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Unsubpervised vs. supervised learning

Previously: supervised learning

« Each data point x; has a corresponding label y;{x;, y;}'_, with x; € R4y, € R.
Try to predict the label y for a new test point x
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Unsupervised vs. supervised learning

Previously: supervised learning

« Each data point x; has a corresponding label y;{x;, y;}'_, with x; € R4y, € R.
Try to predict the label y for a new test point x
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Now: Unsupervised Iearﬁn}\g p [ qu)@

No labels: data {x;}'_, with x; € R4, Try to model the data distribution P(X),
potentially by finding patMs, or a low-dimensional representation
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Motivation: dimensionality reduction

——

It takes 1 X d memory to store data {x;}._, with x; € R4

But many real data have patterns that repeat over samples. Can we find some
patterns and use them?
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n images

d X n real values to store the data
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Principal component analysis finds a

compact linear representation Jerst S
Principal compone@ts:

e patterns that capture the distinct _#; € R® " u u

features of the samples is called . K

principal component
(to be formally defined later)




Principal component analysis finds a
compact linear representation

Principal components
 patterns that capture the distinct 1y € R* | ,
features of the samples is called V) |
principal component
(to be formally defined later)

Ao
e we can represent each sample

as a weighted linear
combination of, say, g=25
principal components, and just
store the weights

@ ~ Z[l]ul + Z[2]u2 + e+ Z[25]u25




Principal component analysis finds a s pire
compact linear representation /—777,*"37 =

Prm%pal components:
patterns that capture the distinct _y, ER "~ u, |[~2- < i

features of the samples is called | N '
principal component e

(to be formally defined later)

we can represent each sample
as a weighted linear
combination of, say,

principal components, and just
store the weights
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With =25, to store n images, it requires memory of only n*

ldXqHgxXn|< dxn



S




10 principal components give a pretty good
reconstruction of a face

average face x+a[llu; x+alllu, + al2]u,
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PCA: a high-fidelity linear projection

—
Given z1, ..., Ty, EFR;d,_ﬁnd a compressed representation zi, ..., 2z, € RO
with ¢ < d such that x; = = + Vq,@ a@\m o
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PCA: a high-fidelity linear projection

Given 21, ...,x, € R?, find a compressed representation zi, ..., z, € RY

with ¢ < d such that z; ~ T + Vg2 akd V]V, =T,
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Fix V, and solve for {z;} : 5= C‘)(TXY‘ XT%
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PCA: a high-fidelity linear projection

Given 21, ...,x, € R?, find a compressed representation zi, ..., z, € RY
with ¢ < d such that z; = & + Vgz; and V, V, =1.

n

min}z |z — 7 — Vyzill5

VQ’{Zi i—1 —_—
Fix V, and solve for {z;}: 2z =V, (z; — @) e S PN
D Q_g_/\\O’\ 70:}\\/\\4 ‘/> f ) &,/\«Q»Q""AG\
> P . beonca
T, =2+ V - T v \wew ST
Ti =T+ q—$+z%% (zi — T) enbedfed A
J,\/&i( I
oY i )
FPO\C’Q' <L



PC1

P2

A PCA-Based Active
Appearance Model for
Characterising Modes of
Spatiotemporal Variation in
Dynamic Facial Behaviours
https://www.frontlersin.org/

journals/psychology/articles/
10.3389/fpsyq.2022.880548/full
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PC4

PLS

PCA, Projection (SDs)


https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full
https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full
https://www.frontiersin.org/journals/psychology/articles/10.3389/fpsyg.2022.880548/full

Sample linear mterpolatlons in the encodlng space PCA modes calculated in the encoding space
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Y(ap(x)+ Q- )p(xy)), a€[01] -3¢0 -20 -0
SML_assersMMcﬁe_r:_An Embarrassingly Simple Generative Model
https://www.researchgate.net/figure/The-results-of-SWAE-on-the-CelebA-face-dataset-with-a-128-dimensional-

uniform_figh 324246144




Representations of images are meaningful

o

Using same
math on pixels
only

smiling neutral neutral
woman woman man

P——
z = e =

Radford, A., Metz, L., & Chintala, Unsu ervised Representation Learning with Deep Convolutional Generative Adversarial Networks. arXiv preprint
arXiv:1511.06434.

smiling man




Representations of images are meaningful

Using same
math on pixels

only
_ man ,man woman woman with glasses
with glasses without glasses without glasses
e —_— —_— ————

————

Radford, A., Metz, L., & Chintala, S. (2015). Unsupervised Representation Learning with Deep Convolutional Generative Adversarial Networks. arXiv preprint
arXiv:1511.06434.




