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Unsupervised vs. supervised learning
Previously: supervised learning 

• Each data point  has a corresponding label ;  with , . 
Try to predict the label  for a new test point 


xi yi {xi, yi}n
i=1 xi ∈ ℝd yi ∈ ℝ

y x



Previously: supervised learning 

• Each data point  has a corresponding label ;  with , . 
Try to predict the label  for a new test point 


xi yi {xi, yi}n
i=1 xi ∈ ℝd yi ∈ ℝ

y x

Now: Unsupervised learning 

• No labels: data  with . Try to model the data distribution , 
potentially by finding patterns/clusters, or a low-dimensional representation


{xi}n
i=1 xi ∈ ℝd P(X )

Unsupervised vs. supervised learning



Motivation: dimensionality reduction

• It takes  memory to store data  with 


• But many real data have patterns that repeat over samples. Can we find some 
patterns and use them?


n × d {xi}n
i=1 xi ∈ ℝd

Input images: Principal components:
=32x32pixels per image 
 images 

 real values to store the data

d
n
d × n



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)

Input images: Principal components:
u1 ∈ ℝd u2

https://en.wikipedia.org/wiki/Eigenface



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)


• we can represent each sample 
as a weighted linear 
combination of, say, q=25  
principal components, and just 
store the weights 

Input images: Principal components:

Input images: Principal components:
≈ z[1]u1 + z[2]u2 + ⋯ + z[25]u25

u1 ∈ ℝd u2

# face

# each u is a basis face



Principal component analysis finds a 
compact linear representation 

• patterns that capture the distinct 
features of the samples is called 
principal component  
(to be formally defined later)


• we can represent each sample 
as a weighted linear 
combination of, say, q=25  
principal components, and just 
store the weights 

Input images: Principal components:

Input images: Principal components:

u1 ∈ ℝd u2

• With q=25, to store  images, it requires memory of only n
d × q + q × n ≪ d × n

≈ z[1]u1 + z[2]u2 + ⋯ + z[25]u25



Ground truths real face

average face
q = 1 q = 2 q = 3

10 principal components give a pretty good 
reconstruction of a face

x̄
x̄ + a[1]u1 x̄ + a[1]u1 + a[2]u2

q = 4

q = 10

q = 7 q = 8 q = 9

# 10 << 1024

# reconstruction error decreases 
as q increases; 0 when?

# q = n



PCA: a high-fidelity linear projection
<latexit sha1_base64="vBSNDDMxUj748IobvdEJRoJAL48="></latexit>

Given x1, ..., xn 2 Rd, find a compressed representation z1, ..., zn 2 Rq

with q ⌧ d such that xi ⇡ x̄+Vqzi and V>
q Vq = I.

# zi = coefficient on 
basis vectors

# Vq = basis vectors Vq ∈ ℝd×q # Orthonormal constraint: what is it?

# all columns have unit norm and are 
mutually orthogonal. 

# Why?

# No redundancy. Unique sol’n.
xi ≈ ‾x + V1 ⋯ Vq

zi,1

⋮
zi,q

xi ≈ ‾x + zi,1V1 + ⋯ + zi,qVq

zi ∈ ℝq×1



PCA: a high-fidelity linear projection
<latexit sha1_base64="vBSNDDMxUj748IobvdEJRoJAL48="></latexit>

Given x1, ..., xn 2 Rd, find a compressed representation z1, ..., zn 2 Rq

with q ⌧ d such that xi ⇡ x̄+Vqzi and V>
q Vq = I.

<latexit sha1_base64="JVm0ci9rdf1iy6KCQ4mUQ+xCEQs="></latexit>

min
Vq,{zi}

nX

i=1

||xi � x̄�Vqzi||22 # How to solve?

<latexit sha1_base64="VGWr1C9YQ6kLsF2k9MV2wDRN1h8="></latexit>

Fix Vq and solve for {zi} :

# Recall: y − Xw
2

2

ŵ = (X⊤X)−1X⊤y

zi = (V⊤
q Vq)

−1
V⊤

q (xi − ‾x)# So if you know Vq

zi = V⊤
q (xi − ‾x)

# With orthonormal 
assumption…



PCA: a high-fidelity linear projection

<latexit sha1_base64="VGWr1C9YQ6kLsF2k9MV2wDRN1h8="></latexit>

Fix Vq and solve for {zi} :

<latexit sha1_base64="vBSNDDMxUj748IobvdEJRoJAL48="></latexit>

Given x1, ..., xn 2 Rd, find a compressed representation z1, ..., zn 2 Rq

with q ⌧ d such that xi ⇡ x̄+Vqzi and V>
q Vq = I.

