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Abstract

The HITS andthe PageRanlkalgorithmsareeigen-
vector methodsfor identifying “authoritative” or

“influential” articles,givenhyperlinkor citationin-

formation. That suchalgorithmsshouldgive con-
sistentanswerds surelya desideratumandin this
paperwe addresshe questionof whenthey canbe
expectedto give stablerankingsundersmall per

turbationsto the hyperlink patterns. Using tools
from matrix perturbatiortheoryandMarkov chain
theory we provide conditionsunderwhich these
methodsare stable,and give specificexamplesof

instability whentheseconditionsareviolated. We

also briefly describea modificationto HITS that
improvesits stability.

1 Introduction

Recentyearshave seengrowing interestin algorithmsfor
identifying “authoritative” or “influential” articlesfrom web-
pagehyperlink structuresor from othercitationdata. In par
ticular, the HITS algorithmof Kleinberg [1998] andGoogles
PageRanlalgorithm[Brin andPage,1994 have attractedhe
attentionof mary researcher¢seealso [Osareh,1994 for
earlierdevelopmentsn the bibliometricsliterature). Both of
thesealgorithmsuseeigervectorcalculationsto assign“au-
thority” weightsto articles,andwhile originally designedn
the context of link analysison the web, both algorithmscan
bereadilyappliedto citationpatternsn academigapersand
othercitationgraphs.

Thereareseveral aspectso the evaluationof alink analy-
sisalgorithmsuchasHITS or PageRank Oneaspectelates
to the specificnotion of “authoritatveness’embodiedby an
algorithm. Thusspecificusersmay have anunderstandingf
what constitutesan authoritatve web pageor documentn a
given domain,andthe outputof HITS or PageRankcanbe
evaluatedby suchusers. While useful, suchanalysesoften
have arathersubjectve flavor. A moreobjective criterion—
thefocusof thecurrentpaper—concernghestability of alink
analysisalgorithm. Doesan algorithmreturnsimilar results
upona small perturbationof the link structureor the docu-
mentcollection?We view stability asa desirablefeatureof a
link analysisalgorithm,above andbeyondthe particularno-
tion of authoritatvenesghat the algorithmembodies.If an
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articleis truly authoritatve or influential, thensurelythe ad-
dition of a few links or a few citationsshouldnot make us
changeour minds aboutthesesitesor articleshaving been
very influential. Moreover, evenin the context of afixedlink

structureadynamic,unreliableinfrastructuresuchastheweb
may give usdifferentviews of the structureon differentocca-
sions.ldeally, alink analysisalgorithmshouldbeinsensitve
to suchperturbations.

In this paper we use techniquesfrom matrix perturba-
tion theoryandcoupledMarkov chaintheoryto characterize
the stability of the ranksassignedby HITS and PageRank.
Somewaysof improving thestability of HITS arealsobriefly
metioned;thesealgorithmicchangesare studiedin morede-
tail in [Ng etal., 2001].

2 An Example

Let us begin with an empirical example. The Cora
databas¢McCallum et al., 2004 is a collection containing
thecitationinformationfrom severalthousandgapersn Al.

We ranthe HITS and PageRankalgorithmson the subset
of the Cora databaseonsistingof all its MachinelLearning
papers. To evaluatethe stability of the two algorithms,we
also constructeda set of five perturbeddatabase#n which
30% of the paperdrom the basesetwererandomlydeleted.
(“Since Cora obtainedits database&ia a web crawl, whatif,
by chanceor mishap,it had insteadretrieved only 70% of
thesepapers?”) If a paperis truly authoritatve, we might
hopethatit would be possibleto identify it assuchwith only
asubsebf thebaseset.

The resultsfrom HITS are shawvn in the following table.
In this table, the first column reportsthe rank from HITS
onthefull setof MachineLearningpaperswhereashefive
rightmostcolumnsreportthe ranksin runson the perturbed
databasesWe seesubstantialvariation acrossthe different
runs:

1  “Geneticalgorithmsin searchpptimization.., Goldbeg 13 111
2 “Adaptationin naturalandartificial systems”Holland 25 3 3 2
3 “Geneticprogramming:Ontheprogrammingf..”, Koza 3 126 6 3
4 “Analysisof thebehaior of aclassof genetic.”, De Jong 4 52 20 23 4
5  “Uniform crosswerin geneticalgorithms”,Syswerda 5 17111999 5
6  “Artificial intelligencethroughsimulated.”, Fogel 6 13556 40 8
7  “A sunwy of evolution stratgies”, Back+al 10 1791591007
8  “Optimizationof controlparameterfor genetic.”, Grefenstette8 316 1411706
9  “The GENITOR algorithmandselectionpressure”Whitley 9 25710772 9
10 “Geneticalgorithms+ DataStructures=..”", Michalewicz 1317080 69 18
11 “Geneticprogrammingl: Automaticdiscovey..”, Koza 7 - - - 10
2060"LearninginternalrepresentationBy error.”, Rumelhart+tal - 1 2 2



2061“Learningto predictby the methodof temporal.”, Sutton -9
2063“Somestudiesin machinelearningusingcheclers”, Samuel
2065“Neuronlike elementghatcansolve difficult..”, Barto+Sutton -
2066"Practicalissuesn TD learning”, Tesauro
2071“Patternclassificatiorandsceneanalysis”,Duda+Hart
2075“Classificationandregressiortrees”,Breiman-+al -
2117UCI repositoryof machindearningdatabases'Murphy+Aha -
2174"Irrelevantfeaturesandthe subseselection.”, John+al
2184“The CN2inductionalgorithm”, Clark+Niblett
2222“Probabilisticreasoningn intelligentsystems” Pearl

