CSE 446 Spring 2026
Section 3



Announcements

HW1 is due next Wednesday, April 22
Midterm May 1 (details on class website)

Remember to email your section handout attempt to your TA if you missed a
section

Today

1. Vector calculus
2. Approximations



Scalar derivative | Vector derivative
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Derivatives: how small change in input changes output

1st derivative, second derivative (1D)

d?y 1. Extend to more variables

dy
— =2z -1 2 2. Approximate the gradients

dx dax?

Jacobian, Hessian (generalize to n input and m output variables)
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Gradient

How do we calculate the gradient of a function with a vector
input?

1\
v = | 2 fl):R" - R

\[IJ,;/ This is normal function that
outputs a real number
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We simply do partial derivatives n times
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Visualizing the Gradient
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Jacobian
In machine learning, we don’t usually have the privilege of having a

function that outputs a real number. Usually, the function will output
a vector. For example:

Input layer Output layer

A simple neural network

W, oW, W, w, b WXy + WXy +WaXa +w, X, +b a,
X
O E -
x3 activation

What do we do now???
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Interpreting the Jacobian

How do we interpret the jacobian matrix?

Vzg(z) =

Agm ()
oz, |

8g1(x) T ol
?)L:) Vigi(z)
- . e Ran

VIgm(z)

This matrix gives us an idea of how the output will change if we
slightly change the value of x.

For example, if we increase x,, how is g(x) affected?
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Hessian
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Vaf(z) =
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Problems 1.2 a-b

Solve them! Ask for
help if you are stuck.
Look at section 1.1 for
help remembering
how these gradients,
Jacobians, and
Hessians compute.

(a) Let f(z1,x2) = 27 + €*'*2 4+ 2log(x,). What are the gradient and the Hessian of f?

(b) Note that V, f : R" — R". What is the Jacobian of V. f?



(a) Let f(z1,x2) = 27 + ™72 + 2log(x2). What are the gradient and the Hessian of f?

Solution:
/() o 7 : .
= 2z, + T2 2 a‘;(?z) az{é()?, 2 + z3e1 %2 e"'*? + 1,
V;,;f(-'l?) e aj(;}:) - T %172 4 b 8 and fo(:l,‘) =\ 52¢(= 2 flx = | e*1%2 + T1T2e%1%2 1%61132
822 3 ax:az‘ 822 /
(b) Note that V. f : R" — R™. What is the Jacobian of V. f?
Equivalent
Solution:
g
AV h(z) (Vzfi(z) 9 + p2e*1%2 T2 T2
15 € e + T112€ ”
Vi(Vehi(z) = [a(foiz(z) a(Vf??:(x)] = [emz Fomens  glemm 3 | = Vaf(@)
dxy Oxo 2




Approximations
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Approximations

Linear Approximation .

The derivative of f(x) at | |
some (x,y) can be used 20 i | Cood
to linearly approximate 4

f(x * €) s , ; —

Where ¢ is very tiny! 10 o/ 10 20

This extends to multivariate Bad approximation
functions... proof in your notes




Approximation
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Linear Approximation

For a “many-to-one”
function, the gradient
gives us a vector we can
use to linearly
approximate a small area
around some x

What about a
“many-to-many” function?
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Problem 1.2 ¢

Also remember: For a

Remember that the “many-to-one” function, the
Jacobian is just the gradient gives us a vector we
- can use to linearly
gradient of a .
“manv-to-manv” approximate a small area
functixcl)n Y V01 (2) around some x
" : € Rmxn
Vi 9m()

(c) The gradient V. f(z) offers the best linear approximation of f around the point . What does the Jacobian of
a function g : R™ — R™ offer?



(c) The gradient V, f(z) offers the best linear approximation of f around the point . What does the Jacobian of
a function g : R™ — R™ offer?

Solution:

The Jacobian also offers the best linear approximation of g around a point z, but now it approximates a
vector, instead of a scalar,
g(z +¢€) = g(x) + Vzg(z)e

where V. g(x)e is a matrix multiplication instead of a dot product.




Problem 1.2 d
(walkthrough)

(d) If we use the gradient and the Hessian of f : R™ — R, what type of an approximation for the function f
around a point = can we create.
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Problem 1.2 g
(IMPORTANT!)

