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« Supervised learning
 Linear models (lecture topics 1-9)
* Linear regression
 Ridge regression
« LASSO regression
* Logistic regression
* Non-linear models (lecture topics 10-13)
« Kernel methods
* Neural Networks
* Non-parametric methods
* Unsupervised learning (lecture topics 14-16)
- PCA/SVD
* Clustering
- Advanced topics (lecture topics 18-19)
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Kernel methods

Lifting to very large dimensional features




What if the data is not linearly separable?

e Use features, for example,
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This data is not linearly
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Can you suggest some features

d1(x1, X5), Pr(x1, X5), 5(x;, X5) such that this data is
linearly separable in this 3-dimensional space?
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What if the data is not linearly separable?

e Generally, high dimensional feature spaces make it easier to
linearly separate different classes

e However, hard to know which feature map will work for given data

e So, why not just use super high-dimensional features and hope
that the algorithm will automatically pick the right ones?
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Creating Features

e Feature mapping ¢ : R? — R” maps original data
into a rich and high-dimensional feature space (usually d <<£l

For example, for d>1,

For example, in d=1, one can use
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Creating Features

» Feature space can get really large really quickly!

« How many coefficients/parameters are there for degree-k polynomials

forx = (x;,...,x;) € R ? (”: ”::/;O > D% = | 4N

At a first glance, it seems inevitable that we need memory (to store
the features{¢(x;) € R}’ ) and run-time that increases with p where

d<n<p



How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

e

% A function K R?x R? - R is a kernel for a map dC-)
if K(x,x') £ px) p(x') = p(x) - p(x) = (P(x), p(x"))

e e /‘
This notation is for dot product (which is the same as inner product)
— D nea e Sune -I/LC,7 &/

e Main idea: computing inner products can be much more efficient than explicitly
commuting the (very high-dimensional) features
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How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

e So, if we can represent our
e training algorithms and
e decision rules for prediction
e as functions of dot products of feature maps (i.e. {¢p(x) - P(x")})
and if we can find a kernel for our feature map such that

===

then we can avoid explicitly computing and storing (high-dimensional)

; @&P

and instead only work with the@f the training data
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Kernels are much more efficient to compute than

features K (&, X)) = B Olx)

e Asillustrating examples, consider polynomial features of degree exactly k

X
(x) = "fork =1andd = 2, then K(x, x") = xx; + X, X5
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Kernels are much more efficient to compute than
features

e Asillustrating examples, consider polynomial features of degree exactly k

X
P = x; fork = 1 and d = 2, then K(x, X') = x,x| + x,x}
xi
x2 / T .12
Pp(x) = 2 |fork =2andd = 2, then K(x,x") = (x" x’)
. X142
XX
» Note that for a data point x;, explicitly computing the featur@
—

takes memory/time p = d*
e For a data point x;, if we can make predictions by only computing the kernel, then

computing {I((xg;lxg}ij@1 takes memory/time dn

e The features are implicit and accessed only via kernels, making it efficient
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Examples of popular Kernels

. Polynomials of degree exactly k

K(x, x") = (xTx")k
. Polynomials of degree up to k

K(x, x) = (1 + xTx)k
. G.auuared exponential) kernel A
a.k.&RBF kernel for Radial Basis Function > 52
) (akgRBEk ) ¢

fer I, /
202

K(x,x") = exp( —
 Sigmoid

K(x,x") = tanh(yx'x' + r)

« All these kernels are efficient to compute, but the corresponding
features are in high-dimensions




Example: feature vs. kernel

/]ldge regression with feature map d(-) eR?P

1
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Kernel ridge regression

- Ridge regression with feature map ¢( - ) € R?
W = arg min 5||y gb(X)wll2 + /15 w||2

weRP

W= Z () = pX)a

with now an n-dimensional parameter @ = (al, . @ instead of p
DH Sodw poy
. Let K € R be the kernel matrix, where K. . = ¢(x; )Tqb(x) %

« The new objective is _ ~ 0 )
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Kernel regression

« This holds for more general class of algorithms other than GD:

/

w= ) adx) = ¢ a
i=1

with now an n-dimensional parameter a = (a4, ..., @,,), instead of p
— x

+ Kernel method is not limited to linear Ridge regression, but also applies to a broad
class of methods including the kernel logistic regression
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RBF kernel k(x;, x) = exp

~
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RBF kernel k(xi, 39 = exp | ";_’Il'}K(»@x)
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RBF kernel and random features
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RBF kernel and random features

1 — 13
k(x,x) = expy ——
l 202
Bandwidth o is large enough Bandwidth o is small




Why do we need regularization when using
kernels? o
7SO

e Typically, p > dand K > 0. Why?
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e So K is invertible and a =K+ /11
e What if A = 0? What goes wrong?
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l; — x|I
RBF kernel k(x, x) = exp{ LA }

e L) = [Ka—yll; + Awll;

« The bandwidth 67 of the kernel regularizes the predictor, and the regularization

coefficie @Iso regularizes the predictor
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RBF kernel k(x, x) = exp{ -

o g(a) —

IKa —yll; + Allwll;
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«  The bandwidth 7 of the kernel regularizes the predictor, and the regularization
Coeff|C|ent A also regularlzes the predlctor
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RBF kernel k(x, x) = exp{ R
0]

+ L) = [[Ka—yl3 + Alwll3

«  The bandwidth 7 of the kernel regularizes the predictor, and the regularization

Coeff|C|ent A also regularlzes the predlctor
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Kernel trick finds the optimal solution for linear
models under a feature map ¢( - ) Reve

- Once we have chosen to use a feature map ¢( - ) P
what we want to solve IS -

W = arg min Z f Vi W Tgb(x)) for some convex loss £(,)

welRP
=1

- Gradient descent update (from initialization w© = 0) that find the optimal solution
~As—

