Lecture 3

Systems and (Convolutions)

Zoran Popovi¢

adapted from: Ranjay Krishna



So far: 2D discrete system (filters)

- System: a sequence of filter
- Sis the system operator, defined as a mapping or assignment of
possible input function f[n,m] to some possible output function g[n,m].

fin,m| —|System S | — gln,m
y g




So far: Moving Average

g[nam]:% Z Z fln—k,m—1]
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So far: Image Segmentation

255, fln,m] > 100
0, otherwise.

e Use a simple pixel threshold:  ¢[n, m)]




What we will learn today?

e Properties of filters



Properties of systems

e Amplitude linearity:
o Additivity — f(x+y) = f(x) + f(y)

Slfiln,m] + fjln, m]| = Sfiln, m]] + S|f;ln, m]]

o Homogeneity — f(ax) = a f(x)

S[af[na m“ — aS[f[n, m“



Is Moving Average Additive?

Goal: S|[f;[n,m| + fj|n,m]] = S|fi|n, m]] + S[f;|n, m|]
Let f'[n,m] = fi[n,m]+ f;[n,m]
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Is Moving Average Additive?

Goal: S[fi[n,m] + f;[n,m]] = S[filn,m]] + S[f;[n, m]]
Let f'ln,m| = filn,m| + f;|n,m|

S[filn,m] + f;ln, m]] = S[f'[n, m]]
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Is Moving Average Additive?

Goal: S[fi[n,m] + f;[n,m]] = S[filn,m]] + S[f;[n, m]]
Let f'ln,m| = filn,m| + f;|n,m|
SUfilnsm) + f3ln, ml] = SI'fn, m]
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. . g 1 1 1
Is Moving Average Additive? 1
— | 1 1 1
Goal:  S[fi[n,m] + f;[n,m]] = S[fi[n, m]] + S[f;[n, m]] 9
Let f'|n,m| = f;ln,m| + f;|n,m| T
Slfiln, m] + f{n,m]) = f[f’l[n, ] | s =5 30 3 -k
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Is Moving Average Additive? L
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Is Moving Average Additive? L
Goal: S|[f;[n,m] + f;[n,m]] = S[fi[n, m]] + S|f;[n, m|] o
Let f'|n,m| = filn,m|+ f;|n,m| 1 1] 1
S[filn,m] + fj[n,m]] = S[f'[n, m]] A
LA g[nam]zgk;”;lf[n—kam—l]
=3 S: S:f[n—k,m—l]

k=—11=-1

:% Sj Sj[fi[n—k,m—l]+fj[n—k,m—l]]

k=—11l=-1
1 1 1 1 1 1
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s Moving Average Homogeneous?

Exercise:
S[af[n, m]] _ aS[f[n, m]] Showing moving average filter is homogeneous
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Properties of systems

e Amplitude linearity:
o Additivity
S|filn, m] + fjln, m|] = S|fi[n, m|] + S|fj[n, m]]

o Homogeneity | |
S[Oéf [n) m]] — OéS[f [n7 m” Eg(uerrc(:)ljven: prove homogeneity by



Properties of systems

e Amplitude linearity:
o Additivity
S|filn, m] + fjln, m|] = S|fi[n, m|] + S|fj[n, m]]

o Homogeneity
Slafn,m]] = aS|f[n,m]]
o From above, we get Superposition (Linear Combination)

Slafiln,m] + Bf;[n,m]] = aS[fi|n, m]| + BS|f;|n, m]]

This is an important property. Make sure you know how to prove if
any system has this property



Properties of systems

e Other properties:
o Stability

If Vn,m, |fln,m]| <k = |S[f[n,m]|| < ck for some constant ¢ and k
(It's related to Lipschitz condition in ML & Statistics)

Q. Is the moving average filter stable?



If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fln,m]| <k



If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fln,m]| <k
;L
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If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fln,m]| <k

1
§ S‘ S‘ |f n — k m — l” (Triangle Inequality)



If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fln,m]| <k

S‘ Y fln—km—1

k=—11l=-1

1
< 5 S‘ S‘ |f n — k m — l” (Triangle Inequality)
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If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fIn,m]| <k

1
< 5 Sj Sj |f[n — k,m — l” (Triangle Inequality)




If Vn,m, |fln,m|| <k = |S|f[n,m]]| < ck for some constant ¢ and k

Proof of stability

Let Vn,m, |fln,m]| <k

Sl ]| = I 2. 2 fln—km—1]