Althoughit might be thoughtthat this variability is intrinsic
to the problem,this is not the case,as showvn by the results

from thePageRanlalgorithm,whichweremuchmorestable:
1 “GeneticAlgorithmsin SearchOptimizationand..”, Goldbeg 1 11
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2 ‘“Learninginternalrepresentationsy error.”, Rumelhart+tal 2 2 2
3 “Adaptationin NaturalandAtrtificial Systems”Holland 356 45
4 “ClassificationandRegressiorTrees”,Breiman+al 4 355 4
5 “ProbabilisticReasoningn IntelligentSystems” Pearl 56 36 3
6 “GeneticProgrammingOnthe Programmingf ..”, Koza 6 4 4 36
7 “Learningto Predictby the Methodsof Temporal..”, Sutton 7 7 7 7 7
8 “Patternclassificatiorandsceneanalysis”,Duda+Hart 8 8 8 8 9
9 “Maximum likelihoodfrom incompletedatavia..”, Dempster+all0 9 9 11 8
10 “UCI repositoryof machindearningdatabases’Murphy+Aha 9 11109 10
11 “ParallelDistributedProcessing”’Rumelhart+McClelland - - - 10-
12 “Introductionto the Theoryof NeuralComputation”Hertz+al - 10- - -

Theseresultsarediscussedn moredetailin Section6. It
shouldbe statedat the outset,however, that our conclusion
is not thatHITS is unstablewhile PageRankis not. Theis-
sueis moresubtlethanthat,involving considerationsuchas
therelationshipdetweermmultiple eigervectorsandinvariant
subspacesWe do wish to suggesthowever, that stability is
indeedanissuethat needsattention. We now turn to a brief
descriptionof HITS andPageRankfollowedby ouranalysis.

3 Overview of HITS and PageRank

Givena collectionof web pagesor academigaperdinking
to/citing eachother, the HITS andPageRanlalgorithmseach
(implicitly) constructa matrix capturingthecitationpatterns,
anddeterminesuthoritiesby computingthe principal eigen-
vectorof thematrix.!

3.1 HITSalgorithm

The HITS algorithm[Kleinberg, 1999 positsthatan article
hashigh “authority” weightif it is linkedto by mary pages
with high “hub” weight,andthata pagehashigh hubweight
if it links to mary authoritatve pages.More precisely given

a setof n web pages(say retrievedin responsdo a search
query),the HITS algorithmfirst formsthen-by-n adjaceng

matrix A, whose(s, j)-elementis 1 if pagei links to pagey,

and0 otherwisé? It theniteratesthefollowing equations:

GEHI) — Z hg-t); hEtH) — Z a§t+1)

jij—i jiisj

11t is worth notingthat HITS is typically describedisrunningon
a small collectionof articles(sayretrieved in responséo a query),
while PageRanks describedn termsof theentireweh Eitheralgo-
rithm canberunin eithersetting,however, andthis distinctionplays
norolein ouranalysis.

2Kleinberg [1998]discusseseveralotherheuristicgegardingis-
suessuchasintra-domainreferenceswhich areignoredin this sec-
tion for simplicity (but areusedin ourexperiments) SeealsoBharat
and Henzinger[1998] for otherimprovementsto HITS. It should
be notedthat noneof thesefundamentallychangethe spirit of the
eigervectorcalculationsunderlyingHITS.

(where“i — j” meanspagei links to pagej) to obtainthe
fixed-pointsa* = limy_, o, a® andh* = lim;_, . A® (with
thevectorsrenormalizedo unitlength). Theabove equations
canalsobewritten:
gt —

pE+1)

ATR® = (AT A)a®
AattD) = (44T)AM),

When the iterationsare initialized with the vector of ones
[1,...,1]7, this is the power methodof obtainingthe prin-
cipal eigervectorof a matrix [Golub and Van Loan, 1994,
and so (undermild conditions)a* and h* are the principal
eigervectorsof AT A and AAT respectiely. The “authori-
tativeness’of pagei is thentakento bea}, andlikewise for
hubsandh*.

3.2 PageRank algorithm

Givena setof n web pagesandthe adjaceng matrix A (de-

finedpreviously), PageRanKBrin andPage,1999 first con-

structsa probability transition matrix M by renormalizing
eachrow of A to sumto 1. Onethenimaginesarandomweb

surferwho ateachtime stepis atsomewebpageanddecides
which pageto visit onthe next stepasfollows: with probabil-
ity 1 — ¢, sherandomlypicksoneof thehyperlinksonthecur-

rentpageandjumpsto thepageit links to; with probabilitye,

she“resets”by jumpingto a web pagepicked uniformly and
atrandomfrom the collection? Here, e is a parametertypi-

cally setto 0.1-0.2. This procesdefinesa Markov chainon

thewebpageswith transitionmatrixeU + (1 — €)M, where
U is the transitionmatrix of uniform transitionprobabilities
(U;; = 1/n for all i, j). Thevectorof PageRankscoresp is

thendefinedto be the stationarydistribution of this Markov

chain.Equivalently, p is the principal eigervectorof thetran-

sition matrix (eU + (1 — €)M)T (see,e.g. Golub andVan

Loan, 1996), since by definition the stationarydistribution

satisfies

(U+(1-e)M) p=p. )

The asymptoticchanceof visiting pagei, thatis, p;, is then
takento bethe“quality” or authoritatvenesof pagei.

