Midterm Friday

* Time: 5/2, 9:30am sharp to 10:20am (50 minutes)
* Please be seated 5 minutes beforehand. Bring your Husky ID.

* Locations:
« CSE2 G20 (usual classroom): Sections AA, AB, AC
« ECE 105: Sections AD, AE, AF -

* Topics: Everything up to anaincluding Lecture 8 (this lecture

Classification; Logistic regression)

* Format: Sample exams posted
* Cheat sheet:

* You may bring one 8.5x11 inch sheet of paper (can use front & back).
* [t may be handwritten e=typeset.



https://www.washington.edu/classroom/ECE+105

Classification and
Logistic Regression

Natasha Jaques

UNIVERSITY of WASHINGTON



Regression vs classification

* Regression: Given input X, predict continuous value y € R
» Classification: Given input x, predict discrete value y € %
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Classification problems are ubiquitous




Classification problems are ubiquitous

-Healthy
Pneumonia
Pneumothorax
Pleural Effusion




Text generation as classification

https://huggingface.co/blog/alonsosilva/nexttokenprediction

Enter text:
One, two,

One ~ two !
198 11 734

3198 11 734 11

Prediction

16.97%
7.55%
3.76%
2.76%
2.18%
1.57%
1.43%
1.15%
0.84%
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next token ID predicted next token

#rprobs
01115
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393
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3598
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Text generation as classification

Enter text:
One, two, three

One B , two ! three
3198 L1 734 1115

3198 11 734 11 1115

Prediction
# probs next token ID predicted next token
0 54.42% 11 ;
1 5.45% 1399
2 4.82% 13
3 4.51% 290 and
4 2.72% 986
5 2.51% 25
6 1.50% 393 or
7 1.23% 3926 ’
8 0.85% 563 N
9 0.84% 960 =

https://huggingface.co/blog/alonsosilva/nexttokenprediction



Text generation as classification

https://huggingface.co/blog/alonsosilva/nexttokenprediction

Enter text:

One, two, three,

=

3198 1 734 11 1115

3198 11734 11 1115 11

Prediction

#

W ®© N O 00 A W N = O

probs

46.44%

/.48%
7.31%
2.66%
2.54%
2.09%
1.86%
1.62%
1.23%
0.92%

——

next token ID predicted next token

1440
290
1936
393
2237
1115
3863
345
257
530

our
and
five
or

six
three
maybe
you

one




Text generation as classification

https://huggingface.co/blog/alonsosilva/nexttokenprediction

Enter text:
One, two, three, four

One § , two three g , four
3198 11 134 1 1115 11 1440

3198 11 734 11 1115 11 1440

Prediction
# probs next token ID predicted next token
0 50.14% 11 ,
1 6.66% 13
2 5.91% 1399
3 3.15% 25 :
4 2.63% 290 and
) 2.58% 986
6 1.42% 3926
7 1.17% 553 ,"
8 1.09% 960 =
9 1.08% 526 5
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Classification

*lLearn [ > ¥
« & c R features

7: {1, ..., k}: target classes ek
A led
* 0-1 loss function: (f(@),y) =1{f(@) £y} = e AT
* Expected loss: £ wpeinr &
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Bayes-optimal classifier
f*(x) = argmax P(Y=y|X = x)

In practice, we don’t know P(Y = y| X = x), but have n i.i.d. examples:

n
Xis Yij_q
Suppose X is discrete so that x € {1, 2, ..., m}. What is a natural estimator
for P(Y = y| X = x)? "

,/CC»L) 2 YNy rz
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Bayes-optimal classifier
f*(x) = argmax  P(Y = y| X = x)

In practice, we don’t know P(Y = y| X = x), but have n i.i.d. examples:

n
xi! yll_
Suppose@jlscrete so that x x € {1, 2, ..., m}. What is a natural estimator
for P(Y = y| X = x)? % )
) 2o Hx =x,, =y} py1x) < P&’>
= argmax —
f ¥ J Y o2 WX =x} Péx)

It 2" is continuous, we need a model to explain observations!

_—
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Maximum likelihood estimation for classification

ff(x) = argmax, PY=y|X =x)
N\

[, (x) = argmax P (Y=ylX =x)

General MLE procedure: A% {&e—\""‘”'&\
1. Parameterize P, (Y =y| X = x) as a function of @) M 0 Wl
2. Learn woni.id. training data x;, ", W

—

A n
WMLE = argmax TP, (y:1x,)

i=1 [— [

= argmax_ 3", log P, (y;x;)

—_ 13



Modeling conditional probabilities

A M
wvLe = argmax 3" . log P, (y;|x;) /7 S lj"{j Coosns 17
. . 1 e 2 2
. Recall linear regression: P, (Y= y| X = x) = —e’ = ¥/
27 Gy not Je
- Prediction: E[Y|X =x] = w'x s’

. = |
Le waode ol D/p_\« rweS D |(' ,_,(r_' f or VAQ
O Or l ot j
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Modeling conditional probabilities
iomLe = argmax 3" log P, (y;1x;)