1
< 5 S‘ S‘ |f n — k m — l” (Triangle Inequality)
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Properties of systems

e Amplitude properties:
o Stability

If Vn,m, |fln,m]| <k = |S|f[n,m]]| < ck for some constant ¢ and k
o Invertibility
S™'S[f[n,m]] = f[n,m]



Properties of systems

e Amplitude properties:
o Stability

If Vn,m, |fln,m]| <k = |S[f[n,m]|| < ck for some constant ¢ and k
o Invertibility
S~'S[fn,m]] = fln,m]

Q. Is the 3x3 moving average filter invertible?

(Last time, we had a discussion of information loss of moving average)



A simple 1D moving average

e Consider a 1D moving avg problem of [1, 2, 3, 4] and the window size is 3

e Theavgis|1, 2, 3, 7/3]
o (0+1+2)3=1
o (1+2+3)/3=2
o (2+3+4)3=3
o (3+4+0)/3=7/3

e Invertibility: can you infer back [1, 2, 3, 4] by [1, 2, 3, 7/3]7?

o if we know window size is 3 and zero paddings



A simple 1D moving average

%%OO-JI]- -1-
P31 oof a2
0 5 5 3w |3

i
0 0 5 & P L3l

- Boundary condition is important
- Exercise: what leads to invertible or non-invertible moving average?
- What is implication?
- With different assumptions and conditions, we can make many operation invertible, which allows us
to recover the image back (e.g. denoising)



Filters and Boundaries Miniquizz

https://tinyurl.com/cse455-3



https://tinyurl.com/cse455-3

Properties of systems

e Spatial properties
o Shift invariance:

fln —no,m —mo] > gln —no,m —mo|




What does shifting an image look like"?

fln —no,m — mo) =, gln — ng, m — my|

Original image

flnom] = .. fl0,-1]  "fl0,0]
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What does shifting an image look like"?

fln —no,m — mo) =, gln — ng, m — my|

: Shifted image
f1=1,=1 f[—l,O] f[—lvl] n,=1
finm] = | | .. BEIOLEL] % fl0 0k £[0,1] « % . m, =1
FE= 1@ 1107 f1, 1




Is the moving average system is shift invariant?

1

ofnml =5 3 3 fln— kom0

k=—1[=-1

f[n, m] gln, m]




fln —ng,m — mg 2, gln —ng,m — mg|

Is the moving average system is shift invariant?

g[n,m]:% S: S: fln—k,m —1]

k=—11l=-1




fln —ng,m — mg 2, gln —ng,m — mg|

Is the moving average system is shift invariant?

L
5;: S:f[n—k,m—l]
k=—11=—1

Let n' =n —ng and m' = m — myg



fln —ng,m — mg 2, gln —ng,m — mg|

Is the moving average system is shift invariant?

;L
5;: S:f[n—k,m—l]
k=—11=—1

Let n' =n —ng and m' = m — myg

gln — ng,m — me] = g[n', m’|



fln —no,m — mo| = gln —mno,m —mo|

Is the moving average system is shift invariant?

e 1
9 S: S:f[n—k,m—l]

k=—11l=-1

Let n' =n —ng and m' = m — my

gln — ng,m — mg] = g[n', m']
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fln —no,m — mo| = gln —mno,m —mo|

Is the moving average system is shift invariant?

1 1 1
m] = o Y Y fin—km—1]

k=—11l=-1

Let n' =n —ng and m' = m — myg

gln — ng,m — mg] = g[n', m/]

B 11
=S N i —km! =1
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k=—1[1l=-1

= S[fn',m]]




fln —no,m — mo| = gln —mno,m —mo|

Is the moving average system is shift invariant?