(g) Draw the gradient on the picture. Describe what happens to the values of the approximation of f if we move
from z in directions d,,ds, d3 for which V. f(z)"d, > 0,V.f(z)Tdy < 0,V.f(z)"d; = 0? Can the same
conclusions be drawn about the function of f?
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(g) Draw the gradient on the picture. Describe what happens to the values of the approximation of [ if we move
from z in directions d,,ds, d3 for which V. f(z)Td, > 0,V.f(z)Tdy < 0,V.f(x)"d3 = 0? Can the same
conclusions be drawn about the function of f?

Solution:

* d,: Value of approximation goes up.
* d,: Value of approximation goes down.
* dj: Value of approximation stays the same.

The same can be said for [, but only in the immediate vicinity of the point .
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1.3. Algebra

Useful rules!

Let f:R"™ -5 R, g: R™ — R, . Below is a list of important gradient properties:
* Gradient of constant: V_.c = (0 € R" for a constant ¢ € R".
* Linearity: V.(af + Bg)(z) = aV.f(z) + BV.g(z) for a scalars a, 3 € R.
* Product rule: V.(fg)(z) = Vzf(z) - g(z) + Vzg(z) - f(z).
Let f: R®* > R™, ¢g:R™ - R™, h: R™ — R, [: R™ — R. Below is a list of important Jacobian properties:
e Jacobian of constant: V.,.c = 0 € R"*™ for a constant ¢ € R™.
* Linearity: V.(af + Bg)(z) = aV.f(z) + BVzg(z) for a scalars a, 3 € R.
» Product rule: V,(f7g)(z) = [V./(2)]"g(x) + [V.9(z)]" [ ().
* Chain rule: V,(ho g)(z) = V) h(g(z))V2g(z) and V. (I 0 g)(z) = [V l(9(2))]" Vag(2)] "



(a) Let f: R™® = R be f(z) = vTz for v € R". Using the definition of the gradient, write out V. f(z) and specify
its dimensions.

(b) Let f : R™ — R™ be f(z) = z. Using the definition of the Jacobian, write out V, f(z) and specify its dimen-
sions.



(c) Let f: R® — R™ be f(z) = Az for A € R™*". Using the definition of the Jacobian, write out V, f(z) and
specify its dimensions.

Solution:
O(Ax)1 O(Azx)1 - 0 o
oz, T Oxn dz1 Ek Az Ozn Zk Ak Tk
8(Az)m O(AZ)m 0 o)
Oz, Pt oz, L 0z Zk Amkmk Tt Ozn Zk Amkxk
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= 3 > 5 — A (- Rmxn
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(d) Let f:R® = R be f(z) = av?z + BwTz where , 3 € R and v,w € R™. Using the properties at the beginning
of the section and previous results, write out V, f(z).

Solution:

Yaifl@) =Y, (avT:c + ﬁwTa:) =aVvTz + BVwlz = av + fw

(e) Let f : R® — R be f(z) = 7 Az and A € R**". Using the properties at the beginning of the section and
previous results, write out V, f(x).

Solution:

Vaf(Z) = Vs (:L'TAx) = (Vox)T (Az) + (V,Az)Tz = TAz 4+ ATz = (A+ ATz

where we used the product rule and split 27 Az into g(z)Th(z) where g, h : R® — R™ and g(z) = z and
h(z) = Az




(f) With f defined as in the previous part, what is the Hessian of f. Only use previously proven facts and recall
that the Hessian is the Jacobian of the gradient.

Solution:

Vif(@) = Vo(Vef)(2) = Vo (A+ AT)z = A+ AT

where we used part 3 in the last step.

(g) Let f : R™ — R be f(x) = (Az — y)TW(Az — y) and A € R™*"* W € R"*",y € R™. Using the properties at
the beginning of the section and previous results, write out V, f(z).

Solution:

Let f = h o g where g(z) = Az — y and h(z) = 2T W 2. Using the chain rule and parts 3 and 5, we can
derive:
Vo f(z) = Va(ho g)(2) = [[Vo()h(9(2))]" Vag(2)]"

= [[(W +WT)(Az - y)]T A"
= AT(W +WT)(Az — y)




Two types of layout for matrix differentiation: Numerator Layout and
Denominator Layout
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