<latexit sha1_base64="DhkjxIP0woTHRMdY6b77lowHcbY="></latexit>

zi = V>
q (xi � x̄)

<latexit sha1_base64="cMLo8u8oZgBdi2G4O+rn17n4c6w="></latexit>

bxi := x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjv
>
j (xi � x̄)

<latexit sha1_base64="JVm0ci9rdf1iy6KCQ4mUQ+xCEQs="></latexit>

min
Vq,{zi}

nX

i=1

||xi � x̄�Vqzi||22

# Think of VqVqT as a projection matrix, that projects data onto a q-dimensional 
linear subspace embedded into original higher-dimensional (d-dim) space



A PCA-Based Active 
Appearance Model for 
Characterising Modes of 
Spatiotemporal Variation in 
Dynamic Facial Behaviours
https://www.frontiersin.org/
journals/psychology/articles/
10.3389/fpsyg.2022.880548/full 

https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full
https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full
https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full


Sliced Wasserstein Autoencoder: An Embarrassingly Simple Generative Model 
https://www.researchgate.net/figure/The-results-of-SWAE-on-the-CelebA-face-dataset-with-a-128-dimensional-
uniform_fig5_324246144







PCA: the geometrical interpretation

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

# Assume d=2, q=1

# v1 is the principal 
component / basis vector

# Project each point onto 
the principal component

# Reconstruction error is 
the distance between the 
original point and the 
projected version

xi − x̂i
2

2

x̂i = ‾x + V1zi

x̂i = ‾x + V1V⊤
1 (xi − ‾x)

zi = V⊤
1 (xi − ‾x)

zi x̂i

xi

Goal: orient the direction of v1 to minimize 
the squared reconstruction error



PCA: the geometrical interpretation

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

# Assume d=2, q=1

# v1 is the principal 
component / basis vector

# Project each point onto 
the principal component

x̂i = ‾x + V1zi

x̂i = ‾x + V1V⊤
1 (xi − ‾x)

zi = V⊤
1 (xi − ‾x)

zi x̂i

xi

Goal: orient the direction of v1 to minimize 
the squared reconstruction error

Maximize the variance captured in the 
low-d representation

# If v1 were oriented this 
way, not only would 
reconstruction errors be 
higher…

# The spread of the points of 
the points when projected on 
the basis vector would be 
smaller



PCA: a high-fidelity linear projection

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="VGWr1C9YQ6kLsF2k9MV2wDRN1h8="></latexit>

Fix Vq and solve for {zi} :

<latexit sha1_base64="vBSNDDMxUj748IobvdEJRoJAL48="></latexit>

Given x1, ..., xn 2 Rd, find a compressed representation z1, ..., zn 2 Rq

with q ⌧ d such that xi ⇡ x̄+Vqzi and V>
q Vq = I.

<latexit sha1_base64="DhkjxIP0woTHRMdY6b77lowHcbY="></latexit>

zi = V>
q (xi � x̄)

<latexit sha1_base64="cMLo8u8oZgBdi2G4O+rn17n4c6w="></latexit>

bxi := x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjv
>
j (xi � x̄)

<latexit sha1_base64="JVm0ci9rdf1iy6KCQ4mUQ+xCEQs="></latexit>

min
Vq,{zi}

nX

i=1

||xi � x̄�Vqzi||22

<latexit sha1_base64="I90fqcSpogin/38WUHan9FniNN0="></latexit>

min
Vq

NX

i=1

����(xi � x̄)�VqV
>
q (xi � x̄)

����2
2



PCA: a high-fidelity linear projection

<latexit sha1_base64="5HGJ4eYPssAXcxrrQgRko6dEWNo=">AAAB+HicdVDNTgIxGOziH+IPqx69NIKJp83uooAHEyIXj5gImMCGdEsXGrrdte1qkPAkXjxojFcfxZtvYxcwUaOTNJnMfJPv6/gxo1LZ9oeRWVpeWV3Lruc2Nre28+bObktGicCkiSMWiWsfScIoJ01FFSPXsSAo9Blp+6N66rdviZA04ldqHBMvRANOA4qR0lLPzNd1GN4NCYfFmzOn2DMLtnVaLbsnLrQt2664pXJK3MqxW4KOVlIUwAKNnvne7Uc4CQlXmCEpO44dK2+ChKKYkWmum0gSIzxCA9LRlKOQSG8yO3wKD7XSh0Ek9OMKztTviQkKpRyHvp4MkRrK314q/uV1EhVUvQnlcaIIx/NFQcKgimDaAuxTQbBiY00QFlTfCvEQCYSV7iqnS/j6KfyftFzLKVvOpVuonS/qyIJ9cACOgAMqoAYuQAM0AQYJeABP4Nm4Nx6NF+N1PpoxFpk98APG2ycnbZIe</latexit>

