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Abstract

TheHITS andthePageRankalgorithmsareeigen-
vector methodsfor identifying “authoritative” or
“influential” articles,givenhyperlinkor citationin-
formation. That suchalgorithmsshouldgive con-
sistentanswersis surelya desideratum,andin this
paper, weaddressthequestionof whenthey canbe
expectedto give stablerankingsundersmall per-
turbationsto the hyperlink patterns. Using tools
from matrix perturbationtheoryandMarkov chain
theory, we provide conditionsunderwhich these
methodsarestable,andgive specificexamplesof
instability whentheseconditionsareviolated. We
also briefly describea modification to HITS that
improvesits stability.

1 Introduction
Recentyearshave seengrowing interest in algorithmsfor
identifying “authoritative” or “influential” articlesfrom web-
pagehyperlinkstructuresor from othercitationdata.In par-
ticular, theHITS algorithmof Kleinberg [1998]andGoogle’s
PageRankalgorithm[Brin andPage,1998] haveattractedthe
attentionof many researchers(seealso [Osareh,1996] for
earlierdevelopmentsin thebibliometricsliterature).Both of
thesealgorithmsuseeigenvectorcalculationsto assign“au-
thority” weightsto articles,andwhile originally designedin
the context of link analysison theweb,bothalgorithmscan
bereadilyappliedto citationpatternsin academicpapersand
othercitationgraphs.

Thereareseveralaspectsto theevaluationof a link analy-
sisalgorithmsuchasHITS or PageRank.Oneaspectrelates
to the specificnotion of “authoritativeness”embodiedby an
algorithm.Thusspecificusersmayhaveanunderstandingof
whatconstitutesanauthoritative webpageor documentin a
given domain,and the outputof HITS or PageRankcanbe
evaluatedby suchusers. While useful,suchanalysesoften
have a rathersubjective flavor. A moreobjective criterion—
thefocusof thecurrentpaper—concernsthestabilityof alink
analysisalgorithm. Doesan algorithmreturnsimilar results
upona small perturbationof the link structureor the docu-
mentcollection?We view stability asa desirablefeatureof a
link analysisalgorithm,above andbeyondtheparticularno-
tion of authoritativenessthat the algorithmembodies.If an

article is truly authoritative or influential,thensurelythead-
dition of a few links or a few citationsshouldnot make us
changeour minds aboutthesesitesor articleshaving been
very influential.Moreover, evenin thecontext of a fixedlink
structure,adynamic,unreliableinfrastructuresuchastheweb
maygiveusdifferentviewsof thestructureondifferentocca-
sions.Ideally, a link analysisalgorithmshouldbeinsensitive
to suchperturbations.

In this paper, we use techniquesfrom matrix perturba-
tion theoryandcoupledMarkov chaintheoryto characterize
the stability of the ranksassignedby HITS and PageRank.
Somewaysof improving thestabilityof HITS arealsobriefly
metioned;thesealgorithmicchangesarestudiedin morede-
tail in [Ng et al., 2001].

2 An Example
Let us begin with an empirical example. The Cora
database[McCallum et al., 2000] is a collectioncontaining
thecitationinformationfrom severalthousandpapersin AI.

We ran the HITS andPageRankalgorithmson the subset
of the Cora databaseconsistingof all its MachineLearning
papers. To evaluatethe stability of the two algorithms,we
also constructeda set of five perturbeddatabasesin which
30%of thepapersfrom thebasesetwererandomlydeleted.
(“SinceCora obtainedits databasevia a webcrawl, what if,
by chanceor mishap,it had insteadretrieved only 70% of
thesepapers?”) If a paperis truly authoritative, we might
hopethatit wouldbepossibleto identify it assuchwith only
a subsetof thebaseset.

The resultsfrom HITS areshown in the following table.
In this table, the first column reportsthe rank from HITS
on the full setof MachineLearningpapers,whereasthefive
rightmostcolumnsreportthe ranksin runson the perturbed
databases.We seesubstantialvariationacrossthe different
runs:
1 “Geneticalgorithmsin search,optimization...”, Goldberg 1 3 1 1 1
2 “Adaptationin naturalandartificial systems”,Holland 2 5 3 3 2
3 “Geneticprogramming:On theprogrammingof...”, Koza 3 12 6 6 3
4 “Analysisof thebehavior of aclassof genetic...”, DeJong 4 52 20 23 4
5 “Uniform crossover in geneticalgorithms”,Syswerda 5 171 11999 5
6 “Artificial intelligencethroughsimulated...”, Fogel 6 135 56 40 8
7 “A survey of evolutionstrategies”,Back+al 10 179 1591007
8 “Optimizationof controlparametersfor genetic...”, Grefenstette8 316 1411706
9 “The GENITORalgorithmandselectionpressure”,Whitley 9 257 10772 9
10 “Geneticalgorithms+ DataStructures= ...”, Michalewicz 13 170 80 69 18
11 “GeneticprogrammingII: Automaticdiscovey...”, Koza 7 - - - 10
2060“Learninginternalrepresentationsby error...”, Rumelhart+al - 1 2 2 -



2061“Learningto predictby themethodof temporal...”, Sutton - 9 4 5 -
2063“Somestudiesin machinelearningusingcheckers”,Samuel - - 10 10 -
2065“Neuronlike elementsthatcansolvedifficult...”, Barto+Sutton - - 8 - -
2066“Practicalissuesin TD learning”,Tesauro - - 9 9 -
2071“Patternclassificationandsceneanalysis”,Duda+Hart - 4 7 7 -
2075“Classificationandregressiontrees”,Breiman+al - 2 5 4 -
2117“UCI repositoryof machinelearningdatabases”,Murphy+Aha - 7 - 8 -
2174“Irrelevantfeaturesandthesubsetselection...”, John+al - 8 - - -
2184“The CN2 inductionalgorithm”,Clark+Niblett - 6 - - -
2222“Probabilisticreasoningin intelligentsystems”,Pearl - 10 - - -

