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Bias-Variance Tradeoff

Ey x[Ep[(Y — fo(2))?]|X = 2] = Ey x[(Y — 1(2))?|X = 2]
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Bias-Variance Tradeoff

Ep[(n(z) — fp(x))*] =(n(z) — Eo[fp(«)]))* + Ep[(Ep[fp(x)] — fo())’

learning error = biased squared
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Simple model: # bias Complex model:
Test error vs. Model complexity is below  Fits noise in train data,

model complexity the complexity of 77(x) diverging from 7(x)
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Recap: Bias-variance tradeoff with simple model

(Conceptual) bias variance tradeoff With degree-3 polynomials, we underfit

06\ —— bias? 0.2
—— variance
S, (x
(%)

—— ftotal
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error
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ELf, ()]
Optimal predictor 7(x)

complexity
* When model complexity is low (lower than s
the optimal predictor 7(x))

. Bias? of our predictor,
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A 2 X
(n(x) = Eglfo@)])
# Large * If we have more samples (larger n), then
« What happens to bias? # stays the same
» Variance of our predictor, « What happens to variance? # decreases
A A 2 » What happens to overall test error?
Eo [ (Eglio@] —fox) ] o

# Stays high because bias was
# Small dominating our error term



Recap: Bias-variance tradeoff with complex model

(Conceptual) bias variance tradeoff With degree-20 polynomials, we overfit
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_ _ « What happens to bias? # stays the same
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Optimal model complexity depends on dataset size

e Assume N=30
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Model complexity ( = deg_ree of the polynomial)

. Given sample size N there is a threshold, p;‘\;, where training error is zero

* Training error is always monotonically non-increasing
« Test error has a trend of going down and then up, but fluctuates



Variance decreases with more data, letting you fit
more complex models

* Now compare N=§0 case to Nf40
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Model complexity ( = degree of the polynomial)

e The threshold, p;’\;, moves right as dataset size increases

e Training error tends to increase, because more points need to fit
e Test error tends to decrease, because Variance decreases



Variance decreases with more data, letting you fit
more complex models

e Choose model complexity p=30, vary dataset size n
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e There is a threshold, Nj, below which training error is zero (extreme overfit)

e Above the threshold, test error tends to decrease
e Training error tends to increase (harder to fit so much data with simple model)



Regularization helps avoid overfitting



Ridge Regression




Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg minz (yz B ZU,LT”LU)Q
w
i=1
— arg min(y — Xw)? (y — Xw)

when (X7 X) 7! exists.... = (XTX)" X'y



Regularization in Linear Regression

n

- . 2
Recall Least Squares: ;¢ = arg mmz (yz _ szw)
w -

1=1
— argmin(y — Xw)?! (y — Xw)

when (X7 X) 7! exists.... = (XTX)" X'y

What if z; € R? and d > n?



Regularization in Linear Regression

mn
. . 2
Recall Least Squares: @;,g = arg min E (yz _ a:;fw)
w
i=1

When z; € R? and d > n the objective function is flat in some directions:




Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg m@gnz (yz B ZE;pr)z
1=1

When z; € R? and d > n the objective function is flat in some directions:
Implies optimal solution is not unique and unstable ’
due to lack of curvature: /
e small changes in training data result in large

changes in solution

e often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a
“complexity” penalty



Sensitivity increases overfitting

For a linear model,
y =~ b + Wl.xl + W2X2 + °e + ded
if | w;|is large then the prediction is sensitive to small changes in x;

Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

Note that b is a constant and hence there is no sensitivity for the offset b

# Never regularize b
In Ridge Regression, we use a regularizer ||w||% to measure and control
the sensitivity of the predictor

And optimize for small loss and small sensitivity, by adding a regularizer in
the objective (assume no offset for now) %
Wrigge = argmin {Z (= 3T wP? + 2wl |

# Regularize to make weights smaller / less sensitive. Multiple ways to do that.
We'll start with L2 norm



Ridge Regression

#ifd>n

= Old Least squares objective: n

= Ridge Regression obJectlve .

