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Recap on Camera Calibrations

● Want to find a way to relate real world coordinates and 
image coordinates

● Do that with a matrix that transforms between points

● Let’s build intuition from the ground up

● What’s a domain where you might have an important and 
well defined real world coordinate system?
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Sports!
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Camera Calibration Underlies all Technology 
in Sports
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Let’s Start With a Simple Problem
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Let’s Start With a Simple Problem

Messi scored a goal from here. We have an image and 
want to know where he is

Object detector says he’s at pixel value (300, 600).... 
that’s not useful
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Now consider 3D
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Now consider 3D
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Potential Issues?
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Potential Issues?

Real world coordinate system 
isn’t aligned with camera 
coordinate system!
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Potential Issues?

Real world coordinate system 
isn’t aligned with camera 
coordinate system!
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https://www.cs.cmu.edu/~16385/s17/Slides/11.1_Camera_matrix.pdf
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https://www.cs.cmu.edu/~16385/s17/Slides/11.1_Camera_matrix.pdf
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https://www.cs.cmu.edu/~16385/s17/Slides/11.1_Camera_matrix.pdf
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https://www.cs.cmu.edu/~16385/s17/Slides/11.1_Camera_matrix.pdf
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The story so far
●  
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Quiz
● Why do we project real world 3D points to image points and not the other 

way?

● Does a point in an image defined a unique 3D point? What does it 
define?

● What additional information could you use to know the unique 3D point 
corresponding to an image? 
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In general, we don’t have 3D measurements…

... but more than 1 image!
  

What are the geometric constraints governing 

multiple views of the same scene?

🡪 2D correspondences!
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Get 3D structure & motion from 2D 
correspondences

https://kornia.readthedocs.io/en/latest/applications/image_matching.html 

https://kornia.readthedocs.io/en/latest/applications/image_matching.html
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Correspondence estimation
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Why do we care about 3D reconstruction?
●Mapping, Localization, Navigation for Robots, Drones, Cars 

(cf. also visual SLAM)

●AR (e.g., Hololens) and VR (e.g., Oculus)

●Movies (special FX), Digital Preservation, “Photo Tourism”, 

…

●Software: COLMAP (SfM), orb-slam2 / g2o / gtsam (SLAM)

●Hot topic in industry & academia (top category at CVPR)

https://www.youtube.com/watch?v=imt2qZ7uw1s
https://www.youtube.com/watch?v=8DISRmsO2YQ
https://www.youtube.com/watch?v=BuRCJ2fegcc
https://www.youtube.com/watch?v=RdYWp70P_kY
http://phototour.cs.washington.edu/
https://colmap.github.io/
https://github.com/raulmur/ORB_SLAM2
https://github.com/RainerKuemmerle/g2o
https://github.com/borglab/gtsam
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Multi-view geometry problems

Camera 3
R3,t3

Slide credit: 
Noah Snavely

?

Camera 1
Camera 2R1,t1 R2,t2

Recovering structure:
Given known cameras and 
estimated 2D correspondences,
find 3D points 🡪 Triangulation
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Multi-view geometry problems

Camera 1
Camera 2 Camera 3

R1,t1 R2,t2 R3,t3
? ? ?

Motion:
Figure out R, t for a set of 
cameras given estimated 
2D correspondences

Slide credit: 
Noah Snavely
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Why Are Multiple Cameras Important
https://twitter.com/overtime/status/1610436277069041664

https://twitter.com/overtime/status/1610436277069041664
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What will we learn today?

Triangulation

Epipolar geometry

Stereo

Structure-from-Motion (SfM)
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Triangulation

Given projections of a 3D point in two or more images (with 
known camera matrices), find the coordinates of the point 
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Triangulation

Given projections of a 3D point in two or more images (with 
known camera matrices), find the coordinates of the point
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Triangulation
●  
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Triangulation: linear approach
●  
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Triangulation: non-linear approach

●  
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Triangulation: non-linear approach

●  
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Applications of Triangulation
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What will we learn today?