Although it might be thoughtthat this variability is intrinsic
to the problem,this is not the case,asshown by the results
from thePageRankalgorithm,whichweremuchmorestable:
1 “GeneticAlgorithmsin Search,Optimizationand...”, Goldberg 1 1 1 1 1
2 “Learninginternalrepresentationsby error...”, Rumelhart+al 2 2 2 2 2
3 “Adaptationin NaturalandArtificial Systems”,Holland 3 5 6 4 5
4 “ClassificationandRegressionTrees”,Breiman+al 4 3 5 5 4
5 “ProbabilisticReasoningin IntelligentSystems”,Pearl 5 6 3 6 3
6 “GeneticProgramming:On theProgrammingof ...”, Koza 6 4 4 3 6
7 “Learningto Predictby theMethodsof Temporal...”, Sutton 7 7 7 7 7
8 “Patternclassificationandsceneanalysis”,Duda+Hart 8 8 8 8 9
9 “Maximum likelihoodfrom incompletedatavia...”, Dempster+al10 9 9 11 8
10 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 9 11 10 9 10
11 “ParallelDistributedProcessing”,Rumelhart+McClelland - - - 10 -
12 “Introductionto theTheoryof NeuralComputation”,Hertz+al - 10 - - -

Theseresultsarediscussedin moredetail in Section6. It
shouldbe statedat the outset,however, that our conclusion
is not that HITS is unstablewhile PageRankis not. The is-
sueis moresubtlethanthat,involving considerationssuchas
therelationshipsbetweenmultipleeigenvectorsandinvariant
subspaces.We do wish to suggest,however, that stability is
indeedan issuethatneedsattention.We now turn to a brief
descriptionof HITS andPageRank,followedby ouranalysis.

3 Overview of HITS and PageRank
Givena collectionof web pagesor academicpaperslinking
to/citingeachother, theHITS andPageRankalgorithmseach
(implicitly) constructamatrixcapturingthecitationpatterns,
anddeterminesauthoritiesby computingtheprincipaleigen-
vectorof thematrix.1

3.1 HITS algorithm
The HITS algorithm[Kleinberg, 1998] positsthat an article
hashigh “authority” weight if it is linked to by many pages
with high “hub” weight,andthata pagehashigh hubweight
if it links to many authoritativepages.More precisely, given
a setof � web pages(say, retrieved in responseto a search
query),theHITS algorithmfirst formsthe � -by-� adjacency
matrix

�
, whose �������
	 -elementis 1 if page� links to page� ,

and0 otherwise.2 It theniteratesthefollowing equations:�
���������� ������ ����� � �!����#" � �!�����$�� �%���� �&�'� �
����������
1It is worthnotingthatHITS is typically describedasrunningon

a small collectionof articles(sayretrieved in responseto a query),
while PageRankis describedin termsof theentireweb. Eitheralgo-
rithm canberunin eithersetting,however, andthisdistinctionplays
no role in ouranalysis.

2Kleinberg [1998]discussesseveralotherheuristicsregardingis-
suessuchasintra-domainreferences,which areignoredin this sec-
tion for simplicity (but areusedin ourexperiments).SeealsoBharat
and Henzinger[1998] for other improvementsto HITS. It should
be notedthat noneof thesefundamentallychangethe spirit of the
eigenvectorcalculationsunderlyingHITS.

(where“ �)(*� ” meanspage� links to page� ) to obtainthe
fixed-points�,+ �.-&/�0 � ��1 � �!��� and � + �.-&/&0 � �21 � �!��� (with
thevectorsrenormalizedto unit length).Theaboveequations
canalsobewritten:� �!���3��� � �'4 � �!��� � � �543� 	 � �!���� �!���3��� � � � �!�����$� � � �'� 4 	 � �!����6
When the iterationsare initialized with the vector of ones7�8 � 696:6 � 8<; 4 , this is the power methodof obtainingthe prin-
cipal eigenvectorof a matrix [Golub andVan Loan, 1996],
andso (undermild conditions) �=+ and � + are the principal
eigenvectorsof

� 4 �
and

�'� 4
respectively. The “authori-

tativeness”of page� is thentaken to be �,+� , andlikewise for
hubsand � + .
3.2 PageRank algorithm
Givena setof � webpagesandtheadjacency matrix

�
(de-

finedpreviously),PageRank[Brin andPage,1998] first con-
structsa probability transitionmatrix > by renormalizing
eachrow of

�
to sumto

8
. Onethenimaginesa randomweb

surferwhoateachtimestepis atsomewebpage,anddecides
whichpageto visit onthenext stepasfollows: with probabil-
ity

8@?BA
, sherandomlypicksoneof thehyperlinksonthecur-

rentpage,andjumpsto thepageit links to; with probability
A
,

she“resets”by jumpingto a webpagepickeduniformly and
at randomfrom thecollection.3 Here,

A
is a parameter, typi-

cally setto 0.1-0.2.This processdefinesa Markov chainon
thewebpages,with transitionmatrix

A<CED � 8F?GA 	$> , whereC
is the transitionmatrix of uniform transitionprobabilities

(
C �H� � 8 I � for all ����� ). Thevectorof PageRankscoresJ is

thendefinedto be the stationarydistribution of this Markov
chain.Equivalently, J is theprincipaleigenvectorof thetran-
sition matrix � A<CKD � 8�?EA 	$>K	 4 (see,e.g. Golub andVan
Loan, 1996), sinceby definition the stationarydistribution
satisfies � A<CED � 8F?LA 	M>K	 4 J � J 6 (1)