. . 1 2
. Recall linear regression: P,(Y = y| X = x) = Z_ey—wa 2
v/
- Prediction: E[Y|X =x] = w'x

* Logistic regression uses a model specialized for (binary) classification:
— 1 )
1 ! — N ~ov ek
1+ e wx w2 _ & |
0.6 | u n

T ) %Qsi ‘ Y= e | \ M‘f
e WX ciqoid |~ ..
PY=0[X=x) =7 = :j e PR
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Understanding the sigmoid / ”‘1 (e (11100 A
1

P(Y=1|X=x) = — = )
1 +e1—w X
O'w0+% e = 1 + e~ Wot2  WiXy (# )
oS K
k-2 ) (o5
T wy=-2, Wy = wo =0, wy =1 wo =0, w; =0.5

1 1 1
0.9 . 0.9 ] 0.9 .
0.8 . 0.8 ] 0.8 _
07 - 07 ] 0.7 -
T 0.6 - 0.6 ] 0.6 -
w X) 05 . 05 , | 05 |
0.4 g 0.4 1 0.4 ]
03 - 03 ] 0.3
0.2 - 0.2 ] 0.2
0.1 . 0.1 ] 0.1

0 : : - ! 0 . . : - - 0 - - ! - -
-4 2 2 4 6 -6 -4 2 0 2 4 6 -6 -4 2 0 2 4 6
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< kL‘{ &QQ'E NA
Sigmoid for binary classification  Je< © () )}
/M { Sw-&((}f &am p:&qjie}wy

- What's the shape of the decision rule P(Y=1|X) = P(Y=0| X)?

f[q:llx): \ = P(N=\\x) _ \
l'("@: < ({f a (x) - B -cu‘r%
- = C —
POL=210) « 7 : ’ ‘/wT)‘/
o —'—;r>< (/ YN -— —
| + e |0ﬁ( ) = ‘03 C ’(.35/[

Desl $on ol s Wi 207 WS | %o
Yel MCJ‘ V/l xe I
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Logistic regression — a linear classifier
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Logistic regression for binary classification 0)%"“@

{OMLE = argmax_ > " . log P, (y;Ix)) s'f’% ,\Dﬁw
?I o
» We have i.i.d. training data x,, y,~, x; € RY, y,€{-1,1} ( Ol\\
. Pwyl.‘xl. = O'yl-wai =1/(1+ eXp—yinx,-)
- - -1
. £,w) = —log P3| x; = log(1 + exp—y,wx,) EA
_ Y ) —
{ (OMLE = argmin > log(1 + exp-yw'x,) ] Ff{_
2\

(a?\ﬁ—u‘g /o_sj a
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Computing the logistic regression solution

iomLe = argmin 3" log(1 + exp-y,w ' x,)

20



Computing the logistic regression solution

wLe = argmin 3" log(1 + exp-y,w ' x,)

_4

* No closed form... | Potofy=log+e™
* But, this is a smooth convex problem!
* Optimize via gradient descent

8_

6t
>

4t

RN

-10.0 -75 5.0 =25 0.0 2.5 5.0 7.5 10.0
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Example: Adding more polynomial features

xeR? ye{-1,+1}
* Features: Polynomials
* Model: Linear on polynomial features
Polynomial features

ho(CE):l |
-z - () = a1]

=< - + = 3(x) = x 2
B R A Falz) = 22

-5 -4 -3 -2 -1 0 1 2 3
x[1]

f(z) = woho(z) + wihi(z) + waha(x) + - - -



Linear features

4
3 _ -
2 o = a4 -

J . - - - + ==
-3

-5 -4 -3 -2 -1 0 1 2

? . | 0
ZE[Q] | - f(2) = wo+ wrz[1]) [+ wez[2] 4
; N e
1 Value | Coefficient
sEA
ho(x) 1 0,23
. . ] h1(x) X[1] 1,12
» Simple regression models — smooth predictors
ha(X) X[2] -1,07

« Simple classifier models — smooth decision boundaries




Quadratic features

8 - =t g 4
-1 - o + 4+ +
| = - +
-3

-5 -4 -3 -2 -1 0 1 2 3
x[1]

)
L; l
. -I\
.

