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N
odesa

are
in

d
ep

en
d

en
t

of
nodesb

givenc

,
w

hen
every

undirected
path

from
a

node
ina

to
a

node
inb

is
d-separated

byc

.

X
Y

E
(1)

(2)

(3)

ZZZ
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de
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R
adio

B
attery

Ignition
G

as

S
tarts

M
oves

X
Y

E
(1)

(2)

(3)

ZZZ

1.c g

Ignition
d-separates

G
as

and
R

adio
2. c g

B
attery

d-separates
G

as
and

R
adio

3.
G

as
and

R
adio

are
independent

given
no

evidence,
but

G
as

and
R

adio
are

dependentgivenc g

S
tarts

orc g

M
oves.
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j

E
xactinference

by
enum

eration

j
E

xactinference
by

variable
elim

ination

j
A

pproxim
ate

inference
by

stochastic
sim

ulation
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S
lightly

intelligentw
ay

to
sum

outvariables
from

the
jointw

ithoutactually
con-

structing
its

explicitrepresentation

S
im

ple
query

on
the

burglary
netw

ork:

no^pq r g
stuv
w x g
stuv
y

g
no^pw r g
stuv
w x g
stuv
yz^{
o r g
stuv
w x g
stuv
y

g
| no^pw r g
stuv
w x g
stuv
y

g
| }
~ }
� no^pw vw �w r g
stuv
w x g
stuv
y

R
ew

rite
fulljointentries

using
productofC

P
T

entries:

{
o^p g
stuv
q r g
stuv
w x g
stuv
y

g
| }
~ }
� {o^p g
stuv
y {o vy {o �q p g
stuv
w vy {o r g
stuv
q �y {o x g
stuv
q �y

g
| {
o^p g
stuv
y }
~ {o vy }
� {o �q p g
stuv
w vy {o r g
stuv
q �y {o x g
stuv
q �y
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 ��� �� �
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E
xhaustive

depth-firstenum
eration:�o��y

space,�o����y

tim
e

��� ��
� ���
� ��
� �

( �

,� ,��

) ���� ��
�

a
distribution

over �

��� ��� :�

,the
query

variable

� ,evidence
specified

as
an

event

��

,a
beliefnetw

ork
specifying

jointdistribution ¡�¢£¤ ¥¥¥¤ ¢¦§

¨¡ �§ ©

a
distribution

over�

ª« ��¬­ ®

value¯°

of�±«

extend�

w
ith

value¯°

for�

¨¡ ¯°§ ©
��� ��
� ����
²²(³ ��� [��

],� )

���� ��
´�� ��²�µ�

(¨¡ ¢§ )

��� ��
� ����
²²(¶·¸¹

,� )���� ��
�

a
realnum

ber

�ª��º�»
¼(¶·¸¹

)� ®
� ����� ��

1.0

� ½��±«¾© ¿�
�� �

(¶·¸¹

)

�ª¾

has
valueÀ

in�

� ®
� ����� ��
Á¡ ÂÃ ÁÄ¡�Å§§�Æ
��� ��
� ����
²²(Ç �� �

(¶·¸¹

),� )

� ½�� ���� ��
ÈÉ Á¡ ÂÃ ÁÄ¡�Å§§�Æ
��� ��
� ����
²²(Ç �� �

(¶·¸¹

),�É )
w

here�É

is�

extended
w

ithÅ Ê
Â
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E
num

eration
is

inefficient:
repeated

com
putation

e.g.,com
putes{

o r g
stuv
q �y {o x g
stuv
q �y

for
each

value
of

v

V
ariable

elim
ination:

carry
outsum

m
ations

right-to-left,
storing

interm
ediate

results
(facto

rs)
to

avoid
recom

putation

no^pq r g
stuv
w x g
stuv
y

g
| no^py

ÍÎÏ ÐÑ }
~ {
o vy

ÍÎÏ ÐÒ }
� no �q pw vy

Í
ÎÏ ÐÓ

{
o r g
stuv
q �y

Í
ÎÏ
Ð

Ô
{
o x g
stuv
q �y

Í
ÎÏ
Ð

Õ

g
| no^py }
~ {o vy }
� no �q pw vy {o r g
stuv
q �y Ö Õo �y

g
| no^py }
~ {o vy }
� no �q pw vy Ö Ôo �y Ö Õo �y

g
| no^py }
~ {o vy }
�Ö Óo �w ×w vy Ö Ôo �y Ö Õo �y

g
| no^py }
~ {o vy ÖÙØÓÔ Õo ×w vy

(sum
out

Ú

)

g
| no^py Ö ØÒ ØÓÔ Õo ×y

(sum
outc

)

g
|Ö Ño ×yÜÛÖ ØÒ ØÓÔ Õo ×y
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S
in

g
ly

co
n

n
ected

netw
orks

(or
p

o
lytrees):