4 Analysisof Algorithms

We begin with a simpleexampleshaving how a small addi-
tion to a collectionof web pagescanresultin alargechange
to the eigervectorsreturned. Supposewe have a collec-
tion of web pagesthat contains100 web pageslinking to
htt p: //ww. al gor e. com andanotherl03web pages

3Therearevariouswaysto treatthe caseof pageswith no out-
links (leaf nodes). In this paperwe utilize a particularly simple
approach—uporeachingsucha page thewebsurferpicksthenext
pageuniformly atrandom.This meanghatif arow of A hasall zero
entriesthenthe correspondingow of M is constructedo have all
entriesequalto 1/n. The PageRankalgorithm describedn [Page
etal., 1999 utilizes a differentresetdistribution uponarriving ata
leafnode.lt is possibleto shav, however, thatevery instantiationof
our variantof the algorithmis equivalentto an instantiationof the
original algorithmon the samegraphwith a differentvalue of the
resetprobability
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Figurel: Jitteredscatterploof hyperlinkgraph.

linking to htt p://ww. geor gewbush. com The ad-
jaceny matrix A hasall zerosexceptfor the two columns
correspondingo thesetwo web pages thereforethe princi-
pal eigervectora* will have non-zerovaluesonly for al -
gor e. comandgeor gewbush. com Figurel(a)presents
a jittered scatterplotof links to thesetwo web pages,along
with the first two eigervectors. (Only the non-zeropor-
tions of the eigervectorsare shavn.) Now, supposefive
new web pagestrickle into our collection, which happento
link to bothal gor e. comandgeor gewbush. com Fig-
ure 1(b) shows the new plot, and we seethat the eigervec-
torshave changediramaticallywith theprincipaleigervector
now nearthe45° line. Thus,arelatively smallperturbatiorto
our collectionhascausedalarge changeo the eigervectors?
If thisphenomenois penasive,thenit needgo beaddressed
by ary algorithmthatuseseigervectorsto determineauthor
ity. In the next two sections,we give characterization®f
whetherandwhenalgorithmscanbe expectedto suffer from
theseproblems.

4.1 Analysisof HITS

HITS usesthe principal eigervectorof S = AT A to deter
mine authorities. In this section,we shav that the stability
of this eigervectorundersmall perturbationss determined
by the eigengapof S, which is definedto be the difference
betweerthelargestandthe secondargesteigervalues.
Hereis an examplethat may shedlight on the importance
of the eigengap.Figure 2 plots the contoursassociateavith
two matricesS; and.S, before(with solid lines) and after
(with dashedines)the sameadditive perturbatiorhave been
madeto them?® The eigervaluesof the matricesareindicated
by thedirectionsof theprincipalaxesof theellipses.Thema-
trix Sy shavn in Figure2ahaseigengapy; = 0, anda small
perturbatiorto S; (andhencetheellipse)resultsin eigervec-
tors45° away from the original eigervectors;the matrix S,
showvn in Figure 2b haseigengapj, = 2, andthe perturbed
eigervectorsarenearlythe sameasthe original eigervectors.
So, we seehow, in this example, the size of the eigengap
directly affectsthe stability of the eigervectors.(Readerda-

“Thereis nothing specialaboutthe number5 here; a smaller
numberalsoresultsin relatively large swingsof the eigermvectors.
Replacing5 with 1, 2, 3, and4 causeghe principal eigervectorto
lie at 73,63,58 and55 degreesrespectiely.

*More preciselythesearecontoursof thequadratidorm 7 S; .
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Figure2: Contoursof two matriceswith differenteigengaps.

miliar with plots of multivariateGaussianganalsothink of
theseasthe contoursof a Gaussiarwith small perturbations
imposedon the (inverse)covariancematrix.)

In thesequelwe useatilde to denoteperturbedquantities.
(For instance,S denotesa perturbedversionof S.) We now
give ourfirst, positive result,thatsolong astheeigengap is
large,thenHITS is insensitve to small perturbationg.

Theorem 1. LetS = AT A begiven. Leta* be the princi-
pal eigervectorand é the eigengapof S. Assumehe max-
imum out-degree of every web page is boundedby d. For
anye > 0, supposewe perturb the web/citationgraph by
adding or deleting at most & links from one page, whee

k < (Vd+a—+Vd)? wheea = £5/(4 + v/2¢). Thenthe
perturbedprincipal eigervectora* of the perturbedmatrix S
satisfies:

la* —a*|ls <e 2

So,if theeigengaps big, HITS will beinsensitveto small
perturbations.This resultis proved by shaving i) the direc-
tion of the principal eigervectordoesnot changetoo much,
and ii) the magnitudesof the relevant eigervaluesdo not
changetoo much,sothe seconceigervectordoesnot “over
take” thefirst andbecomethe new principaleigervector

Proof. Let||- || denotethe Frobeniushorm.” We apply The-
oremV.2.8from matrix perturbatiortheory[ StevartandSun,
1990: SupposeS € R™*™ is a symmetricmatrix with prin-
cipal eigervalue A* andeigervectora*, andeigengap > 0.
Let E beasymmetricperturbatiorto S. Thenthe following
inequalitieshold for the old principal eigenpair(A*, a*) and
somenew eigenpair(\, ).

. 4| Ellr
a*—a < —— 3
L BT
A=A < V2|E|F (4)
(assumingthat the denominatorin (3) is positive). Let

the complementargigenspacéo (A*, a*) berepresentethy
(L2, X5), i.e. X5 is orthonormal andits columnscontainall
the eigervectorsof S excepta*; L, is diagonalandcontains
thecorrespondingigervalues all of which areatleastd less

50ur analysesalso apply directly to hub-weightcalculations,
simply by reversinglink directionsandinterchanging4 and A7 .
The Frobenius norm is defined by

X 1lr = (32, 325 (Xi)*)2.



thanA*; andSX, = X»>L». A boundsimilarto Equation(4)
holdsfor Ls:

|IL2 — Ls||r < V2||E||F (5)

Let X, be the largesteigervalue of L,. Using Corollary
IV.3.6from StevartandSun[1990], onecanshaw thatEqua-
tion (5) implies

X2 < Ao+ \/§||E||F (6)

If in turn v2||E||r < &/2, then Equations(4) and (6) to-
getherwill ensurethat X > X, i.e. (},a) is the principal
eigenpairof S.