The asymptoticchanceof visiting page � , that is, J � , is then
takento bethe“quality” or authoritativenessof page� .
4 Analysis of Algorithms
We begin with a simpleexampleshowing how a smalladdi-
tion to a collectionof webpagescanresultin a largechange
to the eigenvectorsreturned. Supposewe have a collec-
tion of web pagesthat contains100 web pageslinking to
http://www.algore.com, andanother103 web pages

3Therearevariouswaysto treatthe caseof pageswith no out-
links (leaf nodes). In this paperwe utilize a particularly simple
approach—uponreachingsuchapage,thewebsurferpicksthenext
pageuniformly atrandom.Thismeansthatif arow of N hasall zero
entries,thenthecorrespondingrow of O is constructedto have all
entriesequalto PRQ:S . The PageRankalgorithmdescribedin [Page
et al., 1998] utilizesa differentresetdistribution uponarriving at a
leafnode.It is possibleto show, however, thatevery instantiationof
our variantof the algorithmis equivalent to an instantiationof the
original algorithmon the samegraphwith a differentvalueof the
resetprobability.
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Figure1: Jitteredscatterplotof hyperlinkgraph.

linking to http://www.georgewbush.com. The ad-
jacency matrix

�
hasall zerosexcept for the two columns

correspondingto thesetwo web pages,thereforethe princi-
pal eigenvector �,+ will have non-zerovaluesonly for al-
gore.com andgeorgewbush.com. Figure1(a)presents
a jittered scatterplotof links to thesetwo web pages,along
with the first two eigenvectors. (Only the non-zeropor-
tions of the eigenvectorsare shown.) Now, supposefive
new web pagestrickle into our collection,which happento
link to bothalgore.com andgeorgewbush.com. Fig-
ure 1(b) shows the new plot, andwe seethat the eigenvec-
torshavechangeddramatically, with theprincipaleigenvector
now nearthe TVUXW line. Thus,arelatively smallperturbationto
ourcollectionhascauseda largechangeto theeigenvectors.4

If thisphenomenonis pervasive,thenit needsto beaddressed
by any algorithmthatuseseigenvectorsto determineauthor-
ity. In the next two sections,we give characterizationsof
whetherandwhenalgorithmscanbeexpectedto suffer from
theseproblems.

4.1 Analysis of HITS
HITS usesthe principal eigenvectorof Y � � 4 �

to deter-
mine authorities. In this section,we show that the stability
of this eigenvectorundersmall perturbationsis determined
by the eigengapof Y , which is definedto be the difference
betweenthelargestandthesecondlargesteigenvalues.

Hereis anexamplethatmayshedlight on the importance
of the eigengap.Figure2 plots thecontoursassociatedwith
two matrices Y � and Y@Z before(with solid lines) and after
(with dashedlines) thesameadditive perturbationhave been
madeto them.5 Theeigenvaluesof thematricesareindicated
by thedirectionsof theprincipalaxesof theellipses.Thema-
trix Y � shown in Figure2ahaseigengap[ �]\_^ , anda small
perturbationto Y � (andhencetheellipse)resultsin eigenvec-
tors T
U`W away from the original eigenvectors;the matrix Y Z
shown in Figure2b haseigengap[:Z �ba , andthe perturbed
eigenvectorsarenearlythesameastheoriginaleigenvectors.
So, we seehow, in this example, the size of the eigengap
directly affectsthestability of theeigenvectors.(Readersfa-

4There is nothing specialabout the number5 here; a smaller
numberalso resultsin relatively large swingsof the eigenvectors.
Replacing5 with 1, 2, 3, and4 causesthe principal eigenvector to
lie at 73,63,58 and55 degrees,respectively.

5Moreprecisely, thesearecontoursof thequadraticform c=d@e,f�c .

(a) (b)

Figure2: Contoursof two matriceswith differenteigengaps.

miliar with plots of multivariateGaussianscanalsothink of
theseasthecontoursof a Gaussianwith small perturbations
imposedon the(inverse)covariancematrix.)

In thesequel,weusea tilde to denoteperturbedquantities.
(For instance, gY denotesa perturbedversionof Y .) We now
giveour first, positive result,thatsolong astheeigengap[ is
large,thenHITS is insensitive to smallperturbations.6

Theorem 1. Let Y � � 4 �
be given. Let �,+ be the princi-

pal eigenvectorand [ the eigengapof Y . Assumethe max-
imum out-degreeof every web page is boundedby h . For
any i_j ^ , supposewe perturb the web/citationgraph by
adding or deleting at most k links from one page, wherekGlm�on h DqpG? n h
	 Z , where

p � ir[ I ��T D n a ir	 . Thenthe
perturbedprincipal eigenvector g�,+ of theperturbedmatrix gY
satisfies: s&s � + ? g� + s&s Z]t i (2)

So,if theeigengapis big, HITS will beinsensitiveto small
perturbations.This result is provedby showing i) the direc-
tion of the principal eigenvectordoesnot changetoo much,
and ii) the magnitudesof the relevant eigenvaluesdo not
changetoo much,so the secondeigenvectordoesnot “over-
take” thefirst andbecomethenew principaleigenvector.

Proof. Let

s&svu�s&s w
denotetheFrobeniusnorm.7 WeapplyThe-

oremV.2.8from matrixperturbationtheory[StewartandSun,
1990]: SupposeYyxLz|{~}={ is a symmetricmatrix with prin-
cipal eigenvalue � + andeigenvector �,+ , andeigengap[�j ^ .
Let � bea symmetricperturbationto Y . Thenthefollowing
inequalitieshold for theold principaleigenpair��� + � � + 	 and
somenew eigenpair( g��� g� 	 .s&s � + ? g� s�s Z t T s&s � s�s w[ ? n a s&s � s�s w

(3)s � + ? g� s t n a s�s � s&s w
(4)

(assumingthat the denominatorin (3) is positive). Let
thecomplementaryeigenspaceto ��� + � � + 	 berepresentedby��� Z �M� Z 	 , i.e. � Z is orthonormal,andits columnscontainall
theeigenvectorsof Y except �,+ ; ��Z is diagonalandcontains
thecorrespondingeigenvalues,all of which areat least [ less

6Our analysesalso apply directly to hub-weightcalculations,
simplyby reversinglink directionsandinterchangingN and N d .