WD = w<f>—n2f<y,, "))

i=1
% One crucial observation is that all w®’s s (including the optimal solution w(°°)) lie on
the subspace spanned by {¢(x)), ..., ¢(x,)}, which is an n-dimensional subspace
P e PR

in RP
« Hence, i;[l is sufficient to look for a solution that is represented as

= Z a;¢(x;) to find the optimal solution
i=1
« Kernel trick finds the optimal so}qution efficiently, by searching over the model that

can be represented as W = Z aigb})\cli K(Y/ X(>

i=1



Fixed Feature V.S. Learned Feature

e Kernel method works well if we choose a good kernel such that the data is
linearly separable in the corresponding (possibly infinite dimensional)
feature space

* |n practice, it is hard to choose a good kernel for a given problem

e Can we learn the feature mapping ¢ : R4 from data also?
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Questions?



Bootstrap

measuring uncertainty for your model




Confidence interval
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Bootstrapping: doing something seemingly impossible

* pull oneself up by one's bootstraps —
improve one's position by one's own efforts
without help from others.

* In our context: A general method of
calculating uncertainty estimates

without any additional data. (Efron, 1979)




Bootstrapping: doing something seemingly impossible

to pull oneself up by one's bootstraps Remember bias-variance trade-off?

0.2

0.1 -

0.0 1

<4—Optimal predictor r7(x)

-04

-1.00 -0.75 —0.50 —0.25 000 025 050 075 1.00

X
current train error = 0.0036791644380554187
current test error = 0.0037962529988410953

It is seemingly impossible to compute Variance, for example, with a single dataset.



Confidence interval

suppose you have training data {(x;, y;) }'_; drawn i.i.d. from some true
distribution P, ,
we train a kernel ridge regressor, with some choice of a kernel
K:R™> 5 R

minmize, || Ka — yllg + la'Ka

the resulting predictor IS

f@) = 2 K(x;, X)@;
=t
where

= (K+ADly eR”

we wish to build a confidence interval

for our predictor f(x), using

5% and 95% percentiles



Confidence interval

suppose you have training data {(x;, y;) }'_; drawn i.i.d. from some true
distribution P, , S—

we train a kernel ridge regressor, with some choice of a kernel
K:R™ 5 R

minmize ||K0[ _ y”2 + /IaTKa Example of 5% and 95% percentile
a 2 curves for predictor f(x)
the resulting pg@edictor IS o High confidence
f@) = ) K0, .-
i=1
where ]
a = (K+D)ly €R-” . |

we wish to build a confidence interval

for our predictor f(x), using
5% and 95% percentiles

Low confidence + A
Why?
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Confidence interval

e let's focus on asingle x € R4

 note that our predictor f(x) is a random
variable, whose randomness comes

from the training data S,,;, = {(xl, y,)@

e if we know the statistics
(in particular the CDF of the
random variable f(x)) of the predictor,
then the confidence interval with
confidence level 90% is defined as

1 CDE(f(x))
4 0.95 -frrrrrrrrrrrriiiiiiii AT

il 005/ ................. :

Y
5% percentile f(x) 95% percentile
* as we do not have the cumulative distribution function (CDF),
we need to approximate them

0.90




Confidence interval

e let's focus on asingle x € R4

 note that our predictor f(x) is a random
variable, whose randomness comes . f A

from the training data S,.,;, = {(x;, y) } 7 o, m \
e if we know the statistics - 1/ o\d
(in particular the CDF of the PRy (/ 9
random variable f(x)) of the predictor, s ‘e S |
then the confidence interval with "Nl N4 l‘,
confidence level 90% is defined as - -

A CDF(f(X)) OiO 0i5 1.0 1).I(5 2i0 2i5 3i0
S if we know the distribution of our predictor f(x),
the green line is the expectation E[ f(x)]

and the black dashed lines are the

/ 5% and 95% percentiles in the figure above
v 005 e T T e .-

l Y
5% percentile f(x) 95% percentile
e as we do not have the cumulative distribution function (CDF),
we need to approximate them

0.90




Bootstrap

e as we cannot sample repeatedly (in typical cases), we use bootstrap samples
instead -

e bootstrap is a general tool for assessing statistical accuracy
e we learn it in the context of confidence interval for trained models

e a bootstrap dataset is created from the training dataset by
taking 7 (the same size as the training data) examples uniformly at random with

. . /—\/__
replacement from the training data { (x;, y,-)%

e for b=1,...,B

. create a bootstrap dataset S -
bootstrap
*(b)

e train a regularized kernel regression o

n
predict 3©) = ZK(xi(b),x)ai*(b)
i=1

e compute the empirical CDF from the bootstrap datasets, and compute the
confidence interval



bootstrap

multiple bootstrapped

predictors 90% confidence interval

training a single predictor
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Figures from Hastie et al



training a single predictor
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Figures from Hastie et al



training a single predictor
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multiple bootstrapped

training a single predictor 90% confidence interval

predictors
(aV] -1 - o B |
00 05 10 15 20 25 3.0 ojo 015 1jo 115 2jo 2j5 3jo
X X X
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42 Figures from Efron et al. 1993
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Takeaway

Advantages:
* Very simple to use and generally applicable — ch
interval around anything

* Appears to give meaningful results even when the amount of data is
very small
* Very strong asymptotic theory (as number of examples goes to infinity)

Disadvantages:
* Very few meaningful finite-sample guarantees
* Potentially computationally intensive

 Reliability hinges on test statistic and rate of convergence of empirical
CDF to true CDF, which is unknown
* Poor performance on “extreme statistics” (e.g., the max)




Questions?