‘ ‘
4."F | Fesure  vaue oot
i
: ho(x) 1 1,68
h1(x) X[1] 1,39
- ha(x) X[2] -0,59
» Adding more features gives more complex models ha() — /Od1I)2 0,17
* Decision boundary becomes more complex ha(x) (x[2])2 -0,96

h:(Y\

vi11v[?2]

O mittad
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Higher-degree polynomial features

Overfitting|leads to poor generalization

4
3| _
-— —
2 ==} —
1} = —
o - + =
Y e - +
=5 -4 -3 -2 -1 0 1 2 3

ho(x)
h1(x)
h(x)
hs(x)
ha(x)
hs(x)
he(x)
h7(x)
hg(x)
hg(x)
h1o(x)
h11(x)
h1,(x)

x[1]

Coefficient
Value
learned

21.6

1
x[1]
x[2]

(x[1])2
(x[2])?
(x[1])?
(x[2])®
(x[1])*
(x[2])*
(x[11)®
(x[2])®
(x[1])®
(x[2])®
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,g weve lassi 8 x;

Overfitting w,\rw%«, 21
Can Pwtber M- b
{owLe = argmin " log(1 + ex;(—y,.wai)> (og s vy
ye 4,15 C nerepsing <
. When would this badly overfit?
0 >( 20 > rlf&“} y=! s _
5 -
T 5 == -
ko @&Q' 4\2 X . o
/MM Siqn "l\ v o -
S - _
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Overfitting and linear separability

N .
wyLe = argmin 5" log(1 + exp—y,w 'x;)

« When data is linearly separable, ||w| — oo
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Regularized logistic regression

AWy el

L/{\Jreg =argmin 3", log(1 + exp—y,w ' x;) 7
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Multi-class classification

* So far: binary y € -1, + 1
* In general: y € {cq, ¢, ..., .}
+ ¢;'s are called classes or labels

* A k-class classifier predicts y given x

Oxtord

Dictionary of

English

29



< classes k=€
. : . 17 5 [oooro]
Encoding categorical labels ¢;  loeb L’ ( ) Fe et 0]
- For optimization, we need to embed raw ¢, into real-valued vectors

* We typically use one-hot embeddings (a.k.a. one-hot encodings)
- Each class is a standard basis vector in R*

1-hot
encoding

T | ni0 | ) | e | D) | et
s o ' ° o o
o o o ¢

| |
196 categories 196 features oS
D
( ¢

Country of birth

| (Argentina, Brazil, USA,...) ] | |

(
O
J
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Multi-class logistic regression (aka softmax f
classification) < o
p 7
 Data: features x; € categorlcal y € {cq, @ A ’}
* One-hot encoding € Kos.t. y=[1,0,0,...] implies y = c, *{:Q,\
- Model: linear prediction y, = fx; = softmax(wx) € R*
» Parameter matrix w "M\mg\)
] . — | - |
., - ] (3G W__E 0.4 Jhn=
_/ULT/ = ’5 _ 0«3 p(}]._’c; (Y\
’ - &7 S 6
= “’k7 - L X
& - r,\\/
Y € R Kk x : eoq)«f ooy €mf< 4 2 TLIz
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Regression and classification

A
w7
* ML paradigm: define prediction f, (x) and loss
* Then optimize: 7 ae

0 = argm‘ian%{f@ yi)

e Squared error loss: f(fw(x), y} é’ — f,(x 2
* Logistic loss: f@w(x), y>= log(1 + expéy fw(x>)

/ 7 c—\f\S S\Q vealr

wmon X
o), ¥) =

Yg.’d,_ /‘40<9~0-\
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Regression and classification

 Can we treat classification as a regression problem? [l
Yes 2 regrss LD o) B~ ro-l <
_ o ( a‘:!@&
bl A ST wov 420 ol lahunshy bl
\(« Cp = Z
Y oc
* Can we treat regression lassificati ? \
Can we trea erg/besso as a class catlonwe -
Jes  bucket LT S loss oF pRE S0y
/ [O"’O’l f((“w> %&ﬂ\/ﬁs 7[&[’)‘0( 2pk
corpe i o
=l C~L T~ > Mﬂb— i

% A0 bohon Ke”
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Regression and classification

Yakima

ria
N~

o
\\ )
Portland ~
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>

Temperature: 62F
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Regression and @sificati@

8105
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Regression and Ze‘@ssificm

=9

label

label = 0 label = 4 label = 1

0

label = 5

label = 1 label = 3 label = 1 label = 4

label = 2

il |

label = 5 label = 3 label = 6 label = 1

label = 3

il
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Multi-class vs ]ﬁulti-label classificati@

bt
(ov\oc,\S ['V:Z’

Healthy
Pneumonia

Pneumothorax
Pleural Effusion

O no $rddmaso
5> M« {,h\n@\ éﬂMbiQ
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Summary

* Classification problems (where y is categorical) are everywhere
* Regression losses are not typically appropriate

* Logistic regression: model conditional probability P(y|x) as
sigmoid (then apply usual MLE machinery)

* Softmax classification: generalized to k > 2 classes
* Regularization is still important

—
—
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Recap: The ML pipeline

s -

o

Define the task (what type of data, what type of eval metrics?) :
Collect and preprocess data = teadhe  orgmee g 9 gﬁgg&
Choose model family/parameterization <7 <

Choose training loss - S)gxwézé\

For each choice of hyperparameters. -

« Optimize model (minimize loss) on training data ——
- Evaluate on validation data ——

Pick best hyperparameters according to validation performance
Evaluate final model on test data

\
Dhadd ok
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The ML pipeline

Task

Data

Model family

Training loss
Optimize

Pick hyperparameters
Evaluate

L A
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