:

P
robabilities

relate
propositions

to
one’s

ow
n

state
ofknow

ledge
e.g.,rs LOPt no

reported
accidentsuwv

x Txy

T
hese

are
n

o
t

assertions
aboutthe

w
orld

P
robabilities

ofpropositions
change

w
ith

new
evidence:

e.g.,rs LOPt no
reported

accidentsz

5
a.m

.u v
x T{|

(A
nalogous

to
logicalentailm

entstatus}~
t v
�

,nottruth.)
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S
uppose

Ibelieve
the

follow
ing:

rs LOP
gets

m
e

there
on

tim
et TTTu v

x Tx �

rs LgS
gets

m
e

there
on

tim
et TTTu v

x T�x

rs LQOS

gets
m

e
there

on
tim

et TTTu v
x T�|

rs LQRRS

gets
m

e
there

on
tim

et TTTu v
x T����

W
hich

action
to

choose?
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S
uppose

Ibelieve
the

follow
ing:

rs LOP
gets

m
e

there
on

tim
et TTTu v

x Tx �

rs LgS
gets

m
e

there
on

tim
et TTTu v

x T�x

rs LQOS

gets
m

e
there

on
tim

et TTTu v
x T�|

rs LQRRS

gets
m

e
there

on
tim

et TTTu v
x T����

W
hich

action
to

choose?

D
epends

on
m

y
p

referen
ces

for
m

issing
flightvs.

airportcuisine,etc.

U
tility

th
eo

ry
is

used
to

representand
infer

preferences

D
ecisio

n
th

eo
ry

=
utility

theory
+

probability
theory
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F
or

any
propositionsL

,~

1.x� rs Lu � {
2.rs��`�

fu v
{

andrs��k
elfu v
x

3.rs L� ~
u v
rs Lu��
rs ~
u��
rs L� ~
u>

A
     B

T
rue

A
B

de
F

inetti
(1931):

an
agent

w
ho

bets
according

to
probabilities

that
violate

these
axiom

s
can

be
forced

to
betso

as
to

lose
m

oney
regardless

ofoutcom
e.
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S
im

ilar
to

propositionallogic:
possible

w
orlds

defined
by

assignm
entofvalues

to
ran

d
o

m
variab

les.

P
ro

p
o

sitio
n

alor
B

o
o

lean
random

variables
e.g.,� k

�bN�
(do

Ihave
a

cavity?)
Include

propositionallogic
expressions

e.g., �~�
`� ek`� � �k`N�� �kdf

M
u

ltivalu
ed

random
variables

e.g.,h
fk
N�f`

is
one

of� l�cc� z `kb
cza�e��
 � z lc�¡
¢

V
alues

m
ustbe

exhaustive
and

m
utually

exclusive

P
roposition

constructed
by

assignm
entofa

value:
e.g.,h

fk
N�f` v
l�cc� ;also� k
�bN� v
N`�
f

for
clarity
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P
rio

r
or

u
n

co
n

d
itio

n
alp

ro
b

ab
ilities

ofpropositions
e.g., rs � k

�bN�u v
x T{

and rs h
fk
N�f` v
l�cc�uwv
x T� ¤

correspond
to

beliefprior
to

arrivalofany
(new

)
evidence

P
ro

b
ab

ility
d

istribu
tio

n
gives

values
for

allpossible
assignm

ents:

¥s h
fk
N�f`
uwv
� x T� ¤z x T{z x Tx¦z x T{¢

(n
o

rm
alized

,i.e.,sum
s

to
1)

Jo
in

t
p

ro
b

ab
ility

d
istribu

tio
n

for
a

setofvariables
gives

values
for

each
possible

assignm
entto

allthe
variables

¥s h
fk
N�f`z � k
�bN�u

=
a �

§¤
m

atrix
ofvalues:

h
fk
N�f` v

l�cc� `kb
c
�e��
 �
lc�¡

� k
�bN� v
N`�
f

� k
�bN� v
¨ k
elf
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C
o

n
d

itio
n

alor
p

o
sterio

r
p

ro
b

ab
ilities

e.g., rs � k
�bN�t ���N�k
��fu v
x T¦

i.e.,g
iven

th
at���N�k

��f

is
allIkn

ow

N
otation

for
conditionaldistributions:

¥s h
fk
N�f`
t �k`N�� �kdfu

=
2-elem

entvector
of4-elem

entvectors

Ifw
e

know
m

ore,e.g.,� k
�bN�

is
also

given,then
w

e
have

rs � k
�bN�t ���N�k
��fz � k
�bN�u v
{

N
ote:

the
less

specific
belief

rem
ains

valid
after

m
ore

evidence
arrives,

but
is

notalw
ays

useful

N
ew

evidence
m

ay
be

irrelevant,allow
ing

sim
plification,e.g.,

rs � k
�bN�t ���N�k
��fz �� f`
lh b
cu v
rs � k
�bN�t ���N�k
��fu v
x T¦

T
his

kind
ofinference,sanctioned

by
dom

ain
know

ledge,is
crucial
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D
efinition

ofconditionalprobability:
rs Lt ~u v

rs L� ~
u

rs ~
u

ifrs ~
u © v
x

P
ro

d
u

ct
ru

le
gives

an
alternative

form
ulation:

rs L� ~
u v
rs Lt ~u rs ~
u v
rs ~
t Lu rs Lu

A
generalversion

holds
for

w
hole

distributions,e.g.,

¥s h
fk
N�f`z � k
�bN�u v
¥s h
fk
N�f`
t � k
�bN�u ¥s � k
�bN�u

(V
iew

as
a �

§¤

setofequations,notm
atrix

m
ult.)

C
h

ain
ru

le
is

derived
by

successive
application

ofproductrule:

¥s�ª
Qz TTTz ª
«uwv
¥s ª
Qz TTTz ª
«­¬
Qu ¥s�ª
«t ª
Qz TTTz ª
«­¬
Qu

= ¥s�ª
Qz TTTz ª
«­¬
Ou ¥s ª
«@t ª
Qz TTTz ª
«­¬
Ou ¥s�ª
«t ª
Qz TTTz ª
«­¬
Qu

=TTT

=

«® ¯
Q ¥s�ª
®t ª
Qz TTTz ª
® ¬Qu

()*+,
- ./
01/
2 34,+* 56 2 78 9**+ 33) .,
:7;
- <= 4> ? @
AAB

C D)E F+ <@
G
H I@@




K �
W±°

���

P
roductrulers L� ~

u v
rs Lt ~u rs ~
u v
rs ~
t Lu rs Lu

²

B
ayes’ru

lers Lt ~u v
rs ~
t Lu rs Lu

rs ~
u

W
hy

is
this

useful???

F
or

assessing
d

iag
n

o
stic

probability
from

cau
salprobability:

rs � k�
lft �¨¨ f�Nu v

rs �
¨¨ f�Nt � k�
lfu rs � k�
lfu

rs �
¨¨ f�Nu

E
.g.,let ³

be
m

eningitis,^

be
stiffneck:

rs ³
t ^u v

rs ^t ³
u rs ³
u

rs ^u
v

x T¦
§x Txxx {

x T{
v
x Txxx¦

N
ote:

posterior
probability

ofm
eningitis

stillvery
sm

all!
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S
uppose

w
e

w
ish

to
com

pute
a

posterior
distribution

overL

given ~
v
µ ,and

suppose L

has
possible

valuesk
Q TTTk¶

W
e

can
apply

B
ayes’rule

for
each

value
ofL

:

rs L vk
Qt ~ v
µuwv
rs ~ v
µt L vk
Qu rs L vk
Qu· rs ~ v
µu

TTTrs L vk
¶t ~ v
µuwv
rs ~ v
µt L vk
¶u rs L vk
¶u· rs ~ v
µu

A
dding

these
up,and

noting
that

® rs L vk
®t ~ v
µuwv
{

:

{· rs ~ v
µu v
{·
® rs ~ v
µt L vk
®u rs L vk
®u

T
his

is
the

n
o

rm
alizatio

n
facto

r,constantw
.r.t.b

,denoted�

:

¥s Lt ~ v
µuwv
� ¥s ~ v
µt Lu ¥s Lu

Typically
com

pute
an

unnorm
alized

distribution,norm
alize

atend
e.g.,suppose ¥s ~ v

µt Lu ¥s Luwv
� x T�z x T¤z x T¤¢

then¥s Lt ~ v
µuwv
�� x T�z x T¤z x T¤¢ v
¸ S \R¹ S \O¹ S \Oº

S \R» S \O» S \O v
� x T|z x T¤|z x T¤|¢
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Introducing
a

variable
as

an
extra

condition:
rs�ª
t½¼uwv

¾ rs ª
t ¼zÀ¿ v
Áu rs ¿ v
Át½¼u

Intuition:
often

easier
to

assess
each

specific
circum

stance,e.g.,

rs n �
cÂ �f`
t � `�llu

= rs n �
cÂ �f`
t � `�llzÀÃb
� �N v
� `ffcu rs Ãb
� �N v
� `ffct � `�llu

+rs n �
cÂ �f`
t � `�llzÀÃb
� �N v
� fee�¡
u rs Ãb
� �N v
� fee�¡
t � `�llu

+rs n �
cÂ �f`
t � `�llzÀÃb
� �N v`f u rs Ãb
� �N v`f t � `�llu

W
hen¼

is
absent,w

e
have

su
m

m
in

g
o

u
t

or
m

arg
in

alizatio
n

:

rs�ª
u v

¾ rs�ª
t ¿ v
Áu rs ¿ v
Áu v

¾ rs�ª
z ¿ v
Áu

In
general,given

a
jointdistribution

over
a

setofvariables,the
distribution

over
any

subset(called
a

m
arg

in
aldistribution)

can
be

calculated
by

sum
m

ing
out

the
other

variables.
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A
co

m
p

lete
p

ro
b

ab
ility

m
o

d
elspecifies

every
entry

in
the

jointdistribution
for

allthe
variables Å v

ª
Qz TTTz ª
«

I.e.,a
probability

for
each

possible
w

orldª
Q v
ÆQz TTTz ª
« v
Æ«

E
.g.,suppose���N�k

��f
and� k

�bN�

are
the

random
variables:

���N�k
��f v
N`�
f
���N�k
��f v
¨ k
elf

� k
�bN� v
N`�
f

x Tx �

x Txy

� k
�bN� v
¨ k
elf

x Tx {

x T¦�

P
ossible

w
orlds

are
m

utually
exclusive

²
rs ¡
Q � ¡
Ouwv
x

P
ossible

w
orlds

are
exhaustive

² ¡
Q �ZÇÇÇ
� ¡
«

is�`�
f

hence

® rs ¡®uwv
{
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1)
F

or
any

propositionÈ

defined
on

the
random

variables

Ès ¡®u

is
true

or
false

2)È

is
equivalentto

the
disjunction

of¡
® s

w
hereÈs ¡®u

is
true

H
encers Èu v

É­ÊË ÌÍÎ ÊËÏÐ rs ¡®u

I.e.,
the

unconditionalprobability
ofany

proposition
is

com
putable

as
the

sum
ofentries

from
the

fulljointdistribution

C
onditionalprobabilities

can
be

com
puted

in
the

sam
e

w
ay

as
a

ratio:

rs Èt Ñu v
rs È �Ñu

rs Ñu

E
.g.,rs � k

�bN�t ���N�k
��fu v

rs � k
�bN� � ���N�k
��fu

rs����N�k
��fu

v

x Tx �
x Tx ��
x Tx { v

x T¦
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