2
wrzdge — arg mlnz — &y ”UJ) T )‘”w”%

— A

er\\ +...+E F A c 4




Minimizing the Ridge Regression Objective

n , wE Rdxl
~ . T 2
Wridge = argmin »  (y; — 2 w)" + Al|w]l; X € R
. 2
# More identities arg min Hy - XWH2 + Al[w]l5
1 W
||w|p:(|w1|p+---+|wd|p)P . . .
S arg min (Xw —y) (Xw —y)+Aw'w
a_ |0 1 0 "
0 - # From previous derivation
: : V.[=2y"Xw+w! X' Xw+ Iww] =0
Scalar derivative | Vector derivative w
fo) - & | je) - « 25Ty + 25" Xw +Z0w = 0
bz — b | xTB - B X' Xw+ 2w =Xy
bx — b xIh = b T /11 T
x2 — 2T xT'x - 2X (X X T )W o X y
b2 — 2z | x'Bx — 2Bx A T —1 T
Wrigee = XTX + 217 - XTy

from Week 1 Section notes




Shrinkage Properties

n
N\ o T 2 2
Dyigge = argmin y  (yi — z; w)” + AJw]f3 X € R™
1=1
# What problem does this solve?

— (XTX + )\I)_lXTy # Matrix is always invertible

- fm N

Mx A # Large A means “dividing by”
larger term AX |

e When 4 = 0, this gives the least squares model

e This defines a family of models hyper-parametrized by
e Large A means more regularization and simpler model
e Small A means less regularization and more complex model

1 # Optimal A depends on
magnitude of features



Ridge regression: minimize Z (wal- — yl-)2 + /’t||w||§

o i=1
training MSE ;Z(yi iT 511C)ige)z Housing price predictor w;
. w-s
= /\ !
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Right plot: called regularization path
# Too much regularization introduces bias / underfitting

# Best predictor (area of living space) shrinks slowest



Ridge regression: minimize Z (wal- — yi)2 + /1||W||§

i=1
Housing price predictor w's

025 —
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# Plan: work through an example

BiaS-Variance PrOPertieS where we can directly put bias/

variance in terms of A
Recall: Wijqge = X'X + D)~ X'y
To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
for some ground truth model parameter w

The true error at a sample with feature x is

A
[(y — x! r1dge)2 | x] # X is a test sample, Wy;q. IS fit to a dataset

tram | X



. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
» The true error at a sample with feature x is

2 : N\ L
tram|x[()’ x! rldge) |xX]  #xisatest sample,wridge is fit to a dataset

= [Eylx[(y [E[y|X])2 |)C] + [E@tram ([E[ylx] — xTWridge)Zl-x]

Irreducible Error Learning Error




. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A A
[Ey,gztmmu[(y — xTWridge)2 |x]  #xis atest sample, Wridge is fit to a dataset

= E,,[(y — Ely|x1)2[x] + Eg, _ [(Ely|x] — x40 | 4]

train
T

=E,,[(y— xTw)? | x] + Ey [((xTw —x

train

vAVridge)z |x] #truew



. - - # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A
[(y x! rldge)z | X] # x is a test sample, Wridge is fit to a dataset

(ELy ] = x"Wigee) [ X]
T

tram | X

=E,.[(y — Ely|x])*|x] + Eg_ [
=E,,[(y —x Ty)? | x] + Ey [((xTw —x

[(Es,

Irreduc. Error Bias-squared Variance

erdge)z |x]  #truew

T A

=0’ + (xTw - Es [x wrldgelx])2+ Egy [x v?/ridgelx] —X wridge)zlx]

train train

train




. - . # Plan: work through an example
BlaS'Varlance Propertles where we can directly put bias/

variance in terms of A
. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N (0,06°1)

