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P
roductruleOPRQ

S T
UWV
OP Q
X TU OP T
U V
OP T
X QU OPRQU

Y

B
ayes’ru

leOP Q
X TUWV

OP T
X QU OP QU

OP T
U

W
hy

is
this

useful???

F
or

assessing
d

iag
n

o
stic

probability
from

cau
salprobability:

OP[Z
\]
^_Xa`bb _c
dUWV

OP `bb _c
dX Z \]
^_U OP[Z
\]
^_U

OP `bb _c
dU

E
.g.,let e

be
m

eningitis,f

be
stiffneck:

OP e
X fUWV

OP fX eU OP eU

OP fU
V

g hi j
g hggg k

g hk

V
g hgggi

N
ote:

posterior
probability

ofm
eningitis

stillvery
sm

all!
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S
uppose

w
e

w
ish

to
com

pute
a

posterior
distribution

overQ

given T
V
n ,and

suppose Q

has
possible

values\o hhh\p

W
e

can
apply

B
ayes’rule

for
each

value
ofQ

:

OPRQ V
\oX T V
nU V
OP T V
nX Q V
\oU OP Q V
\oUq OP T V
nU

hhhOPRQ V
\pX T V
nU V
OP T V
nX Q V
\pU OPRQ V
\pUq OP T V
nU

A
dding

these
up,and

noting
that

r OP Q V
\rX T V
nU V
k

:

kq OP T V
nUWV
kq
r OP T V
nX Q V
\rU OPRQ V
\rU

T
his

is
the

n
o

rm
alizatio

n
facto

r,constantw
.r.t.s ,denotedt

:

uP Q
X T V
nU V
t uP T V
nX QU uPRQU

Typically
com

pute
an

unnorm
alized

distribution,norm
alize

atend
e.g.,suppose uP T V

nX QU uPRQU V
v g hw
x g hy
x g hy
z

thenuPRQ
X T V
nU V
tv g hw
x g hy
x g hy
z V

{}| ~�
� | ~�
� | ~�
�

| ~�
� | ~�
� | ~� V
v g h�x g hy
�x g hy
�z
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s

B
el(s)

s

P
(o|s)

OP ^X��U
V

OP �X ^U OP ^U

OP �U
V

OP �X ^U OP ^U
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A
co

m
p

lete
p

ro
b

ab
ility

m
o

d
elspecifies

every
entry

in
the

jointdistribution
for

allthe
variables � V

�ox hhhx ��

I.e.,a
probability

for
each

possible
w

orld�o V
�ox hhhx �� V
��

E
.g.,suppose���d�\c�_

andZ
\�sd�

are
the

random
variables:

���d�\c�_ V
d�]_
���d�\c�_ V
b \�^_

Z
\�sd� V
d�]_

g hg w

g hg�

Z
\�sd� V
b \�^_

g hg k

g hi�

P
ossible

w
orlds

are
m

utually
exclusive

Y
OP��o S ��
U V
g

P
ossible

w
orlds

are
exhaustive

Y
�o �
¡¡¡� ��

is��]_

hence

r OP �rU V
k
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1)
F

or
any

proposition¤

defined
on

the
random

variables

¤P��rU

is
true

or
false

2)¤

is
equivalentto

the
disjunction

of�r s
w

here¤P��rU

is
true

H
enceOP ¤UWV

¥§¦¨ ©ª« ¦¨¬­ OP �rU

I.e.,
the

unconditionalprobability
ofany

proposition
is

com
putable

as
the

sum
ofentries

from
the

fulljointdistribution

C
onditionalprobabilities

can
be

com
puted

in
the

sam
e

w
ay

as
a

ratio:

OP ¤X ®UWV
OP ¤ S®U

OP ®U

E
.g.,OP[Z

\�sd�X ���d�\c�_U V
OP[Z
\�sd� S ���d�\c�_U

OP ���d�\c�_U
V

g hg w
g hg w
¯ g hg k V

g hi
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Tw
o

random
variablesQT

are
(absolutely)

in
d

ep
en

d
en

t
iff

OPRQ
X TU V
OPRQU

orOPRQ
x T
U V
OP Q
X TU OP T
U V
OPRQU OP T
U

e.g.,Q

andT

are
tw

o
coin

tosses

If±

B
oolean

variables
are

independent,the
fulljointis

uP �ox hhhx ��U V

r uP �rU
hence

can
be

specified
by

just±
num

bers

A
bsolute

independence
is

a
very

strong
requirem

ent,seldom
m

et
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C
onsider

the
dentistproblem

w
ith

three
random

variables:
���d�\c�_

,Z
\�sd� ,Z
\dc�

(steelprobe
catches

in
m

y
tooth)

T
he

fulljointdistribution
hasy

³´k

=
7

independententries

IfIhave
a

cavity,the
probability

thatthe
probe

catches
in

itdoesn’tdepend
on

w
hether

Ihave
a

toothache:
(1)OP Z

\dc�X ���d�\c�_x Z
\�sd�U V
OP Z
\dc�X Z \�sd�U

i.e.,Z
\dc�

is
co

n
d

itio
n

ally
in

d
ep

en
d

en
t

of���d�\c�_

givenZ
\�sd�

T
he

sam
e

independence
holds

ifIhaven’tgota
cavity:

(2)OP Z
\dc�X ���d�\c�_x¶µZ
\�sd�U V
OP Z
\dc�X µZ
\�sd�U
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E
quivalentstatem

ents
to

(1) OP[Z
\dc�X ���d�\c�_x Z
\�sd�U V
OP[Z
\dc�X Z \�sd�U

(1a)OP ���d�\c�_X Z \dc�x Z
\�sd�U V
OP ���d�\c�_X Z \�sd�U

(1b)OP ���d�\c�_x Z
\dc�X Z \�sd�U V
OP ���d�\c�_X Z \�sd�U OP[Z
\dc�X Z \�sd�U

F
ulljointdistribution

can
now

be
w

ritten
as

uP ���d�\c�_x Z
\dc�x Z
\�sd�U V
uP ���d�\c�_x Z
\dc�X Z \�sd�U uP[Z
\�sd�U

=uP ���d�\c�_X Z \�sd�U uP Z
\dc�X Z \�sd�U uP[Z
\�sd�U

i.e.,2
+

2
+

1
=

5
independentnum

bers
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OP ^X��U
V

OP �X ^U OP ^U

OP �U
V

OP �X ^U OP ^U

� OP �X ^U OP ^U
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ow

can
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e
g

et OP �X ^U ??

OP �X ^U V
OP �ox ��
x hhhx ��X ^U

A
ssu

m
p

tio
n

:
sensorbeam

s
are

conditionally
independentg

iven
the

m
ap

and
the

robot’s
position

Y
OP �ox ��
x hhhx ��X ^U V
OP �oX ^U hhhOP ��X ^U
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T
he

sensor
is

either
reflected

by
an

u
n

kn
ow

n
o

b
stacle

or
by

the
n

ext
o

b
sta-

cle
in

th
e

m
ap

OP�»rX ^U V
k
´P k ´P k ´

¼ ½ r O¾P�»¼ UU c¿ OpP�»rX ^UUU ¡P k ´P k ´
¼ ½ r OP »¼ UU cÀU
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