
446 Section φ(7)
TA: Yufei Zhang



Plans for today!

1. This
2. Reminders
3. Kernels
4. Problem 2a, 2b
5. PyTorch Colab Notebook (No Demo)



Reminders

● HW3 due Wed, Feb 25 @ 11:59pm
● Midterm grades out!

○ Please only submit a regrade request if you have a strong case 
for extra points



Kernels
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Motivation

Consider a 1D dataset with just feature x1. The blue and orange dots denote two 
different classes.

Can you draw a 
horizontal line to 
separate these classes?

x
1
 (feature)

No



Kernels

We need to create a new feature x2 
from what we have (which is x1)

Can you draw a 
horizontal line to 
separate these classes?
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Problems with efficiency ← THIS IS WHY!

If we did things step by step…

1. Take our n data points, each one a d dimensional vector
2. To EACH datapoint, apply our kernel map (       ), further blowing up the 

space/time complexity
3. Perform linear regression on the exploded set of features
4. Most likely fail…

Kernel trick!



Our goal is to get from ridge 
regression to kernelized 
linear regression



Step 1: The Representer Theorem

This fact implies that we can write w as a linear combination of the data points 
(xi) and some scale factors (ai) → useful for out proof later!



What if our feature set blows up so 
that d >> n? Or even blows up to 
infinite dimensions?



This is why we needed step 1. It makes this substitution possible no matter the 
dimensionality of the “blown up” X!

Step 2: Substitution



How can we construct 
the kernel matrix 
using the kernel 

function?

Step 2: Define the Kernel Matrix



Step 2: Define the Kernel Matrix



The main takeaway is 
the formulation of the 
kernel matrix below.



Now you are gonna take this all the way to the end!

Substitute into Linear Regression



2a. Kernelized Linear Regression

Solve for the optimal α

Step 3: Derive



2a. Kernelized Linear Regression



Quick high-level recap

Can have infinite 
dimensions



You need some extra 
steps to predict a new 

datapoint, but the 
predictive power 

compared to 
computational cost is 

well worth it!
Let’s vectorize this!



2b. Kernelized Linear Regression



2b. Kernelized Linear Regression

Express the estimate     : General formula:



Takeaways

1. Efficiency: Kernels allow us to operate in infinite dimensions 
without the computational cost (n vs d)
2. Substitution: We replace explicit features phi(x) with pairwise dot 
products K
3. Result: A regression model solved using only the data count n



Mercer’s Conditions



A Tale of Three Kernels
Context matters.

OS Kernel 
(Linux/Windows)

Corn Kernel
(Zea mays)

Image Kernel 
(Convolutions/CNNs)



PyTorch Colab

Do this in your own time if you 
want a tutorial on how to make a 
neural net in PyTorch!

https://colab.research.google.com/drive/1O-te5Sy2guzd2kDnlBbMNPPEALPl_Yt3?usp=share_link