Sincewe areaddingor deletinglinks from only onepage,
let F denotethe perturbationto onerow of A, sothatS =
(A+ F)T(A+F). Itisstraightforvardto shaw || FTF||r <
kand||ATF||r = ||[FT A||r < v/dk. We canthusboundthe
normof theperturbatiorto S:

I|Ellr =115 = S||r < k+2Vdk (7)

UsingEquationg3) and(7) to determinevhenwe mayguar
anteeEquation (2) to hold, we arrive at the boundk <

(Vd+ a —+/d)?, wherea = £6/(4 + v/2¢). Onecaneasily
verify thatthesameboundon k alsoensures/2||E||r < §/2
(which also guaranteeshat the denominatotin (3) is posi-
tive),hencea* = a aspreviously stated. O

Next we givethecorverseof thisresult,thatif theeigengap
is small,theneigervectorscanbe sensitve to perturbations.

Theorem 2. SupposeS is a symmetrianatrix with eigengap
J. Thenthere existsa O(§) perturbatior? to S that causesa
large (2(1)) changein the principal eigervector

Proof. SinceS = ST, it canbediagonalized:

M 0 0
S=U(0 X 0])U"T
0 0 %

whereU is orthogonalandwhosecolumnsarethe S’s eigen-
vectors. Let u; denotethe i-th column of U. We pick
S = 8 + 20usul. Since||uz||2 = 1, thenormof the pertur
bationis only ||26usul || = 25. Moreover,

) A1 0 0
SzU(O Ao + 26 O>UT
0 0 by

As A2 = As + 25 > A1, (A2, u2) is thenew principal eigen-
pair. But us is orthogonako uq, so||us — ug||2 = 2(1). O

To groundtheseresultsandillustrate why Theoreml re-
quiresa boundd on out-degreeswe give anotherexampleof
whereasmallperturbation—adding singlelink—canhave a
largeeffect. In thisexamplewe usethefactthatif agraphhas
multiple connected@omponentshentheprincipaleigervalue
will have non-zeroentriesin nodesonly from the “largest”

8Moreforrpally, thereexistsa perturbedrersionof S, denotedS,
sothat||S — S||r = O(9).
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Figure3: Pictureof awebcommunity

connectedomponen{moreformally thecomponentvith the
largesteigervalue)?

Considerthe web/citation-graptshown in Figure 3, which
weimagineto beasmallsubsebf amuchlargergraph.Solid
arrowns denotethe original setof hyperlinks;the dashedar
row representshe link we will add. The original principal
eigervaluefor eachof thetwo connectedcomponentshovn
is A = 20; with the addition of a singlelink, it is easyto
verify thatthis jumpsto A = 25. Supposehatthe commu-
nity showvnis partof alargerweb/citationgraphwith multiple
subcommunitiesandthat originally the biggestsubcommu-
nity hadeigervalue20 < A\; < 25. By addingonelink, the
graphshawn in Figure3 becomeshe biggestsubcommunity
andtheprincipaleigervectornow haspositive valuesonly for
nodesshavn in thisfigure,andzeroselsevhere.

4.2 Analysisof PageRank

We now analyze the sensitvity of PageRanks authority
score to perturbation®of theweb/citation-graph.

Theorem 3. Let M be given, and let p be the principal
right eigervectorof (eU + (1 — e)M)T. Let articles/payes

i1,142,... i bechangedin anyway, and M be the corre-
sponding(new) transition matrix. Thenthe new PageRank
scolesp satisfies:

2% b
221 Py (®)
€

Thus,assuming is not too closeto 0, this shavs thatso
long asthe perturbed/modifieadveb pagesdid not have high
overall PageRanlscore§asmeasuredvith respecto theun-
perturbedPageRankscores), thenthe perturbedPageRank
scoress will notbefarfrom theoriginal.

Proof. We constructa coupledMarkov chain{(X;,Y;) : t >

0} over pairsof web pages/documentsfollows. X, = Yq

is drawn accordingto the probability vector p, thatis, from

the stationarydistribution of the PageRanKrandom surfer”

model. The statetransitionswork asfollows: On stept, we

decidewith probability € to “reset” both chains,in which

casewe set X; andY; to the samepagechosenuniformly

at randomfrom the collection. If no “reset” occurs,and if

X;_1 =Y;_1 andX;_, isoneof theunperturbeghagesthen
X; =Y, ischosento bearandompagelinkedto by thepage
X; 1. In all othercases X; is chosento be a randompage
linkedto by pageX;_1, andindependentiyf it, Y; is chosen
to bearandompagelinkedto by pageY;_;.

1P —plh <

9See,e.g. Chung[1994]. A connectedcomponenbf a graphis
asubsetvhoseelementsaareconnectedria length> 1 pathsto each
other but notto therestof thegraph.Theeigervalueof a connected
componen( is thelargesteigevalueof AL Ac (cf. AT A usedby
HITS), where A, asubmatrixof A, is theadjaceng matrix of C.