» The true error at a sample with feature x is

A
[(y x! Hdge)z | x] # x is a test sample, Wridge is fit to a dataset

[(y — Ely|x])* |x] + Eg,  [(ELy|x] = x"Wy400)° | 1]

y |X train

tI'aIIl | X

2 T 2
=E,,[(y —x Twy? | x] + [E@tram[(x W= X Wiygee)” | X]  #truew
2 T~ 2
= i + (xTw — [E@tram[x wndge | x])” + [E@m[([E@t m[x wndge | x] — x Wridge) | x]
Irreduc. Error Bias-squared Variance
nl
Suppose XX = nl, then Wridge = XTX + D' XT(Xw + ¢€)
n 1

# Not realistic but pretend we'’re w+ XTe # A trades off weight
sampling independent Gaussians n+4 n+4 on data vs. noise




Bias-Variance Properties suppose X”X = n, then

. n
Wdoa = w =+

X7e
T

n Reca”: wridge = (XTX + AI)_ley

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)
» The true error at a sample with feature x is
|:Ey’9train| Ay —x M rldge)z | x]
= E,, [y — Ely|x])*|x] + Eg,
=E,,[(y— xTwy? | x] + Eg  [(xTw —x

train

[([E[y | X] - XT Arldge)z | X]

T 2
erdge) | X]

2 A Tn 2

=o'+ (x'w — Eg | X' Wrigge | XD)* + Eg, [(Egy | X Wiigge [ X1 = X7 iyi4g0)* 4]

(verify at home) 2 o2n » A trades off bias +
2 T.,N\2 :
= 0- + W' X -+ variance
Y+ sl
L  Larger A —

Irreduc. Error Bias-squared Variance  Bigger bias

« Smaller variance



: _ _ —
Bias-Variance Properties Spipese 2L = il

n
H R A . T 2 2
= Ridge regressor: W5 = arg mu%nz (i — 2Fw)” + Aw||3
= True error =1
2 0'27’l
_ Iy, 2 — 2 T .\2 2
|Ey’9train|x[(y X Wﬂdge) |JC] 0"+ (I’l-l-/l)z (W X) + (n+/1)2”x“2
Bias-squared Variance
d=10, n=20, 6* = 3.0,||w||5 = 10
1.75 A
1.50 A
1.25 A
1.00 A
0.75 A
as A 20, 0501 as\ oo
A A 0.25 — bias ~
Wridge — WLS _— \égriance' WI‘ldge — O
0.00 A — bias+variance

0 2 4 A/ 6 8 10



What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
. . 2
- L, penalized least-squares regression A||w|[;

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wih(x) + wohy(x) + wihy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

hy(x)
_hl(x)_ ) X |
ho(x) [x +0.75]
h(x)= [hyx)| = | [x+02]7 —
hy(x) [x —0.4]" |
hs(x) | [x—0.8]"

[a]® £ max{a,0)

# RelLU: rectified linear unit!

-0.75 -0.2 0 0.4 0.8
h3(x)

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit

e we fit a linear model:

fx) = b+ wih(x) + wohy(x) + wihy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

h(x) = | hy(x)

[a]®

_hl (X)_
hz(x)

h4(x)
_hs (X)_

£ max{a,0)}

X
[x+0.75]F

[x +0.2]"
[x —0.4]F

| [x - 0.8]F _

y=>b+h(x)'w

3+W4+W5

| | | | |
-0.75 -0.2 0 0.4 0.8

the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wih(x) + wohy(x) + wihy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

0.10 1 ° 8

0.05 |

0.00 +

y -0.05 1
~0.10 -

-0.15 A

-0.20 A

-1.00 -0.75 -0.50 —-025 000 025 050 075 100

X



Example: piecewise linear fit (ridge regression)

] 4% o'y

0.05 1 '0 'O

0.00 1

=005 1

=0.10 -

=0.15 . 0 N ° . .

-0.20 1 ? ' 1 ] ] l ' ' . ? , : : : ' : : : {0
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A=1 A = 0.005 A = 0.000001

# Large A means # Small A means
small weights / slopes big w / slopes

closer to a line

We do not observe overfitting, as d=5 << n=100



Piecewise linear with w € RV and n=11 samples

W,"S LI\ A L1 H
” H#vvnat s

happening
here?

N

# Underfitting
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