–
any

tw
o

nodes
are

connected
by

atm
ostone

(undirected)
path

–
tim

e
and

space
costofvariable

elim
ination

are�o���ß�y

M
u

ltip
ly

co
n

n
ected

netw
orks:

–
can

reduce
3S

AT
to

exactinferenceà

N
P

-hard
–

equivalentto
counting

3S
AT

m
odelsà

#P
-com

plete
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B
asic

idea:
1)

D
raw ã

sam
ples

from
a

sam
pling

distributionä

2)
C

om
pute

an
approxim

ate
posterior

probability å{

3)
S

how
this

converges
to

the
true

probability{

O
utline:–

S
am

pling
from

an
em

pty
netw

ork
–

R
ejection

sam
pling:

rejectsam
ples

disagreeing
w

ith
evidence

–
Likelihood

w
eighting:

use
evidence

to
w

eightsam
ples

–
M

C
M

C
:sam

ple
from

a
stochastic

process
w

hose
stationary

distribution
is

the
true

posterior
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ª� �­� �« �è� ���é ��º
²�

(��
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an
eventsam

pled
from ¡�¢£¤ ¥¥¥¤ ¢¦§

specified
by

ê©

an
eventw

ithë

elem
ents

ª« �ì Ê
í�«ë ±«

¯° ©

a
random

sam
ple

from  ¡ ¢°Ã ÁÄîïëðñ¡ ¢°§§

���� ��
ê

no ò óôu�õy g
ö ÷ øùw ÷ øùú

sam
pleûstuv

no äü tý�þóv
tq ò óôu�õy g
ö ÷ øÿ
w ÷ ø�ú

sam
pleûÖ �ó�v

no � �ý�q ò óôu�õy g
ö ÷ ø�w ÷ ø�ú

sam
pleûstuv

no � v
s� t���q��äü tý�þóv
tw � �ý�y g
ö ÷ ø�w ÷ øÿ
ú

sam
pleûstuv

P(C
) =

 .5

C
P(R

)

TF

.80

.20

C
P(S)

TF

.10

.50

S
R

P(W
)

T
T

T
F

F
T

F
F

.90

.90

.00

.99

C
loudy

R
ain

S
prinkler

 W
et

G
rass
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P
robability

that 
� �
�� ��
���

generates
a

particular
event

ä��o��� øøø��y g
� �� �� {o ��q {�tv�s�o a�yy g{
o��� øøø��y

i.e.,the
true

prior
probability

Letã��o�� g
�y

be
the

num
ber

ofsam
ples

generated
for

w
hich� g

�

,for
any

setofvariables �

.

T
hen å{

o�� g
�y gã
��o�� g
�yz ã

and

� !"# $
å{

o�� g
�y g
%& ä��o�� g
� w ' g
(y

g
%& {
o�� g
� w ' g
(y

g
{
o�� g
�y

T
hatis,estim

ates
derived

from 
� �
�� ��
���

are
co

n
sisten

t
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åno aq,+y

estim
ated

from
sam

ples
agreeing

w
ith+

ª� �­� �« �Ç �- �. ��� �é ��º
²��/

(�

,� ,��

,0

)���� ��
�

an
approxim

ation
toÁ¡ ¢Ã �§

1

[ �

]©

a
vector

ofcounts
over �

,initially
zero

ª« �2

=
1

to 3
±«

ê©
è� ���é ��º
²�

(��

)

�ªê
is

consistentw
ith�� ®

� �

1
[4 ]© 1

[4 ]+
1

w
here4

is
the

value
of�

inê

���� ��
´�� ��²�µ�

( 1

[ �

])

E
.g.,estim

ateno � �ý�q äü tý�þóv
t g
stuv
y

using
100

sam
ples

27
sam

ples
haveäü tý�þóv

t g
stuv

O
fthese,8

have� �ý� g
stuv

and
19

have� �ý� g
Ö �ó�v

.

åno � �ý�q äü tý�þóv
t g
stuv
y g
5
� ����6�
oö �w ÿ�úy g
ö ÷ ø��7w ÷ ø8÷ 9ú

S
im

ilar
to

a
basic

real-w
orld

em
piricalestim

ation
procedure
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åno aq,+y g
| :��o aw +y

(algorithm
defn.)

g:��o aw +yz ã��o +y
(norm

alized
by ã��o +y )

;no aw +yz^{
o +y

(property
of 
� �
�� ��

���

)

g
no aq,+y

(defn.
ofconditionalprobability)