Thus,we now have two “coupled” Markov chainsX; and
Y, the former usingthe transitionprobabilities(eU + (1 —
e)M)T, andlatter (eU + (1 — €)M)T, but sothattheir tran-
sitions are “correlated. For instance,the “resets”to both
chainsalways occurin lock-step. But since eachchainis
following its own statetransitiondistribution, the asymptotic
distributionsof X; andY; mustrespectiely bep andp. Now,
letd; = P(X; # Y;). Notedy = 0, sinceX, = Y; always.
Letting P denotethe setof perturbedprageswe have:

P(Xiy1 # Yiqn)

P(Xt41 # Yiy1|reset at t + 1) P(reset)

+P(X41 # Yiq1|noreset at t + 1) P(no reset)
0-e+ (1 —€)P(X¢41 # Yiq1|noreset at t + 1)

(1 —€)[P(Xt41 # Yiy1, Xt # Yi|noreset at t + 1)
+P(X41 # Yiq1, X¢ = Yi|no reset at t + 1)]

< (1—¢€)[P(X: # Yinoreset at ¢t + 1)

+ P(Xi41 # Yiqp1, Xy = Y3, Xy € P|lnoreset at t + 1)]
< (1-¢€¢)(P(X:#Y:)+ P(X: € Plnoreset at t + 1))
< (I—=e(de+ > cppi)

whereto derive the first inequality we usedthe factthat by
constructiontheevent” X; 11 # Yi41, Xy = V3" is possible
only if X, is oneof the perturbedpages.Usingthe factthat
dy = 0 andby iteratingthis boundon d;, in termsof d;,
we obtainan asymptoticupperbound:de < (3;cp pi)/e.
Thus, if (X,Ys) is dravn from the stationarydistribu-
tion of the correlatedchains—sothe maiginal distributions
of X, andY,, arerespectrely given by p and p—then
P(Xoo # Yoo) = doo < (3_;ep pi)/e. Butif two random
variableshave only asmalld,, chanceof takingdifferentval-
ues,thentheir distributionsmustbe similar. More precisely
by the CouplingLemma(e.g.,seeAldous, 1983)the varia-
tional distance(1/2) Y. |p; — p;| betweenthe distributions
mustalsobe boundedby the samequantityd.,. This shavs
|lp — Pll1 < 2ds, Whichconcludegheproof. O

diy1 =

5 LSIandHITS

In this sectionwe presentan interestingconnectiorbetween
HITS andLatentSemantidndexing [Deerwesteetal., 1994
(LSI) thatprovidesadditionalinsightinto our stability results
(seealsoCohnandChang,2000).In LSI acollectionof doc-
umentsis representedsa matrix A, whereA4;; is 1 if docu-
mentj containsthe-th word of thevocalulary, and0O other
wise. LS| computeghe left andright singularvectorsof A
(equivalently, theeigervectorsof AAT andA” A). For exam-
ple, theprincipalleft singularvector, which we denotez, has
dimensionequalto the vocahulary size,andz; measureshe
“strength” of word j's membershipalongthe z-dimension.
Theinformal hopeis thatsynorymswill be groupednto the
samesingularvectors,sothatwhenadocumenirepresented
by acolumnof A) is projectedontothe subspacspannedy
the singularvectors,it will automaticallybe “expanded”to
include synoryms of wordsin the document)eadingto im-
provedinformationretrieval.

Now considerconstructingthe following citation graph
from a setof documents.Let therebe a nodefor eachdoc-
umentandfor eachword. The nodeof a word links to the
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documennodest appearsn. Let A betheadjaceng matrix
of this graph. If we apply HITS to this graph,we find only
the word-nodeshave non-zerohub weights (since none of
thedocument-noddink to anything) andonly thedocument-
nodeshave non-zeroauthorityweights.Moreover, thevector
of HITS hubweightsof theword-nodess exactly z, thefirst
left singularvectorfoundby LSI.

This connectionallows us to transferinsight from exper
imentson LSI to our understandingf HITS. In this vein,
we conductedan experimentin which randomcorporawere
generatedoy samplingfrom a setof English, French,and
Italian documents® Given that theserandomcorporaare
combinationsof threedistinct languagesthe solutionto In-
formationRetrieval problemssuchasclusteringor synorym-
identificationare exceedinglysimple. The issuethatwe are
interestedn, however, is stability. To studystability, we gen-
eratedl5 suchcollectionsandexaminedthe directionof the
principaleigervectorsfoundby HITS.

The principal eigervector lies in the high dimensional
joint-vocalulary spaceof thethreelanguagesTo displayour
results we thereforedefinedEnglish,Frenchandltalian “di-
rections, andmeasuredhe degreeto which the eigervector
liesin eachthesedirections!! Fifteenindependentepetitions
of thisprocessverecarriedout,andtheresultsplottedin Fig-
ureda. As we see despiteghepresencef clearclustersn the
corpora,the eigervectorsarehighly variable. Moreover, this
variability persistan the secondandthird eigervectors(Fig-
ures4b,c).

%The corporawere generatedy taking paragraphgrom novels
in the threelanguages. Typical “documents”had 25-150words,
andthe vocahulary consistedf the mostcommon1500words per
language.The collectionwasalsomanually“balanced”to equally
represeneachlanguage.

HThis wasdoneby picking a vectorz. of unit-normandwhose
i-th elemenis proportionalto thefrequeng of word1 in theEnglish
collection—thusgz. shouldbethoughtof asthe“canonical”’English
direction—andaking the amountthat »* lies in the Englishdirec-
tion to betheabsolutamagnitudeof thedot-producbetweenz. and
h*, andsimilarly for Frenchandltalian.