7The Frobenius norm is defined by�H� ���H� ������� f ������� f � �v���M���$� .



than � + ; and Y��BZ � ��Z:��Z . A boundsimilar to Equation(4)
holds� for ��Z : s&s ��Z ? g��Z s&s w t n a s&s � s&s w

(5)

Let g� Z be the largesteigenvalueof g� Z . Using Corollary
IV.3.6from StewartandSun[1990],onecanshow thatEqua-
tion (5) implies g�
Z t �~Z D n a s�s � s&s w

(6)

If in turn n a s&s � s�s w l�[ I a , then Equations(4) and (6) to-
getherwill ensurethat g��j g�
Z , i.e. � g��� g� 	 is the principal
eigenpairof gY .

Sincewe areaddingor deletinglinks from only onepage,
let � denotethe perturbationto onerow of

�
, so that gY �� � D ��	 4 � � D ��	 . It is straightforwardto show

s�s � 4 � s&s w tk and

s&s � 4 � s�s w � s&s � 4 � s&s w t n h
k . Wecanthusboundthe
normof theperturbationto Y :s�s � s&s w � s�s gY ? Y s&s w t k D a n h
k (7)

UsingEquations(3) and(7) to determinewhenwemayguar-
anteeEquation (2) to hold, we arrive at the bound k�l��n h D�p ? n h
	 Z , where

p � ir[ I ��T D n a i`	 . Onecaneasily
verify thatthesameboundon k alsoensuresn a s�s � s&s w l¡[ I a
(which also guaranteesthat the denominatorin (3) is posi-
tive),henceg�,+ � g� aspreviouslystated.

Next wegivetheconverseof thisresult,thatif theeigengap
is small,theneigenvectorscanbesensitive to perturbations.

Theorem 2. SupposeY is a symmetricmatrix with eigengap[ . Thenthere existsa ¢B��[r	 perturbation8 to Y that causesa
large ( £]� 8 	 ) change in theprincipal eigenvector.

Proof. Since Y � Y 4 , it canbediagonalized:Y � C¥¤ � � ^ ^^ � Z ^^ ^ ¦�§ C 4
where

C
is orthogonal,andwhosecolumnsarethe Y ’seigen-

vectors. Let ¨ � denotethe � -th column of
C

. We pickgY � Y D a [ ¨ Z ¨ 4Z . Since

s&s ¨ Z s�s Z � 8
, thenormof thepertur-

bationis only

s�s a [ ¨©ZR¨ 4Z s&s w �#a [ . Moreover,gY � Cb¤ � � ^ ^^ � Z D a [ ^^ ^ ¦�§ C 4
As g�~Z � �~Z D a [ªj_� � , � g�
ZX�$¨©Z9	 is thenew principaleigen-
pair. But ¨©Z is orthogonalto ¨ � , so

s&s ¨©Z ? ¨ � s&s Z � £]� 8 	 .
To groundtheseresultsand illustratewhy Theorem1 re-

quiresa boundh on out-degrees,we giveanotherexampleof
whereasmallperturbation—addingasinglelink—canhavea
largeeffect. In thisexampleweusethefactthatif agraphhas
multipleconnectedcomponents,thentheprincipaleigenvalue
will have non-zeroentriesin nodesonly from the “largest”

8Moreformally, thereexistsaperturbedversionof e , denoted «e ,
sothat

�H� eª¬ «e �H� ���®­]��¯ �
.

.  .  .
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Figure3: Pictureof a webcommunity.

connectedcomponent(moreformally thecomponentwith the
largesteigenvalue).9

Considertheweb/citation-graphshown in Figure3, which
weimagineto beasmallsubsetof amuchlargergraph.Solid
arrows denotethe original setof hyperlinks; the dashedar-
row representsthe link we will add. The original principal
eigenvaluefor eachof thetwo connectedcomponentsshown
is � ��a ^ ; with the addition of a single link, it is easyto
verify that this jumpsto g� �°a U . Supposethat the commu-
nity shown is partof alargerweb/citationgraphwith multiple
subcommunities,andthat originally the biggestsubcommu-
nity hadeigenvalue a ^ l±� � l a U . By addingonelink, the
graphshown in Figure3 becomesthebiggestsubcommunity,
andtheprincipaleigenvectornow haspositivevaluesonly for
nodesshown in this figure,andzeroselsewhere.

4.2 Analysis of PageRank
We now analyze the sensitivity of PageRank’s authority
scoresJ to perturbationsof theweb/citation-graph.

