
CSE 446   
Regularization & Sparsity

Natasha Jaques



Bias-Variance Tradeoff

biased squared variance

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]

irreducible error

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [(Y � ⌘(x))2

��X = x]

True generalization error
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(yi � f(xi))
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⌘(x) = EY |X [Y |X = x]

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]=(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]
biased squaredlearning error variance= +

Bias-Variance Tradeoff



Test error vs.  
model complexity

Error

degree  of the polynomial regressionp
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Test Error
Train Error

Optimal predictor  
is degree-5 polynomial

η(x)

Simple model: 
Model complexity is below  
the complexity of  η(x)

Complex model: 
Fits noise in train data, 
diverging from  η(x)

# bias



Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than 
the optimal predictor ) 

• Bias  of our predictor,
 

 

• Variance of our predictor, 

η(x)
2

( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff

x

With degree-3 polynomials, we underfit

Optimal predictor η(x)
𝔼[ fŵLS

(x)]

fŵLS
(x)

• If we have more samples (larger n), then 
• What happens to bias?  
• What happens to variance? 
• What happens to overall test error?

# Large

# Small

# stays the same
# decreases

# Stays high because bias was 
dominating our error term

We are here



Recap: Bias-variance tradeoff with complex model
(Conceptual) bias variance tradeoff With degree-20 polynomials, we overfit

x

𝔼[ fŵLS
(x)]

fŵLS
(x)

Optimal 
predictor 
η(x)

We are here

• When model complexity is high (higher 
than the optimal predictor ) 

• Bias  of our predictor,
 

 

• Variance of our predictor, 

η(x)
2

( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

• If we have more samples (larger n), then 
• What happens to bias?  
• What happens to variance? 
• What happens to overall test error?

# Low

# High

# stays the same
# decreases

# decreases



• Assume N=30

error
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• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT

Optimal model complexity depends on dataset size



error
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p⇤24
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• The threshold, , moves right as dataset size increases 

• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)

• Now compare N=30 case to N=40

Variance decreases with more data, letting you fit 
more complex models



• Choose model complexity p=30, vary dataset size n

• There is a threshold, , below which training error is zero (extreme overfit)


• Above the threshold, test error tends to decrease

• Training error tends to increase (harder to fit so much data with simple model)

N*p

error
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train sample size Ntrain
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Test error ℒtest

Training error ℒtrain

N*p = p + 1 = 31

OVERFIT UNDERFIT

Variance decreases with more data, letting you fit 
more complex models



Regularization helps avoid overfitting



Ridge Regression



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

= (XTX)�1XTywhen                       exists…. (XTX)�1

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

= argmin
w

(y �Xw)T (y �Xw)

Recall Least Squares:



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

= (XTX)�1XTywhen                       exists…. (XTX)�1

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

= argmin
w

(y �Xw)T (y �Xw)

Recall Least Squares:

What if xi 2 Rd and d > n?



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

When xi 2 Rd and d > n the objective function is flat in some directions:

Recall Least Squares:



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

When xi 2 Rd and d > n the objective function is flat in some directions:

Implies optimal solution is not unique and unstable 
due to lack of curvature: 
• small changes in training data result in large 

changes in solution 
• often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a 
“complexity” penalty

Recall Least Squares:



Sensitivity increases overfitting

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

ŵridge = arg min
w {

n

∑
i=1

(yi − xT
i w)2 + λ∥w∥2

2}

# Never regularize b

# Regularize to make weights smaller / less sensitive. Multiple ways to do that. 
We’ll start with L2 norm



Ridge Regression

■ Old Least squares objective:  

■ Ridge Regression objective: 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

# if d > n 



−2XTy + 2XT Xw + 2λw = 0

Minimizing the Ridge Regression Objective

from Week 1 Section notes

w p = ( |w1 | p + ⋯ + |wd | p)
1
p

# More identities

Id =

1 0 0
0 1 0
0 ⋱

1

arg min
w

y − Xw
2

2
+ λ w 2

2

arg min
w

(Xw − y)T(Xw − y) + λwTw

(XT X + λI)w = XTy

ŵridge = (XT X + λI)−1 · XTy

X ∈ ℝn×d
w ∈ ℝd×1

XT Xw + λw = XTy

∇w[ − 2yT Xw + wT XT Xw + λwTw] = 0
# From previous derivation

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

• When  this gives the least squares model  
• This defines a family of models hyper-parametrized by  
• Large  means more regularization and simpler model 
• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ

w ∈ ℝd×1

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

# Large λ means “dividing by” 
larger term

# Optimal λ depends on 
magnitude of features

X ∈ ℝn×d

# What problem does this solve?
# Matrix is always invertible



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
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area of living space

Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2

Housing price predictor w′￼i s

Tr
ai

n 
er

ro
r

#What’s 
happening 
here?