Note that the variability is not an inherentfeatureof the
problem. In Figure4d, we displaya run of a differentalgo-
rithm (avariantof theHITS algorithmthatwe briefly describe
in Section7, andis studiedn moredetailin [Ng etal., 2001]).
Heretheresultsaresignificantlylessvariable.

6 Further Experiments

In this sectionwe reportfurtherresultsof perturbatiorexper
imentsontheCora databaseWe alsodescribeanexperiment
usingwebpages.

Recallour methodologyin the experimentswith the Cora
database:We choosea subsetof papersfrom the database
andgenerate setof perturbationgo this subseby randomly
deleting30% of the papers.Our first experimentusedall of
theAl papersn Coraasthebaseset.Ourresultdargelyrepli-
catedthoseof CohnandChang[2000]—HITSreturnedser-
eralGeneticAlgorithms(GA) papersasthetop-ranledones.
With the databas@erturbedasdescribedhowever, thesere-
sults were very variable,and HITS often returnedseminal
papersfrom broaderAl areasasits top-ranked documents.
Repeatinghe experimentexcludingall the GA papersHITS
did slightly better;the resultson five independentrials are
shavn below:

1 “ClassificationandRegressionTrees”,Brieman+al 111 11

2 “Patternclassificatiorandsceneanalysis”,Duda+Hart 2 2 3 2 2

3 “UCI repositoryof machindearningdatabases’Murphy+Aha 4 3 7 3 3

4 “LearninginternalrepresentationBy error.”, Rumelhart+tal 3 13 2 28 20
5 “IrrelevantFeaturesaindthe SubseSelectionProblem”,John+alr 4 12 4 4
6 “Verysimpleclassificatiorrulesperformwell on..”, Holte 8 5 155 5

7 “C4.5: Programdor MachineLearning”,Quinlan 11 10 14 10 6

8 “ProbabilisticReasoningn IntelligentSystems” Pearl 6 4594 462461
9 “The CN2inductionalgorithm”, Clark+Niblett 9 54 11 78 105
10 “LearningBooleanConceptsn the..”, Aimuallim+Dietterich 14 11 34 9 13
11 “The MONK’sproblems:A performance&omparison.’, Thrun- 9 - 6 7
12 “Inferring decisiontreesusingthe MDL Principle”,Quinlan - 8 - 7 8
13 “Multi-interval discretizatiorof continuous.”, Fayyad+lrani - - - - 10
14 “LearningRelationsby Pathfinding”, Richards+Moon - 6 - - -
15 “A conserationlaw for generalizatioperformance”Schafer - 7 - 8 -
20 “The FeatureSelectionProblem:Traditional..” KiratRandall - - -9

21 “Maximum likelihoodfrom incompletedatavia..” Dempster+al0 -
23 “Learningto Predictby the Methodof Temporal.”, Sutton 5 -
36 “Introductionto the Theoryof NeuralComputation” Hertz+al - -
49 “Explanation-basedeneralizationa unifying view”, Mitchell - -
282°A robustlayeredcontrolsystemfor amobilerobot”, Brooks - -
We seethat, apartfrom the top 2-3 ranked papersthere-

mainingresultsarestill ratherunstable For example,Pearls
bookwasoriginally ranked8th; onthesecondrial, it dropped
to rank 459. Similarly, Brooks’ paperwas rank 282, and
jumpedup to rank 9 on trial 3. However, this variability is

not intrinsic to the problem,as shovn by our PageRankre-
sults(all PageRankesultsin this sectiorweregeneratedvith

e=10.2):

©RP oo !
'
'

1 “ClassificationandRegressionTrees”,Breiman+al 11 1 1 2
2 “ProbabilisticReasoningn IntelligentSystems” Pearl 3 2 2 2 1
3 ‘“LearninginternalrepresentationBy error.”, Rumelhart+tal 2 3 3 3 3
4 “Patternclassificatiorandsceneanalysis”,Duda+Hart 4 4 4 4 4
5 “A robustlayeredcontrolsystemfor amobilerobot”,Brooks 5 6 7 5 5
6 “Maximum likelihoodfrom incompletedatavia... Dempster+a6 7 6 6 6
7 “Learningto Predictby the Methodof Temporal.”, Sutton 7 5 5 7 7
8 “UCI repositoryof machindearningdatabases’Murphy+Aha 8 9 9 9 11
9 “NumericalRecipesn C”, Press+al 10 12 8 11 8
10 “ParallelDistributedProcessing’Rumelhart+al 9 14 13 10 9
12 “An implementatiorof atheoryof actiity”, Agre+Chapmanre- 8 10 8 -
13 “Introductionto the Theoryof NeuralComputation”Hertz+al - 10 - - -

22 “A RepresentatioandLibrary for Objectvesin..”, Valente+al - - - - 10

The largestchangein a documents rank wasa drop from
10to 12—theseaesultsaremuchmorestablethanfor HITS.

Closerexaminationof the HITS authority weights reviews
that its jumpsin rankingsare indeeddue to large changes
in authorityweights,whereaghe PageRankscoregendecdto
remainfairly stable'?