Theorem 3. Let > be given, and let J be the principal
right eigenvectorof � A<C_D � 8²?EA 	$>K	 4 . Let articles/pages� � �M�oZ`� 696:6 �$��³ be changed in any way, and g> be the corre-
sponding(new) transition matrix. Thenthe new PageRank
scores gJ satisfies:s&s gJ ? J s�s � t a�´ ³�Mµ � J ��¶A (8)

Thus,assuming
A

is not too closeto 0, this shows that so
long asthe perturbed/modifiedwebpagesdid not have high
overallPageRankscores(asmeasuredwith respectto theun-
perturbedPageRankscoresJ ), thentheperturbedPageRank
scoresgJ will not befar from theoriginal.
Proof. We constructa coupledMarkov chain ·V��� � ��¸ � 	º¹r»º¼^=½ over pairsof webpages/documentsasfollows. �B¾ � ¸~¾
is drawn accordingto the probability vector J , that is, from
the stationarydistribution of the PageRank“randomsurfer”
model. Thestatetransitionswork asfollows: On step » , we
decidewith probability

A
to “reset” both chains, in which

casewe set � � and ¸ � to the samepagechosenuniformly
at randomfrom the collection. If no “reset” occurs,and if� �o¿@� � ¸ �o¿À� and � �o¿À� is oneof theunperturbedpages,then� � � ¸ � is chosento bea randompagelinkedto by thepage� �o¿@� . In all othercases,� � is chosento be a randompage
linkedto by page� �o¿@� , andindependentlyof it, ¸ � is chosen
to bea randompagelinkedto by pagȩ �o¿À� .

9See,e.g. Chung[1994]. A connectedcomponentof a graphis
a subsetwhoseelementsareconnectedvia length ÁqP pathsto each
other, but not to therestof thegraph.Theeigenvalueof aconnected
componentÂ is thelargesteigenvalueof NºdÃ@N Ã (cf. Nºd~N usedby
HITS), where N Ã , a submatrixof N , is theadjacency matrix of Â .



Thus,we now have two “coupled” Markov chains� � and¸ � , theÄ former usingthe transitionprobabilities � A<C_D � 8]?A 	$>K	 4 , andlatter � ARC#D � 85?®A 	2g>K	 4 , but sothat their tran-
sitions are “correlated.” For instance,the “resets” to both
chainsalways occur in lock-step. But sinceeachchain is
following its own statetransitiondistribution, theasymptotic
distributionsof � � and ¸ � mustrespectively be J and gJ . Now,
let h � �±Å ��� ��Æ� ¸ � 	 . Note h ¾ � ^ , since � ¾ � ¸ ¾ always.
Letting Ç denotethesetof perturbedpages,wehave:ÈrÉ�Ê � � Ë]��� ÉÌÊ �ÎÍ�LÏ É�Ê � �� Ë]��� ÉÌÊ �ÎÍ�LÏ É�Ê � � Ð�Ñ�ÒvÑ�Ó�Ô<Ó©Õ~Ö P � Ë]�ÌÐ�Ñ�ÒvÑ�Ó �Ö×Ë]��� ÉÌÊ �FÍ�®Ï É�Ê � � ØVÙÚÐ�Ñ�ÒvÑ�ÓÀÔ<Ó©Õ~Ö P � Ë]��ØVÙ�Ð�Ñ�ÒvÑMÓ �� Û×ÜRÝ@ÖL� PÚ¬ Ý � Ë]��� É�Ê � Í�®Ï ÉÌÊ � � ØXÙ�Ð�Ñ�ÒvÑ�Ó�Ô:Ó~Õ~Ö P �� � PÚ¬ Ý ��Þ Ë]��� ÉÌÊ �FÍ�LÏ É�Ê ��ß � É Í�®Ï É � ØVÙÚÐ�Ñ�ÒvÑ�ÓÀÔ<Ó©Õ~Ö P �Ö×Ë]��� ÉÌÊ � Í�®Ï É�Ê � ß � É �®Ï É � ØVÙÚÐ�Ñ�ÒvÑ�Ó�Ô<Ó©Õ
Ö P ��àá � PÚ¬ Ý ��Þ Ë]��� É Í�®Ï É � ØVÙÚÐ�Ñ�ÒvÑ�ÓÀÔ<Ó©Õ~Ö P �Ö�Ë]��� É�Ê �ÎÍ�LÏ É�Ê ��ß � É �LÏ É ß � É�âBã � ØVÙÚÐ�Ñ�ÒvÑ�Ó@Ô:Ó©Õ~Ö P ��àá � PÚ¬ Ý � ��Ë]��� É Í�LÏ É � Ö Ë]��� É âBã � ØXÙ�Ð�Ñ�ÒvÑMÓÀÔ:Ó©Õ,Ö P �v�á � PÚ¬ Ý � � ÈrÉ Ö � f�ä9åFæ f �
whereto derive the first inequality, we usedthe fact that by
construction,theevent“ � ����� Æ� ¸ ���3� �M� � � ¸ � ” is possible
only if � � is oneof theperturbedpages.Using the fact thathX¾ � ^ andby iterating this boundon h ����� in termsof h � ,
we obtainanasymptoticupper-bound: h 1 t � ´ ��çrè J � 	 I�A .
Thus, if ��� 1 ��¸ 1 	 is drawn from the stationarydistribu-
tion of the correlatedchains—sothe marginal distributions
of � 1 and ¸ 1 are respectively given by J and gJ —thenÅ ��� 1 Æ� ¸ 1 	 � h 1 t � ´ ��çrè J � 	 IrA . But if two random
variableshaveonly asmall h 1 chanceof takingdifferentval-
ues,thentheir distributionsmustbesimilar. More precisely,
by the CouplingLemma(e.g.,seeAldous, 1983)the varia-
tional distance � 8�I a 	 ´ � s J � ? gJ � s betweenthe distributions
mustalsobeboundedby thesamequantity h 1 . This shows
s&s J ? gJ s&s � t a h 1 , whichconcludestheproof.

