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Bias-Variance Tradeoff

biased squared variance

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]

irreducible error

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [(Y � ⌘(x))2

��X = x]

True generalization error
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⌘(x) = EY |X [Y |X = x]

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]=(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]
biased squaredlearning error variance= +

Bias-Variance Tradeoff



Test error vs.  
model complexity

Error

degree  of the polynomial regressionp
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Test Error
Train Error

Optimal predictor   
is degree-5 polynomial

η(x)

Simple model: 
Model complexity is below  
the complexity of η(x)

Complex model: 
Fits noise in train data, 
diverging from  η(x)



Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than 
the optimal predictor ) 

• Bias  of our predictor,
, is large 

• Variance of our predictor, 
, is small

η(x)
2

( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff

x

With degree-3 polynomials, we underfit

Optimal predictor η(x)

𝔼[ fŵLS
(x)]

fŵLS
(x)

• If we have more samples (larger n), then 
• What happens to bias?  
• What happens to variance? 
• What happens to overall test error?



Recap: Bias-variance tradeoff with complex model

• When model complexity is high (higher 
than the optimal predictor ) 

• Bias of our predictor,
, is small 

• Variance of our predictor, 
, is large

η(x)

( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff

x

With degree-20 polynomials, we overfit

𝔼[ fŵLS
(x)]

fŵLS
(x)

Optimal predictor η(x)

• If we have more samples (larger n), then 
• What happens to bias?  
• What happens to variance? 
• What happens to overall test error?



• Assume N=30

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT

Optimal model complexity depends on dataset size



error
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p⇤24
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p⇤32
<latexit sha1_base64="imkQXCtlBfHMS2YknuSm9SVzV2U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9hNBD0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJdWypNeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRLXqVUvrsoVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1bDj4I=</latexit>

• The threshold, , moves right as dataset size increases 

• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)

• Now compare N=40 to previous N=30 case

Variance decreases with more data, letting you fit 
more complex models



• Choose model complexity p=30, vary dataset size n

• There is a threshold, , below which training error is zero (extreme overfit)


• Above the threshold, test error tends to decrease

• Training error tends to increase (harder to fit so much data with simple model)

N*p

error
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train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

Test error ℒtest

Training error ℒtrain

N*p = p + 1 = 31

OVERFIT UNDERFIT

Variance decreases with more data, letting you fit 
more complex models



Regularization helps avoid overfitting



Ridge Regression



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

= (XTX)�1XTywhen                       exists…. (XTX)�1

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

= argmin
w

(y �Xw)T (y �Xw)

Recall Least Squares:



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty
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= argmin
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(y �Xw)T (y �Xw)

Recall Least Squares:

What if xi 2 Rd and d > n?



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

+ + + =...

+f1(w) f2(w) + . . . + =
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ft(w)fT (w)
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yi � xT
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When xi 2 Rd and d > n the objective function is flat in some directions:

Recall Least Squares:



Regularization in Linear Regression
> Last time we turned a small number of features (low complexity) into a 

large number of features (high complexity) through non-linear feature 
maps. What if start with many features (high complexity) and not enough 
examples to learn? 

> Overfitting (too complex of a model, too little data) usually leads to very 
large parameter choices, e.g.: 
 
 
 
 
 
 
How do we prevent this these huge coefficient values?

> Regularization imposes a “complexity” penalty

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

When xi 2 Rd and d > n the objective function is flat in some directions:

Implies optimal solution is not unique and unstable 
due to lack of curvature: 
• small changes in training data result in large 

changes in solution 
• often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a 
“complexity” penalty

Recall Least Squares:



Sensitivity increases overfitting

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

ŵridge = arg min
w {

n

∑
i=1

(yi − xT
i w)2 + λ∥w∥2

2}



Ridge Regression

■ Old Least squares objective:  

■ Ridge Regression objective: 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)
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w
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i w
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+f1(w) f2(w) + . . . + =
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t=1

ft(w)fT (w)

+ + + =...
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ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
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t=1
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bwridge = argmin
w

nX
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�
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i w
�2

+ �||w||22



Minimizing the Ridge Regression Objective

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

from Varun’s notes in Week 1 Section notes
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Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