We also carriedout experimentson web pages. Given a
query Kleinberg [1998] describesa methodfor obtaininga
collection of web pageson which to run HITS. We useex-
actlythemethoddescribedhere,andperturbedt in anatural
way.? For the sale of brevity, we only give theresultsof two
experimentshere.Onthequery“mp3 players”,HITS’ results
wereasfollows (long URLs aretruncated):

1 http://wwwfreecode.com/ 82 1 1 1 82
2 http://wwwhtmorks.com/ 85 2 2 2 83
3 http://wwwinternettraficreport.com/ 86 3 4 3 85
4 http://slashdot.@/ 88 4 5 5 86
5 http://windawvs.davecentral.com/ 87 5 3 4 84
6 http://wwwgifworks.com/ 84 6 6 6 87
7 http://wwwthinkgeek.com/ 91 7 7 7 88
8 http://wwwanimfactorycom/ 89 9 8 8 89
9 http://freshmeat.net/ 90 8 9 9 90
10 http://subscribe.ander.net/membership.htm 92 10 10 10 91
1385 http://ourstoryabout.com/inde htm T - - - 1

1386 http://home.about.com/ingéhtm 2 - - - 2

1387 http://home.about.com/musicperform/indgm 3 - - - 3

1388  http://home.about.com/teens/indetm 4 - - - 4

1389  http://home.about.com/sports/indietm 5 - - - 5

1390 http://home.about.com/autos/indietm 6 - - - 6

1391 http://home.about.com/style/indétm 7 - - - 7

1392  http://home.about.com/careers/imdem 8 - - - 8

1393  http://home.about.com/citiestms/inde.htm 9 - - - 9

1394  http://home.about.com/wal/index.htm 0 - - - 10
In contrastPageRanketurned:

1 http://wwwteam-mp3.com/ *1 1 1 1
2 http://click.linksynegy.com/fs-bin/click 1 3 2 4 9
3 http://wwwelizandra.com/ 2 2 3 2 2
4 http://stores.yahoo.com/help.html 4 14 5 10 11
5 http://shopping.yahoo.com/ 3 10 4 12 13
6 http://wwwnetins.net/shecase/phdss/ * 8 6 3 3
7 http://wwwthecountecom/ 136 9 8 7
8 http://ourstoryabout.com/inde htm 5 4 7 5 4
9 http://a-zlist.about.com/inatentm 6 5 106 6
10 http://www netins.net/shecase/phdss/getm *9 8 7 5
11 http://software.mp3.com/softare/ 7 7 - - 8
12 http://wwwwinamp.com/ 8 - - - -

13 http://wwwnullsoft.com/ 0 - - - -

14 http://www.consumerspot.com/redirect/1cac 9 - - 9 10

While PageRanls rankingsundego small changesHITS’
rankingsdisplaya mass‘flipping” behaior. Similar pertur
bationpatterngo this (andthe examplebelow) for PageRank
andHITS areobsenedin fourteenout of nineteenqueries.
Furthermore HITS’ resultsdisplayedsuch mass“flips” in
roughly 20% of the trials, which is in accordancewith the
20%removal rate.

Hereis anothertypical web result, this time on the query
“italian recipes. Notethat™” meanshatthe pagewasre-
movedby thattrial’s perturbationandthereforehasno rank.
HITS’ resultswere:

2Examinationof the secondand higher eigervectorsin HITS
shaws thatthey, too, canvary substantiallyfrom trial to trial.

BKleinbey [1998] first uses a web search engine
(www.altavista.comin our case)to retrieve 200 documentsto
form a*“root set; whichis thenexpandedandfurtherprocessedjo
definethe web-graphon which HITS operates.Our perturbations
were arrived at by randomly deleting 20% of the root set (i.e.
imaginingthattheweb searchenginehadonly returned80% of the
pagest actuallydid), andthenfollowing Kleinbeig's procedure.



1 http://ourstoryabout.com/inde htm *1 1 1 1
2 http://home.about.com/culture/indbtm * 2 2 2 17
3 http://home.about.com/indétm * 3 3 3 25
4 http://home.about.com/food/indé&tm * 4 4 4 2
5 http://home.about.com/science/ixdgm * 5 5 5 3
6 http://home.about.com/shopping/indetm * 6 6 6 4
7 http://home.about.com/smalibiness/inde * 7 7 7 5
8 http://home.about.com/sports/indietm * 8 8 8 6
9 http://home.about.com/arts/indatm *9 9 9 7
10 http://home.about.com/style/indatm * 10 10 10 8
11 http://home.about.com/autos/indetm - - - -9
12 http://home.about.com/teens/indetm - 10
479 http://bestbrandrecipe.com/delt.asp 1 -
480 http://myrecipe.com/help/shopping.asp 2

481 http://vegetarianrecipe.com/demdlt.asp 3

482 http://holidayrecipe.com/datilt.asp 5

483 http://beefrecipe.com/dadilt.asp 4

484 http://beveragerecipe.com/datilt.asp 7

485 http://appetizerrecipe.com/aefit.asp 6

486 http://pierecipe.com/detilt.asp 8

487 http://seafoodrecipe.com/deflt.asp 9 -

488 http://barbequerecipe.com/dett.asp 10
PageRankpn the otherhand,returned:

1 http://ourstoryabout.com/inde htm *1 1 1 1
2 http://a-zlist.about.com/inaehtm * 2 2 2 2
3 http://www.apple.com/ 1 3 3 3 3
4 http://www.itznet.com/isenbgrf 2 4 4 139
5 http://frontieruserland.com/ 3 5 5 4 7
6 http://wwwmikrostore.com/ 4 6 6 5 *
7 http://wwwamazinggiftsonline.com/ 5 7 7 6 *
8 http://wwwpeck.it/peckshop/home.asp?pro * 8 8 7 4
9 http://geocities.yahoo.com/addons/interac 6 9 9 8 29
10 http://dvs.dolceita.com/inde.html 7 10 * 105
11 http://www dossiemet/ - - 109 6
12 http://www dolcevita.com/ 8 - - 8
14 http://www.g-d.com/ 9 10
15 http://wwwsilesky.com/ 10 - -

7 Discussion

It is well known in the numericallinear algebracommunity
thata subspacspannedy several(e.g.thefirst k) eigervec-
torsmaybestableunderperturbationyvhile individual eigen-
vectorsmay not [Stevart andSun,199d. Our results—both
theoreticalkndempirical—reflecthis generafact.