5 LSI and HITS
In this sectionwe presentan interestingconnectionbetween
HITS andLatentSemanticIndexing [Deerwesteretal., 1990]
(LSI) thatprovidesadditionalinsightinto ourstability results
(seealsoCohnandChang,2000).In LSI a collectionof doc-
umentsis representedasa matrix

�
, where

� �H� is 1 if docu-
ment � containsthe � -th word of thevocabulary, and0 other-
wise. LSI computesthe left andright singularvectorsof

�
(equivalently, theeigenvectorsof

�'� 4
and

� 4 �
). For exam-

ple, theprincipalleft singularvector, which wedenoteé , has
dimensionequalto thevocabulary size,and é � measuresthe
“strength” of word � ’s membershipalong the é -dimension.
Theinformal hopeis thatsynonymswill begroupedinto the
samesingularvectors,sothatwhena document(represented
by acolumnof

�
) is projectedontothesubspacespannedby

the singularvectors,it will automaticallybe “expanded”to
includesynonymsof wordsin the document,leadingto im-
provedinformationretrieval.

Now considerconstructingthe following citation graph
from a setof documents.Let therebe a nodefor eachdoc-
umentand for eachword. The nodeof a word links to the
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Figure4: Resultson randomcorpora.

documentnodesit appearsin. Let ê� betheadjacency matrix
of this graph. If we apply HITS to this graph,we find only
the word-nodeshave non-zerohub weights (sincenoneof
thedocument-nodeslink to anything)andonly thedocument-
nodeshavenon-zeroauthorityweights.Moreover, thevector
of HITS hubweightsof theword-nodesis exactly é , thefirst
left singularvectorfoundby LSI.

This connectionallows us to transferinsight from exper-
imentson LSI to our understandingof HITS. In this vein,
we conductedan experimentin which randomcorporawere
generatedby samplingfrom a set of English, French,and
Italian documents.10 Given that theserandomcorporaare
combinationsof threedistinct languages,the solutionto In-
formationRetrieval problemssuchasclusteringor synonym-
identificationareexceedinglysimple. The issuethat we are
interestedin, however, is stability. To studystability, wegen-
erated15 suchcollectionsandexaminedthedirectionof the
principaleigenvectorsfoundby HITS.

The principal eigenvector lies in the high dimensional
joint-vocabularyspaceof thethreelanguages.To displayour
results,wethereforedefinedEnglish,French,andItalian “di-
rections,” andmeasuredthedegreeto which theeigenvector
liesin eachthesedirections.11 Fifteenindependentrepetitions
of thisprocesswerecarriedout,andtheresultsplottedin Fig-
ure4a.As wesee,despitethepresenceof clearclustersin the
corpora,theeigenvectorsarehighly variable.Moreover, this
variability persistsin thesecondandthird eigenvectors(Fig-
ures4b,c).

10The corporaweregeneratedby takingparagraphsfrom novels
in the three languages.Typical “documents”had 25–150words,
andthe vocabulary consistedof the mostcommon1500wordsper
language.The collectionwasalsomanually“balanced”to equally
representeachlanguage.

11This wasdoneby picking a vector c=ë of unit-normandwhoseì
-th elementis proportionalto thefrequency of word

ì
in theEnglish

collection—thus,c=ë shouldbethoughtof asthe“canonical”English
direction—andtaking theamountthat í,î lies in theEnglishdirec-
tion to betheabsolutemagnitudeof thedot-productbetweenc
ë andí î , andsimilarly for FrenchandItalian.



Note that the variability is not an inherentfeatureof the
problem. In Figure4d, we displaya run of a differentalgo-
rithm(avariantof theHITS algorithmthatwebrieflydescribe
in Section7,andisstudiedin moredetailin [Ng etal., 2001]).
Heretheresultsaresignificantlylessvariable.

6 Further Experiments
In thissectionwereportfurtherresultsof perturbationexper-
imentsontheCora database.Wealsodescribeanexperiment
usingwebpages.

Recallour methodologyin theexperimentswith theCora
database:We choosea subsetof papersfrom the database
andgenerateasetof perturbationsto thissubsetby randomly
deleting30%of thepapers.Our first experimentusedall of
theAI papersin Coraasthebaseset.Ourresultslargelyrepli-
catedthoseof CohnandChang[2000]—HITSreturnedsev-
eralGeneticsAlgorithms(GA) papersasthetop-rankedones.
With thedatabaseperturbedasdescribed,however, thesere-
sults were very variable,and HITS often returnedseminal
papersfrom broaderAI areasas its top-ranked documents.
Repeatingtheexperimentexcludingall theGA papers,HITS
did slightly better; the resultson five independenttrials are
shown below:
1 “ClassificationandRegressionTrees”,Brieman+al 1 1 1 1 1
2 “Patternclassificationandsceneanalysis”,Duda+Hart 2 2 3 2 2
3 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 4 3 7 3 3
4 “Learninginternalrepresentationsby error...”, Rumelhart+al 3 13 2 28 20
5 “IrrelevantFeaturesandtheSubsetSelectionProblem”,John+al7 4 12 4 4
6 “Verysimpleclassificationrulesperformwell on...”, Holte 8 5 15 5 5
7 “C4.5: Programsfor MachineLearning”,Quinlan 11 10 14 10 6
8 “ProbabilisticReasoningin IntelligentSystems”,Pearl 6 4594 462461
9 “The CN2 inductionalgorithm”,Clark+Niblett 9 54 11 78 105
10 “LearningBooleanConceptsin the...”, Almuallim+Dietterich 14 11 34 9 13
11 “The MONK’sproblems:A performancecomparison...”, Thrun - 9 - 6 7
12 “Inferring decisiontreesusingtheMDL Principle”,Quinlan - 8 - 7 8
13 “Multi-interval discretizationof continuous...”, Fayyad+Irani - - - - 10
14 “LearningRelationsby Pathfinding”,Richards+Moon - 6 - - -
15 “A conservationlaw for generalizationperformance”,Schaffer - 7 - 8 -
20 “The FeatureSelectionProblem:Traditional...” Kira+Randall - - - - 9
21 “Maximum likelihoodfrom incompletedatavia...” Dempster+al10 - 5 - -
23 “Learningto Predictby theMethodof Temporal...”, Sutton 5 - 6 - -
36 “Introductionto theTheoryof NeuralComputation”,Hertz+al - - 8 - -
49 “Explanation-basedgeneralization:a unifying view”, Mitchell - - 10 - -
282“A robustlayeredcontrolsystemfor a mobilerobot”, Brooks - - 9 - -