# Too much regularization introduces bias / underfitting

# Best predictor (area of living space) shrinks slowest

w



training MSE
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test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

Housing price predictor w′￼i s

• this is the role of 
regularizer

# Bias/variance trade-off 
But not changing model,  
Just λ



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  
for some ground truth model parameter  

■ The true error at a sample with feature  is  
 

       
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
w

x
𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

# Plan: work through an example 
where we can directly put bias/
variance in terms of λ

# x is a test sample,             is fit to a dataset ŵridge



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

Learning ErrorIrreducible Error

# Plan: work through an example 
where we can directly put bias/
variance in terms of λ

# x is a test sample,             is fit to a dataset ŵridge



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

# Plan: work through an example 
where we can directly put bias/
variance in terms of λ

# x is a test sample,             is fit to a dataset ŵridge

# true w



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟̃train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error

# Plan: work through an example 
where we can directly put bias/
variance in terms of λ

# x is a test sample,             is fit to a dataset ŵridge

# true w



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error

Suppose , then  

                                                           

XTX = nI ŵridge = (XTX + λI)−1XT(Xw + ϵ)

=
n

n + λ
w +

1
n + λ

XTϵ

# Plan: work through an example 
where we can directly put bias/
variance in terms of λ

# x is a test sample,             is fit to a dataset ŵridge

# true w

# Not realistic but pretend we’re 
sampling independent Gaussians

nI

# λ trades off weight 
on data vs. noise



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

 

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

= σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared VarianceIrreduc. Error

Suppose , then  

 

XTX = nI

ŵridge =
n

n + λ
w +

1
n + λ

XTϵ

(verify at home) • λ trades off bias + 
variance 

• Larger λ →  
• Bigger bias 
• Smaller variance



Bias-Variance Properties

■ Ridge regressor:  
■ True error 

𝔼y,𝒟train|x[(y − xTŵridge)2 |x] = σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared Variance

d=10, n=20, ,σ2 = 3.0 ∥w∥2
2 = 10

λ

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

as λ 0, 
ŵridge → ŵLS

as λ ∞ 
ŵridge → 0

Suppose ,  XTX = nI



What you need to know…

> Regularization
– Penalizes complex models towards preferred, 

simpler models
> Ridge regression
– L2 penalized least-squares regression
– Regularization parameter trades off model 

complexity with training error
– Never regularize the offset!

λ w 2
2



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)

# ReLU: rectified linear unit!



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)

� = 0.005
<latexit sha1_base64="tNS298VahgESe8U91hnv2y40kNk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkpSEd0IRTcuK9gHtKFMJpN26GQSZiZCLf0SNy4UceunuPNvnLRZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t5+2T44bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH99mfueRSsVi8aAnCfUiPBQsZARrIw3scrXPTTrA107NcS6qA7uSkQxolbg5qUCO5sD+6gcxSSMqNOFYqZ7rJNqbYqkZ4XRW6qeKJpiM8ZD2DBU4osqbzg+foVOjBCiMpXlCo7n6e2KKI6UmkW+SEdYjtexl4n9eL9XhlTdlIkk1FWSxKEw50jHKWkABk5RoPjEEE8nMrYiMsMREm65KpgR3+curpF2vuee1+n290rjJ6yjCMZzAGbhwCQ24gya0gEAKz/AKb9aT9WK9Wx+LaMHKZ47gD6zPHzBakXg=</latexit>

� = 0.000001
<latexit sha1_base64="tDVNuxalqRp5b7zdN82zvk+hpxI=">AAAB+3icbVBNS8NAFHypX7V+xXr0stgKnkpSD3oRil48VrC10Iay2WzapZtN2N2IJfSvePGgiFf/iDf/jZs2B20dWBhm5vHejp9wprTjfFultfWNza3ydmVnd2//wD6sdlWcSkI7JOax7PlYUc4E7WimOe0lkuLI5/TBn9zk/sMjlYrF4l5PE+pFeCRYyAjWRhra1fqAm3SAr5yGk8OtD+1awR20StyC1KBAe2h/DYKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKy+e0zdGqUAIWxNE9oNFd/T2Q4Umoa+SYZYT1Wy14u/uf1Ux1eehkTSaqpIItFYcqRjlFeBAqYpETzqSGYSGZuRWSMJSba1FUxJbjLX14l3WbDPW8075q11nVRRxmO4QTOwIULaMEttKEDBJ7gGV7hzZpZL9a79bGIlqxi5gj+wPr8AYE8kiI=</latexit>

� = 1
<latexit sha1_base64="bi4HpZcSj7aJHPC01f+B69ptUoM=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9mtB70IRS8eK9ha2C4lm822odlkSd4KZenP8OJBEa/+Gm/+G9N2D9o6EBhm5pH3JkwFN+C6305pbX1jc6u8XdnZ3ds/qB4edY3KNGUdqoTSvZAYJrhkHeAgWC/VjCShYI/h+HbmPz4xbbiSDzBJWZCQoeQxpwSs5Nf7wmYjcu3VB9Wa23DnwKvEK0gNFWgPql/9SNEsYRKoIMb4nptCkBMNnAo2rfQzw1JCx2TIfEslSZgJ8vnKU3xmlQjHStsnAc/V3xM5SYyZJKFNJgRGZtmbif95fgbxVZBzmWbAJF18FGcCg8Kz+3HENaMgJpYQqrndFdMR0YSCbaliS/CWT14l3WbDu2g075u11k1RRxmdoFN0jjx0iVroDrVRB1Gk0DN6RW8OOC/Ou/OxiJacYuYY/YHz+QPvcJBd</latexit>

We do not observe overfitting, as d=5 << n=100

# Large λ means
small weights / slopes

# Small λ means
big w / slopes

closer to a line



Piecewise linear with  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi #What’s 
happening 
here?

# Underfitting#What’s 
happening 
here?

# Best fit