H
ence

rejection
sam

pling
returns

consistentposterior
estim

ates

P
roblem

:
hopelessly

expensive
if{

o +y
is

sm
all
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<�ç
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Id
ea:

fix
evidence

variables,sam
ple

only
nonevidence

variables,
and

w
eighteach

sam
ple

by
the

likelihood
itaccords

the
evidence

ª� �­� �« �= ��
/ >��?
é ��º
²�

(��

,� ) ���� ��
�

an
eventand

a
w

eight

ê©

an
eventw

ithë

elem
ents;@©

1

ª« �A =
1�«ë ±«

�ª¢°

has
a

value¯°

in�

� ®
� �@©@ Æ
Á¡ ¢° Ê
¯°Ã ÁÄîïëðñ¡ ¢°§§

� ½��¯° ©

a
random

sam
ple

from ¡ ¢°Ã ÁÄîïëðñ¡ ¢°§§

���� ��
ê

,@

ª� �­� �« �B���
²�>�� ?= ��
/ >���/

( �

,� ,��

, 0

) ���� ��
�

an
approxim

ation
to Á¡ ¢Ã �§

CD �E ©

a
vector

ofw
eighted

counts
over�

,initially
zero

ª« �2

=
1

to3
±«

ê

,@©= ��
/ >��?
é ��º
²�

(��

)

CD 4E © CD 4E F @

w
here4

is
the

value
of �

in ê

���� ��
´�� ��²�µ�

(CD �E )

56789
: ;<
=><
? @A987 BC ? DE F778 @@6 ;9 GDH: IJ AK L MNNO

P Q6R S8 IMT DU VWX ;8Y
Mk [Mk

<�ç
 ���
���
æ
 �� �
� ��
� 
 e
� f
` �


E
stim

ateno � �ý�q äü tý�þóv
t g
stuv
w � v
s� t��� g
stuv
y

P(C
) =

 .5

C
P(R

)

TF

.80

.20

C
P(S)

TF

.10

.50

S
R

P(W
)

T
T

T
F

F
T

F
F

.90

.90

.00

.99

C
loudy

R
ain

S
prinkler

 W
et

G
rass

tru
e

tru
e
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S
am

ple
generation

process:
1.HI ÿø÷

2.
S

am
ple no ò óôu�õy g

ö ÷ øùw ÷ øùú ;saystuv

3.äü tý�þóv
t

has
valuestuv

,so

HI
H Û{
o äü tý�þóv
t g
stuv
q ò óôu�õ g
stuv
y g÷ øÿ

4.
S

am
ple no � �ý�q ò óôu�õ g

stuv
y g
ö ÷ ø�w ÷ ø�ú ;saystuv

5.� v
s� t���

has
valuestuv

,so
HI
H Û{
o � v
s� t��� g
stuv
q äü tý�þóv
t g
stuv
w � �ý� g
stuv
y g÷ ø÷��
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	`` �� e�f
��
 ��h
 �
 ��

�â ��
�KJ
Þ J
Þ

“S
tate”

ofnetw
ork

=
currentassignm

entto
allvariables

G
enerate

nextstate
by

sam
pling

one
variable

given
its

M
arkov

blanket
S

am
ple

each
variable

in
turn,keeping

evidence
fixed

A
pproaches

statio
n

ary
d

istribu
tio

n
:

long-run
fraction

of
tim

e
spent

in
each

state
is

exactly
proportionalto

its
posterior

probability

M
ain

com
putationalproblem

s:
1)

D
ifficultto

tellifconvergence
has

been
achieved

2)
C

an
be

w
astefulifM

arkov
blanketis

large:

{
o b�q xpo b�yy

w
on’tchange

m
uch

(law
oflarge

num
bers)
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L
 �h
� �f
� ��

� h
�`` �� e�f
�� �� �
� �� � ��� �fâ

A
b

so
lu

te
ap

p
roxim

atio
n

:q {o aq +yNM
å{

o aq,+yq O P

R
elative

ap
p

roxim
atio

n
: Q �R SQ +T�UWV�R SQ +TQ

�R SQ +T
O P

R
elativeà

absolute
since÷O {O ÿ

R
andom

ized
algorithm

s
m

ay
failw

ith
probability

atm
ostX

P
olytim

e
approxim

ation:
polyo��w P U�w �YZ X U�y

T
heorem

(D
agum

and
Luby,1993):

both
absolute

and
relative

approxim
ation

for
either

determ
inistic

or
random

ized
algorithm

s
are

N
P

-hard
for

any

P
w X[ ÷ øù
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D
iagnostic

expertsystem
for

lym
ph-node

diseases.

D
eciding

on
vocabulary:

8
hours

D
esign

topology
ofnetw

ork:
35

hours

M
ake

14,000
probability

assessm
ents:

40
hours

P
athfinder

now
outperform

s
experts

w
ho

w
ere

consulted
during

its
creation!
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