—é Z Zf[n—k,m—l]

k=—11=—1
Let n” =n —ng and m' = m — myg

gln —ng,m — me] = g[n', m’|

R
9 Z Zf[n'—k,m’—l]

k=—11=—1
= S[f[n', m']]
= S|f|n — ng,m — mg]]



What we will learn today?

e Linear shift invariant systems



Linear Systems (filters)

fln,m| — | System & | — g|n, m|

« Linear filtering:

— Form a new image whose pixels are a weighted sum of
original pixel values

— Use the same set of weights at each point
e Sis alinear system (function) iff it S satisfies

Slafiln,m] + Bfjlk,ll] = aS[filn,m]] + B S[flk, 1]]

superposition property (linear combination)



Linear Systems (filters)

fln,m| —

System S

— g[n, m]

* Q. Is the moving average a linear system? YES

g[nam]:% S: ;: fln—k,m—1]

k=—11l=-1



Linear Systems (filters)

fln,m| —

System S

— g[n, m]

* Q. Is the moving average a linear system?

g[nam]:% S: ;: fln—k,m—1]

k=—11=—1
* Q. Is thresholding a linear system?

gln,m| = {

1,
0,

fln,m| > 100
otherwise.



Linear Systems (filters)

fln,m| —

System S

— g[n, m]

* Q. Is the moving average a linear system?

g[nvm]:% S: ;: fln—k,m—1]

k=—11=—1
* Q. Is thresholding a linear system?
o Letf,[0,0] =1,[0,0] =99
o So, S[f,[0,0]] = S[f,[0,0]]=0
o But S[f,[0,0] + f,[0,0]] = 1

gln,m| = {

1,
0,

fln,m| > 100
otherwise.



Linear shift invariant (LSI) systems

e Satisfies two properties:

« Superposition (linear combination) property
Slafiln,m] + Bfilk,l]] = aS[filn,m]] + B S[fjlk,1]]
 Shift invariance:

/ [’fl — o, M — mo] i g[n — Ng, M — mo]




Moving average system is linear shift invariant (LSI)

e \We are going to use this as an example to dive into interesting properties about
linear shift-invariant systems.

e \WWhy are linear shift invariant systems important?

Our visual system is (often) a
shift invariant system, and linear is easy (for us)



Human vision are scale and translation invariant

larget
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Participants were shown
some target Korean
character once and were
tested on whether they
can identify the targets
from other distractors

Han et al. Scale and translation-invariance for novel objects in human vision. Nature 2020 [link]


https://www.nature.com/articles/s41598-019-57261-6#:~:text=We%20found%20that%20humans%20have,and%20position%20of%20presented%20objects.

Human vision are scale and translation invariant
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Han et al. Scale and translation-invariance for novel objects in human vision. Nature 2020 [link]


https://www.nature.com/articles/s41598-019-57261-6#:~:text=We%20found%20that%20humans%20have,and%20position%20of%20presented%20objects.

What we will learn today?

e Impulse functions



2D impulse function

e Let's look at a special function
e 1 at the origin [0,0].

e 0 everywhere else |
e (Similar to delta function)

05 [n, m]



2D impulse function as an image

e Let's look at a special function
e 1 at the origin [0,0].

e 0 everywhere else

O[O0 O[O0 O|O| O
O[O0 O[O O|O| O
O[O0 O[O0 O|O| O
O[O0 | O+ O|O| O

O|lO0|O0|O0| OO O
O|lO0|0|O0| OO O
O|lO0|O0|0|O|(0O| O




What happens when we pass an impulse function
through a LS| systems

1 1

1
e The moving average filter equation again: g[n, m] =9 54 54 fln—k,m —1]
k=—11=—1

[52 n, m} i[h[n, m]}

Pass in an impulse function Record its response

e By passing an impulse function into an LS| system, we get it's impulse
response.

o We will use h[n, m] to refer to the impulse response




What happens when we pass an impulse function
through a LS| systems

Before we do this, let’'s remember

how we used the moving average 01000000

filter last lecture 0/{0[0|0]|0|0|O
ololo|lo|o|0O]O
oloflo|1|0|0]O
ololo|o|o|0O]O
ololo|lo|o|0O]O
ololo|lo|o|0O]O




Remember the Moving Average filter from last lecture

f[Tl, m] g [Tl, m]

PAIEYS
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Remember the Moving Average filter from last lecture

f[Tl, m] g [Tl, m]




Remember the Moving Average filter from last lecture

f[Tl, m] g [Tl, m]

0 10 20 |




Remember the Moving Average filter from last lecture

f[Tl, m] g [Tl, m]

0 10 20 30 ‘\




Remember the Moving Average filter from last lecture

f[Tl, m] g [Tl, m]

0 10 20 30 “ 30




Remember the Moving Average filter from last lecture

f[n, m] gln, m]