Case when q = 1

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="E950Ggr2p8pc9T4JOu+BR+YoM/Y="></latexit>

v1 = arg min
v:kvk2=1

NX

i=1

k(xi � x̄)� vv>(xi � x̄)k22

<latexit sha1_base64="cMLo8u8oZgBdi2G4O+rn17n4c6w="></latexit>

bxi := x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjv
>
j (xi � x̄)

<latexit sha1_base64="I90fqcSpogin/38WUHan9FniNN0="></latexit>

min
Vq

NX

i=1

����(xi � x̄)�VqV
>
q (xi � x̄)

����2
2

# v1 =  1 principal component

V⊤
q Vq = I

a − b
2
2 = (a − b)⊤(a − b) = a⊤a − 2a⊤b + b⊤b

v1 = arg min
v: v 2=1

n

∑
i=1

xi − ‾x
2

2
− 2(xi − ‾x)⊤vv⊤(xi − ‾x) + (xi − ‾x)⊤vv⊤vv⊤(xi − ‾x)

a b

= arg min −
n

∑
i=1

(xi − ‾x)⊤vv⊤(xi − ‾x)
= arg max

n

∑
i=1

(xi − ‾x)⊤vv⊤(xi − ‾x) =
n

∑
i=1

ziz⊤
i

= I

Same Same

No v

<latexit sha1_base64="DhkjxIP0woTHRMdY6b77lowHcbY="></latexit>

zi = V>
q (xi � x̄)



Maximizing ziziT → Maximizing variance

= arg max
n

∑
i=1

(xi − ‾x)⊤vv⊤(xi − ‾x) =
n

∑
i=1

ziz⊤
i

‾z =
1
n

n

∑
i=1

zi

# The mean of all zi’s is 0 (Recall zi is distance from mean of x)

=
1
n

n

∑
i=1

v⊤(xi − ‾x) = v⊤ 1
n

n

∑
i=1 (xi − ‾x)

= v⊤( 1
n

n

∑
i=1

xi −
1
n

n

∑
i=1

‾x) = v⊤(‾x − ‾x) = 0

# So we can freely add it to our prev equation:

argmax
v

n

∑
i=1

ziz⊤
i =

n

∑
i=1 (zi − ‾z)(zi − ‾z)⊤ # This is equivalent to maximizing 

empirical variance!

Minimizing reconstruction error is equivalent to maximizing the 
variance captured in the low-d representation



So how do we actually solve for v? 

argmax
v

n

∑
i=1

(xi − ‾x )⊤v ⋅ v⊤(xi − ‾x )

argmax
v

n

∑
i=1

v⊤(xi − ‾x )(xi − ‾x )⊤v

argmax
v

v⊤(
n

∑
i=1

(xi − ‾x )(xi − ‾x )⊤)v

= argmax
v

v⊤Σv

→ scalarzi ∈ ℝ1

xi ∈ ℝd

# Take v outside sum (similar to 
ridge regression derivation)

T T

d x d

# Define this term as the 
covariance matrix: Σ ∈ ℝd×d

# Find the direction that maximizes 
the projected variance

# Does this look familiar to any linear algebra whizzes in the crowd?



So how do we actually solve for v? 

= argmax
v

v⊤Σv

Solution: choose v to be the leading eigenvectors of Σ (those with 
the highest eigenvalues λ

Defn: Eigenvector and Eigenvalue

Av = λv

# Direction capturing the most variance

# Amount of variance captured



Eigenvalues and Eigenvectors

Defn: For a matrix                      we say (λ,v) is an (eigenvalue, 

eigenvector) pair if  Av = λv
A ∈ ℝd×d

If A is symmetric, then all of its eigenvalues are real and:

A =
d

∑
i=1

λiviv⊤
i v⊤

i vj = 0 ∀i ≠ j

= VΛV⊤

Where

# Λ is a diagonal matrix where 
elements are eigenvalues λ 

If A is PSD (Positive Semi-Definite), all eigenvalues are non-negative
Avi = λivi

v⊤
i Avi = λiv⊤

i vi

v⊤
i Avi = λi # By orthonormal constraint



Bringing this back to PCA

So, if A is a covariance matrix Σ, then it is symmetric and PSD. 

