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Ray-triangle intersection
In this handout, we explore the steps needed to compute the intersection of a ray with a triangle. First, we
consider the geometry of such an intersection:
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where a ray with origin P and direction d intersects a triangle defined by its vertices, A, B, and C at intersection
point Q. The square region diagrammatically surrounding triangle ABC represents the supporting plane of the
triangle, i.e., the plane that the triangle lies on.
To perform ray-triangle intersection, we must perform two steps:
1. Determine the point of intersection, Q.
2. Determine if Q lies inside of triangle ABC.

Determining Q
Determining the point of intersection Q in turn requires us to take two more steps:
1. Determine the equation of the supporting plane for triangle ABC.
2. Intersect the ray with the supporting plane.
We’ll handle these steps in reverse order.

Ray-plane intersection
It is well known that the equation of a plane can be written as:

ax + by + cz = d
The coefficients a, b, and c form a vector that is normal to the plane, n = [a b c]T. Thus, we can re-write the plane
equation as:

n⋅ x = d
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where x = [x y z]T.
Now we consider the ray determined by P and d:

R(t ) = P+td
To solve for the intersection of ray R(t) with the plane, we simply substitute x = R(t) into the plane equation and
solve for t:

n ⋅ R(t ) = d
n ⋅ [ P + t d] = d
n ⋅ P + tn ⋅ d = d
d − n⋅ P
t=
n⋅d
Note that if n ⋅ d = 0 , then d is parallel to the plane and the ray does not intersect the plane (i.e., the intersection is
at infinity). Be sure to check for this case!
The intersection point Q can thus be determined by plugging the resulting t into the ray equation for R(t).

Solving for the supporting plane
To intersect with a triangle, we need to solve for the equation of its supporting plane. As noted above, we need
only solve for the normal n to the plane and the coefficient d. The figure below illustrates how we might solve for
the normal using cross products.
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In particular, we can construct the vectors B-A and C-A and compute their normalized cross product:

n=

(B − A) × (C − A)
(B − A) × (C − A)

[Strictly speaking, n does not need to be normalized (i.e., of unit length) in order for ray-plane and ray-triangle
intersection to work; however, for shading purposes, a normalized normal is necessary anyway, so we present the
normalized result.]
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We should take a moment here to make a few comments. First, if we view the normal to a triangle as simply
being a unit vector that is perpendicular to the supporting plane, then, in fact, both the n computed above and –n
would satisfy our definition. Which one is “right”?
We’ll assume that a triangle is actually “one-sided” so that there is a correct normal direction that points to the
outside of the object that the triangle belongs to. In addition, we’ll assume that this direction is implicit in the
ordering of the vertices. In particular, if you curl the fingers of your right hand from A to B to C, then your thumb
will point in the direction of the normal. This right-hand rule is another way of saying that we expect the vertices
to be arranged in counter-clockwise order with respect to the normal.
Next, we chose to cross B-A into C-A. Did the order matter? Yes! If we had done it the other way around, we
would have been computing –n.
Finally, could we have chosen other vectors for computing the normal? Definitely! Any two vectors that are
tangent to the plane can be crossed into each other (in the correct order!) to yield the normal vector. For instance,
we could have crossed C-B with A-B, in that order, to compute the normal.
Getting back to the sub-problem at hand, how do we compute the remaining coefficient d in order to establish the
supporting plane equation? Earlier we stated the plane equation as n ⋅ x = d . Any x that satisfies this equation
must lie on the plane. Thus, if we pick a point that lies on the plane, and plug it into the equation, then the
equation must be satisfied. Clearly, the vertices of the triangle lie on the supporting plane, so we just need to pick
one – any one – of them. We’ll pick A. Now we find that, simply:

d = n⋅ A
At this point, we have now computed all the coefficients needed to describe the supporting plane of the triangle
and can go ahead and compute the intersection Q.

Triangle inside-outside testing
Now we’ve got the situation where we have a triangle ABC and an intersection point Q, but we don’t know if Q
actually lies inside the triangle. To determine this, we need to perform an “inside-outside” test. In particular, Q
lies inside of triangle ABC if it lies on the inside of all of the lines determined by edges AB, BC, and CA. Below,
on the left, we see that Q satisfies this requirement. On the right, we see that Q is inside of edges CA and BC, but
not AB, and is therefore outside the triangle.
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We can now use cross products to determine which side of each edge Q is on. Consider the edge AB. If we form
the vectors B-A and Q-A, then their cross product should point in the same direction as the normal. In other
words, Q is on the inside of AB if:

[(B − A) × (Q − A)] ⋅ n ≥ 0
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The figure below, on the left, illustrates this idea for the two cases where Q is inside and outside of the edge AB.
In the second case, the cross product will point in the opposite direction of the normal.
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We can develop similar conditions for the other edges. As a result, Q is inside of ABC if all of the following
conditions are met simultaneously:

[(B − A) × (Q − A)] ⋅ n ≥ 0
[(C − B) × (Q − B)] ⋅ n ≥ 0
[( A − C) × (Q − C)] ⋅ n ≥ 0
If any one of these tests fails, then Q is not inside of ABC, and the result is no intersection.
Note that we used the “greater than or equal to” comparison here. We do this in order to insure that the vertices
A, B, and C and the edges AB, BC, and CA are all considered to be part of the triangle. For instance if Q were
equal to A, then the first test would return a value of zero. Or, if Q were along the edge BC, then the second test
would return a value of zero (parallel vectors have a cross product of zero). In both cases, however, we would
want to declare Q to have intersected with the triangle; thus, the tests must have the “greater than or equal to”
comparisons.
Note that the triangle-intersection procedure described in this document is not as efficient as it could be. As noted
in class, you can speed up the procedure by first projecting the triangle onto an axis aligned plane and then
perform the calculations in 2D.
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