Triangulation

Epipolar geometry

Stereo

Structure-from-Motion (SfM)
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Epipolar geometry setup
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Epipolar geometry setup

 

  



Ranjay Krishna, Jieyu Zhang May 3, 2024Recitation 6 -

Epipolar geometry setup

e e’
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Epipolar geometry setup
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Epipolar geometry setup

e e’
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Epipolar geometry setup
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Epipolar geometry setup
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Epipolar plane

Epipolar geometry setup: Summary

  

  

 

  Baseline

Epipoles

Epipolar lines
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Epipolar constraint
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Epipolar geometry setup



Ranjay Krishna, Jieyu Zhang May 3, 2024Recitation 6 -

 

Epipolar constraint
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Epipolar constraint
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Epipolar geometry setup

e e’
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Epipolar constraint
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Epipolar constraint
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Epipolar constraint
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Epipolar constraint
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Epipolar constraint
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Epipolar constraint: Example
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Epipolar Geometry & Deep Learning

Multi-Frame Self-Supervised Depth Estimation with Transformers (CVPR 2022)
Vitor Guizilini, Rares Ambrus, Dian Chen, Sergey Zakharov, Adrien Gaidon

https://arxiv.org/abs/2204.07616
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Epipolar Geometry & Deep Learning

Multi-Frame Self-Supervised Depth Estimation with Transformers (CVPR 2022)
Vitor Guizilini, Rares Ambrus, Dian Chen, Sergey Zakharov, Adrien Gaidon

https://arxiv.org/abs/2204.07616
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The Epipolar Constraint as an Equation

  

 

  

 

[2] H. C. Longuet-Higgins. A computer algorithm for reconstructing a scene from two projections. Nature, 1981

 

 

 

 

[1] Faugeras et al., (1992), Hartley (1992) (sketch of proof in appendix)

https://cseweb.ucsd.edu/classes/fa01/cse291/hclh/SceneReconstruction.pdf
https://en.wikipedia.org/wiki/Fundamental_matrix_(computer_vision)
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Estimating the fundamental matrix - teaser

●  
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Estimating the fundamental matrix - teaser
●  
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From epipolar geometry to camera calibration

●  

D. Nister. An efficient solution to the five-point relative pose problem. IEEE Trans. PAMI, 2004

http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.129.1518&rep=rep1&type=pdf
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What will we learn today?

Triangulation

Epipolar geometry

Stereo

Structure-from-Motion (SfM)
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Example configuration: Converging cameras

Image Credit: Hartley & Zisserman
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Example configuration: Converging cameras

• Epipoles are finite, may be visible in the image
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Example configuration: Motion parallel to image plane

Where are the epipoles?
What do the epipolar lines look like?
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Example configuration: Motion parallel to image plane

  

Epipoles infinitely far away!
Epipolar lines parallel: "scan lines"

🡪 Stereo = easier fronto-parallel special case!
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• Epipole is the “focus of expansion” and 
coincides with the principal point of the camera

• Epipolar lines go out from principal point

 

 

 

 

Example configuration: Motion perpendicular to image plane
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History: Stereograms

Humans can fuse pairs of images to get a sensation of depth

Stereograms: Invented by Sir Charles Wheatstone, 1838

https://en.wikipedia.org/wiki/Stereoscopy

Vérascope 40

https://en.wikipedia.org/wiki/Stereoscopy
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Depth from convergence
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Stereo Matching for Depth Estimation

Given: stereo pair (assumed calibrated) 
Wanted: dense depth map



Ranjay Krishna, Jieyu Zhang May 3, 2024Recitation 6 -

Basic stereo matching algorithm

For each pixel in the first image

Find corresponding epipolar line in the right image: same row!

Examine all pixels on the epipolar line and pick the best match

Triangulate the matches to get depth information

More details in appendix: rectification, matching, depth from disparity, etc
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Stereo on the Perseverance Mars Rover

https://mars.nasa.gov/mars2020/spacecraft/rover/cameras/ 

https://mars.nasa.gov/mars2020/spacecraft/rover/cameras/
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What will we learn today?

Triangulation

Epipolar geometry

Stereo

Structure-from-Motion (SfM)

Reference: Szeliski 11, H&Z ch. 9
Most slides adapted from N. Snavely & S. Lazebnik

http://szeliski.org/Book/
https://www.robots.ox.ac.uk/~vgg/hzbook/hzbook2/HZepipolar.pdf
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Structure-from-Motion
Given many images, how can we 

a) figure out where they were all taken from?
b) build a 3D model of the scene?