And we assume.                 …. vi 2
= 1

So to compute PCA in practice: 
•  Compute the eigendecomposition of the covariance matrix Σ 
•  The top q eigenvectors (with the largest eigenvalues) are the first 
q principal components 

•  Each eigenvalue λi tells you how much variance is captured 
along its direction

Then                     is the variance along direction vi (which is λi). 
Variance is real and non-negative. 

v⊤
i Avi = λi

Takeaway: find important structure in your data with basic linear 
algebra



PCA: a high-fidelity linear projection

<latexit sha1_base64="5HGJ4eYPssAXcxrrQgRko6dEWNo=">AAAB+HicdVDNTgIxGOziH+IPqx69NIKJp83uooAHEyIXj5gImMCGdEsXGrrdte1qkPAkXjxojFcfxZtvYxcwUaOTNJnMfJPv6/gxo1LZ9oeRWVpeWV3Lruc2Nre28+bObktGicCkiSMWiWsfScIoJ01FFSPXsSAo9Blp+6N66rdviZA04ldqHBMvRANOA4qR0lLPzNd1GN4NCYfFmzOn2DMLtnVaLbsnLrQt2664pXJK3MqxW4KOVlIUwAKNnvne7Uc4CQlXmCEpO44dK2+ChKKYkWmum0gSIzxCA9LRlKOQSG8yO3wKD7XSh0Ek9OMKztTviQkKpRyHvp4MkRrK314q/uV1EhVUvQnlcaIIx/NFQcKgimDaAuxTQbBiY00QFlTfCvEQCYSV7iqnS/j6KfyftFzLKVvOpVuonS/qyIJ9cACOgAMqoAYuQAM0AQYJeABP4Nm4Nx6NF+N1PpoxFpk98APG2ycnbZIe</latexit>

Case when q = 1

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="E950Ggr2p8pc9T4JOu+BR+YoM/Y="></latexit>

v1 = arg min
v:kvk2=1

NX

i=1

k(xi � x̄)� vv>(xi � x̄)k22

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="wTp+5YXGl8qQelYQLHbFyc0caPU="></latexit>

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 � 2(xi � x̄)>vv>(xi � x̄)

+ (xi � x̄)>vv>vv>(xi � x̄)

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 �
NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

v>⌃v

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

<latexit sha1_base64="I90fqcSpogin/38WUHan9FniNN0="></latexit>

min
Vq

NX

i=1

����(xi � x̄)�VqV
>
q (xi � x̄)

����2
2



PCA: a high-fidelity linear projection

<latexit sha1_base64="5HGJ4eYPssAXcxrrQgRko6dEWNo=">AAAB+HicdVDNTgIxGOziH+IPqx69NIKJp83uooAHEyIXj5gImMCGdEsXGrrdte1qkPAkXjxojFcfxZtvYxcwUaOTNJnMfJPv6/gxo1LZ9oeRWVpeWV3Lruc2Nre28+bObktGicCkiSMWiWsfScIoJ01FFSPXsSAo9Blp+6N66rdviZA04ldqHBMvRANOA4qR0lLPzNd1GN4NCYfFmzOn2DMLtnVaLbsnLrQt2664pXJK3MqxW4KOVlIUwAKNnvne7Uc4CQlXmCEpO44dK2+ChKKYkWmum0gSIzxCA9LRlKOQSG8yO3wKD7XSh0Ek9OMKztTviQkKpRyHvp4MkRrK314q/uV1EhVUvQnlcaIIx/NFQcKgimDaAuxTQbBiY00QFlTfCvEQCYSV7iqnS/j6KfyftFzLKVvOpVuonS/qyIJ9cACOgAMqoAYuQAM0AQYJeABP4Nm4Nx6NF+N1PpoxFpk98APG2ycnbZIe</latexit>

Case when q = 1

<latexit sha1_base64="4Exxh7AmgdD+B7Ymu4V3h9vCJSY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7gVUZU/TfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa2LqlereveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCl8I/H</latexit>

x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="E950Ggr2p8pc9T4JOu+BR+YoM/Y="></latexit>

v1 = arg min
v:kvk2=1

NX

i=1

k(xi � x̄)� vv>(xi � x̄)k22

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="wTp+5YXGl8qQelYQLHbFyc0caPU="></latexit>

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 � 2(xi � x̄)>vv>(xi � x̄)

+ (xi � x̄)>vv>vv>(xi � x̄)

= arg min
v:kvk2=1

NX

i=1

kxi � x̄k22 �
NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

NX

i=1

(xi � x̄)>vv>(xi � x̄)

= arg max
v:kvk2=1

v>⌃v

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

<latexit sha1_base64="I90fqcSpogin/38WUHan9FniNN0="></latexit>
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>
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PCA: a high-fidelity linear projection
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x̄