Now let's do the same thing with an
impulse function

f[n, m] h[n7 m]
0(0|0(0|0O0|0O0]|O
0(0|0(0|0O0|0O0]|O
0(0|0(0|0O0|0]|O
O|0(0|1]0(0]|O
0(0|0(0|0O0|0O0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

f[n, m] h[n7 m]
0(0|0)J0|0|0]|O0
0(0|0)J0|0|0]|O0 ?
0(0|0)J0|0|0]|O0
O[|0(0|1]0(0]|O
0(0|0(0|0O0|0O0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

f[n, m] h[n7 m]
0(0|0)J0|0|0]|O0
0(0|0)J0|0|0]|O0 0
0(0|0)J0|0|0]|O0
O[|0(0|1]0(0]|O
0(0|0(0|0O0|0O0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

fn, m] h|n, m]

oO|Oo| O
o|Oo| O
o|Oo| O

O|lO0|O0|0|O|0O| O
O|O0|0O0| 0o
|0 |0| 0o
O|O0|Oo|—
O|lO0|O0|O0| OO O
O|lO0|0|O0| OO O
O|lO0|0|0|O|0O| O




Now let's do the same thing with an
impulse function

fn, m] h|n, m]

oO|Oo| O
o|Oo| O
o|Oo| O

O|lO0|O0|0|O|0O| O
O|O0|0O0| 0o
|0 |0| 0o
O|O0|Oo|—
O|lO0|O0|O0| OO O
O|lO0|0|O0| OO O
O|lO0|0|0|O|0O| O




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
0(0|0(0|0O0|0O0]|O 0(0|0(0|0O0|0O0]|O
0Ojo0o|0(0}J10|0]|O0 0(0|0(0|0O0|0O0]|O
0j0o0|0(0}10|0]|O0 0|07
Ojo(o0|1104(0|0
O(0oj{O0O[O0O[0O|0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
0(0|0(0|0O0|0O0]|O 0(0|0(0|0O0|0O0]|O
0Ojo0o|0(0}J10|0]|O0 0(0|0(0|0O0|0O0]|O
0j0o0|0(0}10|0]|O0 O(0 |1/
Ojo(o0|1104(0|0
O(0oj{O0O[O0O[0O|0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
0(0|0(0|0O0|0O0]|O 0(0|0(0|0O0|0O0]|O
O(0Jo0(0|0Of0O]|O0 0(0|0(0|0O0|0O0]|O
OO|OOO|OO O[O0 |1/|7?
O|0OfO0|1]0J)01|0O
O(0o|O[O0O[O[0O0]|O
0/0|0|O0]|]0O0O|0O0]|O
0(0|0(0|0O0|0O0]|O




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olofololo]o]oO olofololo]o]oO
olofolofo]o]o olofololo]o]oO
oo|ooo|oo olol1/]1/
olofoli1]o]o]o 9
olo[OtOl0l0]|0O
olofololo]o]oO
olofololo]o]oO




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olo/o/o]o]o]oO o/lo/olo]o]o]oO
olojolo]o]o]oO olojolo]o]o]oO
ofojo|o|o]o]oO olof1/[1/[1/]0]0
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Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olo/o/o]o]o]oO o/lo/olo]o]o]oO
olojolo]o]o]oO olojolo]o]o]oO
ofojo|o|o]o]oO olof1/[1/[1/]0]0
oloflo][1]o]o]o 9
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Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olo/o/o]o]o]oO o/lo/olo]o]o]oO
olojolo]o]o]oO olojolo]o]o]oO
olofo[o]o]|o]oO olof1/[1/[1/]0]0
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O|0[O0TOTT0T10]|0
ololo|of[o]o]oO




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olo/o/o]o]o]oO o/lo/olo]o]o]oO
olojolo]o]o]oO olojolo]o]o]oO
olofo[o]o]|o]oO olof1/[1/[1/]0]0
olofoli1]ofo]o 919
olofololofo]o 00;’”
O|0[O0TOTT0T10]|0
ololo|of[o]o]oO




Now let's do the same thing with an
impulse function

f[n, m] h[n7m]
olo/o/o]o]o]oO o/lo/olo]o]o]oO
olojolo]o]o]oO olojolo]o]o]oO
ololo|ofo]o]oO olol1/[1/]1/]0o]0
ololo][1]o]o]o 9
oToToToToolo oo1/;/1/oo
0]0]0]0]919)9 olol1/[1/[1/]0]0
ololo|of[o]o]oO 9

olojolo]o]o]oO
o/lolo|ofo]o]oO




Impulse response of the 3 by 3 moving average filter

hin,m|=

19 1/9 1/9
1/9 1/9 1/9

1/9 1/9 1/9




Notice that any response can be written as a

summation of shifted impulse functions
" 1/9 1/9 1/9 °

hin,m]= | 1/9 1/9
- 1/9 1/9 1/9

h[0,0] = 62[0, 0]