N. Snavely, S. Seitz, and R. Szeliski, Photo tourism: Exploring photo collections in 3D, SIGGRAPH 2006.
http://phototour.cs.washington.edu/

http://phototour.cs.washington.edu/
http://phototour.cs.washington.edu/
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Geometry of more than two views?
2 views: governed by the 3x3 Fundamental Matrix (how to go 
from one point in an image to the epipolar line in the 2nd image)

3 views: governed by the 3 x 3 x 3 Trifocal Tensor

4 views: governed by the 3 x 3 x 3 x 3 Quadrifocal Tensor

After this it starts to get complicated…

🡪 explicitly solve for camera poses and scene 
geometry
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Large-scale structure-from-motion

Dubrovnik, Croatia. 4,619 images (out of an initial 57,845
downloaded from Flickr). 3.5M points!
Total reconstruction time: 17.5 hours on 352 cores

Building Rome in a Day, Agarwal et al, ICCV’09
http://grail.cs.washington.edu/rome/ 

http://grail.cs.washington.edu/rome/
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Recall: Calibration

Camera 3Camera 1

Camera 2

?
?

? 
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Recall: Triangulation / Multi-view Stereo?

Camera 3Camera 1

Camera 2
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Structure-from-Motion

Camera 3Camera 1

Camera 2

?
?

? 

 

 

?
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Structure-from-Motion

 

Reconstruction 
(side) (top)
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Incremental Structure-from-Motion

ca
m

er
as

points

• Initialize motion from two images using the fundamental matrix

• Initialize structure by triangulation

• For each additional view:

• Determine projection matrix of new camera using all the known 3D 
points that are visible in its image – calibration 
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• Initialize structure by triangulation

• For each additional view:

• Determine projection matrix of new camera using all the known 3D 
points that are visible in its image – calibration 

• Refine and extend structure: compute newly visible 3D points, 
re-optimize existing points that are also seen by this camera – 
triangulation 
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Incremental Structure-from-Motion

ca
m

er
as

points

• Initialize motion from two images using the fundamental matrix

• Initialize structure by triangulation

• For each additional view:

• Determine projection matrix of new camera using all the known 3D 
points that are visible in its image – calibration 

• Refine and extend structure: compute newly visible 3D points, 
re-optimize existing points that are also seen by this camera – 
triangulation

• Refine all cameras & points jointly: bundle adjustment
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Bundle Adjustment
●  

 

 

 

 

 

 

 

 

 
 

 

B. Triggs et al. Bundle adjustment – A modern synthesis. International Workshop on Vision Algorithms, 1999

https://hal.inria.fr/inria-00548290/document
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Incremental SfM in Practice
●  
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Incremental structure from motion

Time-lapse reconstruction of Dubrovnik, Croatia, viewed from above
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COLMAP

https://colmap.github.io/ 

https://colmap.github.io/
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SfM in the age of Deep Learning

ET-MVSNet: When Epipolar Constraint Meets Non-local Operators in Multi-View Stereo (ICCV'23)

See also MVSFormer: Multi-View Stereo by Learning Robust Image Features and Temperature-based Depth 

(TMLR'23)

https://github.com/tqtqliu/et-mvsnet
https://maybelx.github.io/MVSFormer.github.io/
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Supervising the new with the old: learning SFM from SFM

https://openaccess.thecvf.com/content_ECCV_2018/papers/Maria_Klodt_Supervising_the_new_ECCV_2018_paper.pdf 

https://openaccess.thecvf.com/content_ECCV_2018/papers/Maria_Klodt_Supervising_the_new_ECCV_2018_paper.pdf
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What did we learn today?

Triangulation
from calibrated cameras and 2D correspondences to 3D points

Epipolar geometry
Epipolar constraint,
Essential & Fundamental matrices

Stereo (fronto-parallel special case)

Structure-from-Motion (SfM) (many images / video)

Note: this is just an introduction 🡪 for more, take CS231a or get into HZ 
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Wrapping up Geometric Vision

Homogeneous Coordinates & Projective Space

2D &  3D Transforms as Matrix Multiplication

Pinhole Camera Model P=K[R|t]

Calibration from known 3D-to-2D 

correspondences

Multi-view geom: fundamental matrix, stereo, 

SfM