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="XhHZG335vjcTi1mMnSUPn/8Jcqo="></latexit>

bxi :=x̄+VqV
>
q (xi � x̄) = x̄+

qX

j=1

vjhvj , xi � x̄i

VqVT
q is a projection matrix that

minimizes error in basis of size q

<latexit sha1_base64="uTiRyB2838TGw5BMGKzsc5zPi2Q=">AAAB+3icdVBNS8NAEN34WetXrEcvi63gqSQ91PRW8KDHCvYD2lA220m7dLNJdzdiKf0rXjwo4tU/4s1/46atoKIPBh7vzTAzL0g4U9pxPqy19Y3Nre3cTn53b//g0D4qtFScSgpNGvNYdgKigDMBTc00h04igUQBh3Ywvsz89h1IxWJxq6cJ+BEZChYySrSR+nbhCgRIwnFpgntDmGC31LeLTtkxqFZxRlzPcQ2p1bxKpYbdheU4RbRCo2+/9wYxTSMQmnKiVNd1Eu3PiNSMcpjne6mChNAxGULXUEEiUP5scfscnxllgMNYmhIaL9TvEzMSKTWNAtMZET1Sv71M/Mvrpjr0/BkTSapB0OWiMOVYxzgLAg+YBKr51BBCJTO3YjoiklBt4sqbEL4+xf+TVqXsVsvuTaVY91Zx5NAJOkXnyEUXqI6uUQM1EUX36AE9oWdrbj1aL9brsnXNWs0cox+w3j4BL1qTNw==</latexit>

General q � 1 min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T

Vq are the first q eigenvectors of ⌃

Minimize reconstruction error = capture the most variance in your data.

<latexit sha1_base64="I90fqcSpogin/38WUHan9FniNN0="></latexit>

min
Vq

NX

i=1

����(xi � x̄)�VqV
>
q (xi � x̄)

����2
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# For the general case, use the trace trick where 
we previously used the scalar transpose trick

Tr(ABC) = Tr(CAB) = Tr(BCA)



How to choose the dimensionality, q

# here dims are sorted by largest eigenvalues

# q is like your model complexity



where is orthonormal:

Given xi 2 Rd and some q < d consider

Vq are the first q eigenvectors of ⌃

Vq = [v1, v2, . . . , vq]

VT
q Vq = Iq

UT
q Uq = Iq

⌃ :=
NX

i=1

(xi � x̄)(xi � x̄)T
Vq are the first q principal components

Principal Component Analysis (PCA) projects (X� 1x̄T ) down onto Vq

(X� 1x̄T )Vq = Uqdiag(d1, . . . , dq)

PCA: a high-fidelity linear projection



Singular Value Decomposition (SVD)

SVD is a general technique for finding right singular values of any matrix 

# Doesn’t have to be square~X ∈ ℝn×d as ~X = USV⊤

• U,V are orthogonal (rotations); S is diagonal with singular values σ1 ≥ σ2 
≥⋯≥ 0 

• Squared singular values σi2 = eigenvalues of 
• Right singular vectors (columns of V) are eigenvectors of  

# Works for any matrix, always exists

~X⊤ ~X ~X⊤ ~X

# In practice, use SVD for PCA, since you can do it directly with  
rather than having to compute Σ

~X⊤ ~X

# More efficient since smaller than full Σ

# Better numerical stability



PCA is solved using SVD

where

Given xi 2 Rd and some q < d consider

Vq = [v1, v2, . . . , vq]

min
Vq

NX

i=1

||(xi � x̄)�VqV
T
q (xi � x̄)||22 = min

Vq

Tr(⌃)� Tr(VT
q ⌃Vq)

Minimizing the reconstruction error 
for a compressed representation of the data

Maximum eigen-space of Σ

is orthonormal: VT
q Vq = Iq

max
Vq

VT
q ΣVq

 subject to  VT
q Vq = I

Σ :=
n

∑
i=1

(xi − x̄)(xi − x̄)T = X̃T X̃

We can use SVD on the matrix , and take the first  eigen pairs to find PCA.X̃ r



Autoencoders

x 2 Rd

Find a low dimensional representation for your data by predicting your data

Input: 

Code: 

f(x) 2 Rr

bx = g(f(x)) 2 Rd
Output:

Encoder Decoder

minimize
f,g

Pn
i=1 kxi � g(f(xi))k22



Autoencoders

x 2 Rd
Input: 

Code: 

f(x) 2 Rr

bx = g(f(x)) 2 Rd
Output:

What if f(X) = Ax and g(y) = By?

minimize
f,g

Pn
i=1 kxi � g(f(xi))k22

# Just PCA