Notice that any response can be written as a

summation of shifted impulse functions
T 1/9 1/9 1/9 °

hin,m|=| 1/9 1/9 |1/9
- 1/9 1/9 1/9

h[0,0] = 62[0, 0]

h[0,1] = 532(0,0




Notice that any response can be written as a

summation of shifted impulse functions
- 1/9 1/9 1/9
hin,m|=| 1/9 1/9 1/9
19 1/9 1/9
1
1 1 a
1 9
=9 Z Z d2ln —k,m —
k=—11=—1

The general form for a moving
average h[n,m]




Notice that any response can be written as a
summation of shifted delta functions
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5,[0-1, 0+1] + 8,[0-1, 0-0] + &,[0-1, 0-1])




Notice that any response can be written as a
summation of shifted delta functions

hin,m|=

h[0, 0] = 1/9 * (8,[0+1, 0+1] + §,[0+1, 0-0] + &,[0+1, 0-1] +

Z Zégn—k m — [ O I
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8,[0-0, 0+1] + 8,[0-0, 0-0] + 8,[0-0, 0-1] +
5,[0-1, 0+1] + 8,[0-1, 0-0] + &,[0-1, 0-1])

h[1, 1] = 1/9 * (3,[1+1, 1+1] + &,[1+1, 1-0] + &,[1+1, 1-1] +
8,[1-0, 1+1] + 8,[1-0, 1-0] + &,[1-0, 1-1] +
8,[1-1, 1+1] +8,[1-1, 1-0] +&,[1-1, 1-1])



Notice that any response can be written as a
summation of shifted impulse functions
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Exercise: What if we swap n-k for k-n. Does that also work?

1 1
= 1 S: S: d2lk —n,l —m] Yes because h is symmetric

J k=—11=—1 across the origin




Exercise: What if h was the filter on the right:h[:, -11=0

h{n,m)| hl-,- ]
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9 >4 >4 2k = m Is A correct?

k=—11=—1
s B correct?

Are both correct?
Are both wrong?



Exercise: What if h was the filter on the right:h[:, -11=0
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S+ +§,[-1-0, -1-0] +5,[-1-0, -1-1] + 8,H-01+H++95,[1-0, 1-0] +5,[1-0, 1-1] +

Sof bt 5, [-1-1, -1-0] + 8,[-1-1, -1-1] 8, b1+ §,[1-1, 1-0] +5,[1-1, 1-1]



Exercise: What if h was the filter on the right:h[:, -11=0

h[n,m]:% ZZéQ[n_kam_l] h-,- ]
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Because h is not symmetric, we need to invert
the range if we invert m-I to I-m

Exercise: play with few numerical examples!



What we will learn today?

e LS|+ impulse response



Property of (LSI) systems

e An LS| system is completely specified by its impulse response.

o For any input f, we can compute g using only the impulse response /.

fln,m] =5 gln,m]

or we can use 4 to represent S



Property of (LSI) systems

e An LS| system is completely specified by its impulse response.

o For any input f, we can compute g using only the impulse response /.

fln,m] =5 gln, m]

or we can use 4 to represent S

fln, m] g[n, m]

O+




Property of (LSI) systems

e An LS| system is completely specified by its impulse response.

o For any input f, we can compute g using only the impulse response /.

fln,m] =5 gln,m]

or we can use 4 to represent S

o Let’s derive an expression for g in terms of A.