PCA: the geometrical interpretation
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PCA: a high-fidelity linear projection

Given 21, ...,x, € R?, find a compressed representation zi, ..., z, € RY

with ¢ < d such that z; = & + Vgz; and V, V, =1.

min ||z — T — Vyzill;

Fix V, and solve for {z;}: 2z = VqT (x; — T)
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PCA: a high-fidelity linear projection

VqVqT is a projection matriz that

112

mlnz H -V VT( H2 minimizes error in basis of size q \//
T
_:c+VVT i — T —x—l—zvjj Ti —X \/‘i Vﬂ;;(

) (‘D o a

S <
Case when ¢ =1 —) va—arg min ZH ) —ov! (z; — )3

— v U 2_ )r( /b)
/1 (ICL"70| - C&"O Cé \(9
PV Ry Y

V,"MM'(T', Z(’ | ’Z(X X) \/\/()((-%) +[ />T —OLC('r\ Z j
viltolyt isy ”ﬁ;‘;iw VY K, = X V@y (x:-><>

P! Se~e_

7= 5‘“9”“*? (i F) Vv " ‘X> - f 2.2,
L/J -
z . 27






Oargmox Z (g0 -2) Y Co ) 20 & M, 2 sealer

L s el o
; S
N BN fulee v 0T .
ag > S v‘(kr%)[x’*b Vv ! cor ridge RYTUT
V4 < (

“\ N\ V
oaror 7 (3 A=) ) o
v /3:/ —_— J/_X A‘QQ\AQ 2 )DQ_ Zéjﬂ
;ﬁt coyomionce MeITIX
= OU_%S/IAOQ( \/7 V i
v - a ) Al/LéQ ?‘(j/& ﬂ l/\e,g)ru)/\, er U~ T2
Yo plagee Vomerc<

——

Cooo }000]

conSthor T ey = N
o AL Spthue
€~'£€’ 57, ample. Verorle OQTMA
\ 3 S p . Jerimnce b
A /V\A)(_/\./V\ID%
&//\((/R\/\()A Q/S

D AN P’YH/{“LL 2 700<9 » deen



o/ fonalne .
%So[j::;//ﬁ b b e Ll elanehs

A = Nt hghes
ejﬂ'bulov( wesS >\

»p}n % 6“1%“/
%,& v Vor~zn
4 WEET e
e



Cor 0 MmochN X K eIk e
' , e s N
C&L(j—eﬂdw/@c(&d@*\’/j pv\"f ¥ %v :>\/\/\/W> :

C ek F A s g7MW‘L, Hron ol of =

Qrg%uw ore rea\ ol
_ T
Ao % A V3V e v ;=2
= SN

- var]
S ALE&SM pad e wlere

€ h a2l
demeki o edge Jolews X

5{_(/ QZEIUOMS
NI\ - /\Q%C?_l\“‘/i, A S :>\’ Vs

T
Vi /AY Vi :%{\/7\/('
— './7;; %O%A&Ml

AN

Qe




\g/ k § o C
Yo A Symw%/\'( L TS
0\/\/0 ll)’ H v {I(Z; I

W VTA\/

J- (u)]/\zc)A 28\ >\(>

24



PCA: a high-fidelity linear projection

5 V VT is a projection matriz that
H ~V, V] (z; — 7)|] 1 . . .
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PCA: a high-fidelity linear projection

T ~ VqVqT is a projection matriz that
mm Z H — VgV, (x; — H2 minimizes error in basis of size ¢
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PCA: a high-fidelity linear projection
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V, are the first ¢ eigenvectors of X

Minimize reconstruction error = capture the most variance in your data.






How to choose the dimensionaﬁy, q
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PCA: a high-fidelity linear projection

1

Given z; € R? and some g < d consider N AT
d uid
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where  V, = [v1,v2,...,vy,] isorthonormal:
- viv,=1,
V, are the first g eigenvectors of X N .
{7_; are the first q principal componen;: 2= Z(% — )z —7)

i=1
Principal Component Analysis (PCA) projects (X — 1z") down onto V,
(X —127)V, = U,diag(ds,...,d,)  UgUg =1,