We seethat,apartfrom the top 2-3 rankedpapers,the re-
mainingresultsarestill ratherunstable.For example,Pearl’s
bookwasoriginally ranked8th;onthesecondtrial, it dropped
to rank 459. Similarly, Brooks’ paperwas rank 282, and
jumpedup to rank 9 on trial 3. However, this variability is
not intrinsic to the problem,asshown by our PageRankre-
sults(all PageRankresultsin thissectionweregeneratedwithA � ^ 6 a ):
1 “ClassificationandRegressionTrees”,Breiman+al 1 1 1 1 2
2 “ProbabilisticReasoningin IntelligentSystems”,Pearl 3 2 2 2 1
3 “Learninginternalrepresentationsby error...”, Rumelhart+al 2 3 3 3 3
4 “Patternclassificationandsceneanalysis”,Duda+Hart 4 4 4 4 4
5 “A robustlayeredcontrolsystemfor a mobilerobot”, Brooks 5 6 7 5 5
6 “Maximum likelihoodfrom incompletedatavia...’ Dempster+al6 7 6 6 6
7 “Learningto Predictby theMethodof Temporal...”, Sutton 7 5 5 7 7
8 “UCI repositoryof machinelearningdatabases”,Murphy+Aha 8 9 9 9 11
9 “NumericalRecipesin C”, Press+al 10 12 8 11 8
10 “ParallelDistributedProcessing”,Rumelhart+al 9 14 13 10 9
12 “An implementationof a theoryof activity”, Agre+Chapmanre - 8 10 8 -
13 “Introductionto theTheoryof NeuralComputation”,Hertz+al - 10 - - -
22 “A RepresentationandLibrary for Objectivesin...”, Valente+al - - - - 10

The largestchangein a document’s rankwasa drop from
10 to 12—theseresultsaremuchmorestablethanfor HITS.

Closerexaminationof the HITS authority weightsreviews
that its jumps in rankingsare indeeddue to large changes
in authorityweights,whereasthePageRankscorestendedto
remainfairly stable.12

We also carriedout experimentson web pages. Given a
query, Kleinberg [1998] describesa methodfor obtaininga
collectionof web pageson which to run HITS. We useex-
actly themethoddescribedthere,andperturbedit in anatural
way.13 For thesakeof brevity, weonly givetheresultsof two
experimentshere.Onthequery“mp3 players”,HITS’ results
wereasfollows(longURLsaretruncated):
1 http://www.freecode.com/ 82 1 1 1 82
2 http://www.htmlworks.com/ 85 2 2 2 83
3 http://www.internettrafficreport.com/ 86 3 4 3 85
4 http://slashdot.org/ 88 4 5 5 86
5 http://windows.davecentral.com/ 87 5 3 4 84
6 http://www.gifworks.com/ 84 6 6 6 87
7 http://www.thinkgeek.com/ 91 7 7 7 88
8 http://www.animfactory.com/ 89 9 8 8 89
9 http://freshmeat.net/ 90 8 9 9 90
10 http://subscribe.andover.net/membership.htm 92 10 10 10 91
1385 http://ourstory.about.com/index.htm 1 - - - 1
1386 http://home.about.com/index.htm 2 - - - 2
1387 http://home.about.com/musicperform/index.htm 3 - - - 3
1388 http://home.about.com/teens/index.htm 4 - - - 4
1389 http://home.about.com/sports/index.htm 5 - - - 5
1390 http://home.about.com/autos/index.htm 6 - - - 6
1391 http://home.about.com/style/index.htm 7 - - - 7
1392 http://home.about.com/careers/index.htm 8 - - - 8
1393 http://home.about.com/citiestowns/index.htm 9 - - - 9
1394 http://home.about.com/travel/index.htm 10 - - - 10

In contrast,PageRankreturned:
1 http://www.team-mp3.com/ * 1 1 1 1
2 http://click.linksynergy.com/fs-bin/click 1 3 2 4 9
3 http://www.elizandra.com/ 2 2 3 2 2
4 http://stores.yahoo.com/help.html 4 14 5 10 11
5 http://shopping.yahoo.com/ 3 10 4 12 13
6 http://www.netins.net/showcase/phdss/ * 8 6 3 3
7 http://www.thecounter.com/ 13 6 9 8 7
8 http://ourstory.about.com/index.htm 5 4 7 5 4
9 http://a-zlist.about.com/index.htm 6 5 10 6 6
10 http://www.netins.net/showcase/phdss/getm * 9 8 7 5
11 http://software.mp3.com/software/ 7 7 - - 8
12 http://www.winamp.com/ 8 - - - -
13 http://www.nullsoft.com/ 10 - - - -
14 http://www.consumerspot.com/redirect/1cac 9 - - 9 10

While PageRank’s rankingsundergo small changes,HITS’
rankingsdisplaya mass“flipping” behavior. Similar pertur-
bationpatternsto this (andtheexamplebelow) for PageRank
andHITS areobserved in fourteenout of nineteenqueries.
Furthermore,HITS’ resultsdisplayedsuchmass“flips” in
roughly 20% of the trials, which is in accordancewith the
20%removal rate.

Hereis anothertypical web result,this time on the query
“italian recipes.” Note that “*” meansthat the pagewasre-
movedby that trial’s perturbation,andthereforehasno rank.
HITS’ resultswere:

12Examinationof the secondand higher eigenvectorsin HITS
shows thatthey, too,canvarysubstantiallyfrom trial to trial.