If theoutputof analgorithmis asubspacehenthestability
considerationshatwe have discusseadnay not be a matterof
primary concern.Suchis the case for example,for the LSI
algorithm, wherethe goal is generallyto projecta dataset
ontoalower-dimensionakubspace.

If we wishto interpretspecificeigervectors however, then
the stability issuebecomes matterof moreseriousconcern.
Thisis the situationfor the basicHITS algorithm,wherepri-
mary eigervectorshave beeninterpretedn termsof a setof
“hubs” and“authorities! As we have seentherearetheoreti-
calandempiricalreasondor exercisingconsiderableaution
in makingsuchinterpretations.

Giventhattheprincipaleigervectormaynothave areliable
interpretation,one can considervariationsof the HITS ap-
proachthat utilize multiple eigervectors. Indeed,Kleinbery
[1998] suggesteaxamining multiple eigervectorsasa way
of obtainingauthoritieswithin multiple communities Again,
however, it maybe problematicto interpretindividual eigen-
vectors,andin factin our experimentswe found significant
variability in secondandthird eigervectors. An alternative
approachmay be to automaticallycombinemultiple eigen-
vectorsin a way that explicitly identifies subspacesvithin
the HITS framework. Thisis exploredin [Ng etal., 2001]

The fact that the PageRankalgorithm appeardo be rel-
atively immuneto stability concernsis a matterof consid-
erableinterest. It is our belief that the “reset-to-uniform-
distribution” aspectof PageRanks a critical featurein this
regard. Indeed,one canexplore a variationof the HITS al-
gorithmwhich incorporatesucha feature. Supposehatwe
constructa Markov chainon the webin which, with proba-
bility 1 — €, we randomlyfollow a hyperlinkfrom thecurrent
pagein the forward direction (on odd time steps),and we
randomlyfollow a hyperlinkin the backwardsdirection (on
eventime steps).With probability e, we resetto a uniformly
chosenpage. The asymptoticweb-pagevisitation distribu-
tion on odd stepsis definedto be the authorityweights,and
on even stepsthe hub weights. As in Theorem3, we can
shaw this algorithmis insensitve to small perturbationgbut
unlike PageRankyve obtainhubaswell asauthorityscores).
Theresultsof runningthisalgorithmonthe“threelanguages”
problemareshawn in Figure4d, wherewe seethatit is in-
deedsignificantlymorestablethanthebasicHITS algorithm.
This algorithmis alsoexploredin moredetailin [Ng et al.,
2001].

Acknowledgments

We thankAndrew McCallumfor providing the Coracitation
datausedin our experiments.We alsothank Andy Zimdars
for helpful comments. This work was supportedby ONR
MURI N0O0014-00-1-063 andNSFgrantl1S-9988642.

References

[Aldous,1983 David Aldous. Randomwalks on finite
groupsand rapidly mixing markov chains. In A. Dold
andB. Eckmann editors,Seminaie de Probabilites XVII
1981/1982L ectureNotesin Mathematics\ol. 986,pages
243-297 SpringerVerlag,1983.

[BharatandHenzinger1999 K. Bharat and M. R. Hen-
zinger Improvedalgorithmsfor topic distillationin a hy-
perlinked ernvironment. In Proc. 21stAnnual Intl. ACM
SIGIRConfeence pagesl04-111ACM, 1998.

[Brin andPage, 1999 S.Brin andL. Page. The anatomyof
a large-scalehypertextual (Web) searchengine. In The
SeventhinternationalWorld Wide Web Confeence 1998.

[Chung,1994 Fan R. K. Chung. Spectal Graph Theory
AmericanMathematicaSociety 1994.

[CohnandChang,200d D. CohnandH. Chang.Probabilis-
tically identifying authoritatve documents.Iln Proc. 17th
InternationalConfeenceon Machine Learning 2000.

[Deerwesteetal., 1990 S. DeerwesterS. Dumais,G. Fur-
nas, T. Landauer and R. Harshman. Indexing by latent
semanti@nalysis.Journal of the AmericanSocietyfor In-
formationScience41(6):391-4071990.

[GolubandVanLoan,1996 G. H. Golub and C. F. Van
Loan. Matrix Computations JohnsHopkinsUniv. Press,
1996.

[Kleinberg, 1999 J. Kleinbery. Authoritative sourcesin a
hyperlinked ernvironment. Proc. 9th ACM-SIAM Sympo-
siumon Discrete Algorithms 1998.



[McCallumetal., 2000 Andrew McCallum,Kamal Nigam,
JasorRennie,andKristie Seymore. Automatingthe con-
truction of Internetportalswith machinelearning. Infor-
mationRetrieval Journal, 3:127-1632000.

[Ngetal., 2001 Andrev Y. Ng, Alice X. Zheng, and
Michael I. Jordan. Stablealgorithmsfor link analysis.
In Proc. 24th Annualintl. ACM SIGIRConfeence ACM,
2001.

[Osareh1996 FaridehOsareh Bibliometrics,citationanal-
ysis and co-citation analysis: A review of literature I.
Libri, 46:149-1581996.

[Pageetal., 1999 Lawrence Page, Segey Brin, Raje
Motwani, and Terry Winograd. The PageRankcita-
tion ranking: Bringing order to the web. Unpublished
Manuscript,1998.

[StevartandSun,1990 G. W. Stewart and Ji-GuangSun.
Matrix PerturbationTheory AcademicPress,1990.