Recall the 3 properties about LSI systems:

1.We know what happens when we send a delta function through an LSI
system:

5;[n,m] — | System S | — h[n,m]




Recall the 3 properties about LSI systems:

1.We know what happens when we send a delta function through an LSI

system:

o,[n,m] —

System S

— h[n,m]

1.We also know that LS| systems shift the output if the input is shifted:
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Recall the 3 properties about LSI systems:

1.We know what happens when we send a delta function through an LSI
system:

5;[n,m] — | System S | — h[n,m]

1.We also know that LS| systems shift the output if the input is shifted:

&;[In—km—1] — |System S |— h[ln—km—I]

1.Finally, the superposition (linear combination) principle:

S{O‘fl[na m] + 5f2[n’ m]} — O‘S{fl[na m]} + ﬁS{fg[n, m]}



Key idea: write down fas a sum of impulses

Let’s say our input fis a 3x3 image:

f[0,0] | f[O,1] | f[1,1]
f[1,0] | f[1,1] | f[1,2]
f[2,0] | f[2,1] | f[2,2]

pixel value

shifted impulse function

f[0,0] 0 f[0,1] 0 0 0
— 0 + 0 0 + .. 0 0 0
0 0 0 0 0 |f[2,2]
1 0 1 0 0|l 0] O
= f[0,0]x + f[0,1]x + ... +f[2,2]x
0 O| O] O O] O] O
0 Ol 0| O 0] O 1
— f[0,0 '52[n7m] +f[07 1] | 52[n7m_ 1] t... +f[272] '52:77‘_ 27m_2]



Key idea: write down fas a sum of impulses

e More generally:
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Key idea: write down fas a sum of impulses

e More generally:
© @)

fln,ml= > Y flk,1]-ban—k,m—1]

k=—oo l=—0o0
e \We can now use superposition to see what the output ¢ is:

fln,m] ig[n m|

fln, m] = Z 5‘[ [k, 1]]- 52 [n — k,m — 1]

k=—o0 l=—0o0

For given k, |, This is a function
thisis a constant ofn, m



Key idea: write down fas a sum of impulses

e Superposition

Siafiln,m| + Bfaln, m|} = aSifiln, m|} + BS1faln, m|}

e \We can now use superposition to see what the output ¢ is:

fln,m| ig[n m|

fln, m] = Z S‘[f[k U]} [d2[n — k,m — 1]]

k=—o0 l=—0o0

For given k, |, This is a function
thisis a constant ofn, m



Key idea: write down fas a sum of impulses
e Superposition

S{afl[na m] -+ Bf2[n7 m]} — aS{fl[na m]} T /BS{fZ[na m]}
S[Z a;filn,m|| = ZO@;S[J% n,m]] | Eercisel

see what the output g is:

fln,m| ig[n m|

fln, m] = Z S‘[f[k U]} [d2[n — k,m — 1]]

k=—o0 l=—0o0

For given k, |, This is a function
thisis a constant ofn, m



Key idea: write down fas a sum of impulses
e Superposition:
S{afl[na m] T Bf2[n7 m]} — aS{fl[na m]} + /BS{fZ[na m]}

see what the output g is:

fln,m] =5 gln,m]

oo oo

fln,m| = Z Z flk,1] - 02[n — k,m — 1]

k=—o0 l=—0o0

oo oo

2NN flk 1) - [S{820n — kym — 1]}

k=—ocol=—0o0




Key idea: write down fas a sum of impulses

e From previous sllde

fln,m| = Z Zf[kl doln — k,m — ]

k=—o0o l=—0o0

2NN flk 1 - 8{820n — kym — 1]}

k=—o0 [=—0o0

e Using shift invariance, we get a shifted impulse response:

S{52 [TL — ]C, m — l]} — h[’n, — k, m — l] (From previous slide)



We can write g as a function of h

e \We have:
fln,m| = Z Zf[kl] doln — k,m — ]
k_;Ooo l_—oooo f[n, m] g[n, m]
> ) flk0-S
k=—o0 l=—0o0

e \Which means:

n,m] = flk,-hn —k,m—1] ‘o

O|+




Linear Shift Invariant (LSI) systems

e An LS| system is completely specified by its impulse response.

o For any input f, we can compute the output g in terms of the impulse response #.

fln,m] =5 gln,m]

flnym] 2 3" N flk, 0 - hln — k,m — ]

k=—oo l=—0o0

Discrete Convolution




Linear Shift Invariant (LSI) systems

e An LSI system is completely specified by its impulse response (we also
call them as filters).

fln,m] =5 g[n, m]

gln, m] = fln, m] * hn, m]

Fln, m][*h[n, m] = Z Zf[k []-h[n —k,m —1]

k=—ool=—0c0




What we will learn today?

e Linear shift invariant systems
e Impulse functions
e LS| + impulse response

o Why are they important?



Next time:

More Convolutions & Edges and Lines