13Kleinberg [1998] first uses a web search engine
(www.altavista.com in our case) to retrieve 200 documentsto
form a“root set,” which is thenexpanded(andfurtherprocessed)to
definethe web-graphon which HITS operates.Our perturbations
were arrived at by randomly deleting 20% of the root set (i.e.
imaginingthat thewebsearchenginehadonly returned80%of the
pagesit actuallydid), andthenfollowing Kleinberg’s procedure.



1 http://ourstory.about.com/index.htm * 1 1 1 1
2 http://home.about.com/culture/index.htm * 2 2 2 17
3 http://home.about.com/index.htm * 3 3 3 25
4 http://home.about.com/food/index.htm * 4 4 4 2
5 http://home.about.com/science/index.htm * 5 5 5 3
6 http://home.about.com/shopping/index.htm * 6 6 6 4
7 http://home.about.com/smallbusiness/index * 7 7 7 5
8 http://home.about.com/sports/index.htm * 8 8 8 6
9 http://home.about.com/arts/index.htm * 9 9 9 7
10 http://home.about.com/style/index.htm * 10 10 10 8
11 http://home.about.com/autos/index.htm - - - - 9
12 http://home.about.com/teens/index.htm - - - - 10
479 http://bestbrandrecipe.com/default.asp 1 - - - -
480 http://myrecipe.com/help/shopping.asp 2 - - - -
481 http://vegetarianrecipe.com/default.asp 3 - - - -
482 http://holidayrecipe.com/default.asp 5 - - - -
483 http://beefrecipe.com/default.asp 4 - - - -
484 http://beveragerecipe.com/default.asp 7 - - - -
485 http://appetizerrecipe.com/default.asp 6 - - - -
486 http://pierecipe.com/default.asp 8 - - - -
487 http://seafoodrecipe.com/default.asp 9 - - - -
488 http://barbequerecipe.com/default.asp 10 - - - -

PageRank,on theotherhand,returned:
1 http://ourstory.about.com/index.htm * 1 1 1 1
2 http://a-zlist.about.com/index.htm * 2 2 2 2
3 http://www.apple.com/ 1 3 3 3 3
4 http://www.tznet.com/isenberg/ 2 4 4 13 9
5 http://frontier.userland.com/ 3 5 5 4 7
6 http://www.mikrostore.com/ 4 6 6 5 *
7 http://www.amazinggiftsonline.com/ 5 7 7 6 *
8 http://www.peck.it/peckshop/home.asp?prov * 8 8 7 4
9 http://geocities.yahoo.com/addons/interac 6 9 9 8 29
10 http://dvs.dolcevita.com/index.html 7 10 * 10 5
11 http://www.dossier.net/ - - 10 9 6
12 http://www.dolcevita.com/ 8 - - - 8
14 http://www.q-d.com/ 9 - - - 10
15 http://www.silesky.com/ 10 - - - -

7 Discussion
It is well known in the numericallinear algebracommunity
thatasubspacespannedby several(e.g.thefirst k ) eigenvec-
torsmaybestableunderperturbation,while individualeigen-
vectorsmaynot [Stewart andSun,1990]. Our results—both
theoreticalandempirical—reflectthisgeneralfact.

If theoutputof analgorithmisasubspace,thenthestability
considerationsthatwe havediscussedmaynot beamatterof
primaryconcern.Suchis the case,for example,for theLSI
algorithm, wherethe goal is generallyto project a dataset
ontoa lower-dimensionalsubspace.

If wewish to interpretspecificeigenvectors,however, then
thestability issuebecomesa matterof moreseriousconcern.
This is thesituationfor thebasicHITS algorithm,wherepri-
maryeigenvectorshave beeninterpretedin termsof a setof
“hubs” and“authorities.” As wehaveseen,therearetheoreti-
cal andempiricalreasonsfor exercisingconsiderablecaution
in makingsuchinterpretations.

Giventhattheprincipaleigenvectormaynothaveareliable
interpretation,one can considervariationsof the HITS ap-
proachthat utilize multiple eigenvectors. Indeed,Kleinberg
[1998] suggestedexaminingmultiple eigenvectorsasa way
of obtainingauthoritieswithin multiplecommunities.Again,
however, it maybeproblematicto interpretindividual eigen-
vectors,andin fact in our experimentswe found significant
variability in secondand third eigenvectors. An alternative
approachmay be to automaticallycombinemultiple eigen-
vectorsin a way that explicitly identifiessubspaceswithin
theHITS framework. This is exploredin [Ng et al., 2001]

The fact that the PageRankalgorithm appearsto be rel-
atively immuneto stability concernsis a matterof consid-
erableinterest. It is our belief that the “reset-to-uniform-
distribution” aspectof PageRankis a critical featurein this
regard. Indeed,onecanexplore a variationof the HITS al-
gorithmwhich incorporatessucha feature.Supposethatwe
constructa Markov chainon the web in which, with proba-
bility

8Ú?�A
, werandomlyfollow ahyperlinkfrom thecurrent

pagein the forward direction (on odd time steps),and we
randomlyfollow a hyperlink in the backwardsdirection(on
eventime steps).With probability

A
, we resetto a uniformly

chosenpage. The asymptoticweb-pagevisitation distribu-
tion on oddstepsis definedto be the authorityweights,and
on even stepsthe hub weights. As in Theorem3, we can
show this algorithmis insensitive to smallperturbations(but
unlike PageRank,we obtainhubaswell asauthorityscores).
Theresultsof runningthisalgorithmonthe“threelanguages”
problemareshown in Figure4d, wherewe seethat it is in-
deedsignificantlymorestablethanthebasicHITS algorithm.
This algorithmis alsoexploredin moredetail in [Ng et al.,
2001].
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