• When  this gives the least squares model  
• This defines a family of models hyper-parametrized by  
• Large  means more regularization and simpler model 
• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
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log10(�)
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2

Housing price predictor w′￼i s



training MSE
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test MSE
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• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

Housing price predictor w′￼i s

• this is the role of 
regularizer



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  
for some ground truth model parameter  

■ The true error at a sample with feature  is  
 

       
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
w

x
𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

Learning ErrorIrreducible Error



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟̃train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error

Suppose , then  

                                                           

XTX = nI ŵridge = (XTX + λI)−1XT(Xw + ϵ)

=
n

n + λ
w +

1
n + λ

XTϵ



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

 

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

= σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared VarianceIrreduc. Error

Suppose , then  

 

XTX = nI

ŵridge =
n

n + λ
w +

1
n + λ

XTϵ

(verify at home)



Bias-Variance Properties

■ Ridge regressor:  
■ True error 

𝔼y,𝒟train|x[(y − xTŵridge)2 |x] = σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared Variance

d=10, n=20, ,σ2 = 3.0 ∥w∥2
2 = 10

λ

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

as λ 0, 
ŵridge → ŵLS

as λ ∞ 
ŵridge → 0

Suppose ,  XTX = nI



What you need to know…

> Regularization
– Penalizes complex models towards preferred, 

simpler models
> Ridge regression
– L2 penalized least-squares regression
– Regularization parameter trades off model 

complexity with training error
– Never regularize the offset!



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)

� = 0.005
<latexit sha1_base64="tNS298VahgESe8U91hnv2y40kNk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M9gKrkpSEd0IRTcuK9gHtKFMJpN26GQSZiZCLf0SNy4UceunuPNvnLRZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t5+2T44bKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH99mfueRSsVi8aAnCfUiPBQsZARrIw3scrXPTTrA107NcS6qA7uSkQxolbg5qUCO5sD+6gcxSSMqNOFYqZ7rJNqbYqkZ4XRW6qeKJpiM8ZD2DBU4osqbzg+foVOjBCiMpXlCo7n6e2KKI6UmkW+SEdYjtexl4n9eL9XhlTdlIkk1FWSxKEw50jHKWkABk5RoPjEEE8nMrYiMsMREm65KpgR3+curpF2vuee1+n290rjJ6yjCMZzAGbhwCQ24gya0gEAKz/AKb9aT9WK9Wx+LaMHKZ47gD6zPHzBakXg=</latexit>

� = 0.000001
<latexit sha1_base64="tDVNuxalqRp5b7zdN82zvk+hpxI=">AAAB+3icbVBNS8NAFHypX7V+xXr0stgKnkpSD3oRil48VrC10Iay2WzapZtN2N2IJfSvePGgiFf/iDf/jZs2B20dWBhm5vHejp9wprTjfFultfWNza3ydmVnd2//wD6sdlWcSkI7JOax7PlYUc4E7WimOe0lkuLI5/TBn9zk/sMjlYrF4l5PE+pFeCRYyAjWRhra1fqAm3SAr5yGk8OtD+1awR20StyC1KBAe2h/DYKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKy+e0zdGqUAIWxNE9oNFd/T2Q4Umoa+SYZYT1Wy14u/uf1Ux1eehkTSaqpIItFYcqRjlFeBAqYpETzqSGYSGZuRWSMJSba1FUxJbjLX14l3WbDPW8075q11nVRRxmO4QTOwIULaMEttKEDBJ7gGV7hzZpZL9a79bGIlqxi5gj+wPr8AYE8kiI=</latexit>

� = 1
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We do not observe overfitting, as d=5 << n=100



Piecewise linear with  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi

lecture5_ridge.ipynb



Sparsity & the LASSO
 
How to make the model compact and interpretable



Sparsity

■ We learned to measure sensitivity by the size of weights: 
■ Vector  is sparse, if many entries are zero

■ A vector  is said to be -sparse if at most  entries are 
non-zero 

■ We are interested in -sparse  with 
■ Why do we prefer sparse vector  in practice? 

∥w∥2
2

w
w k k

k w k ≪ d
w

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2



Sparsity

■ Vector  is sparse, if many entries are zero
– Efficiency:  If size( ) = 100 Billion, each prediction  is expensive: 

■ If  is sparse, prediction computation only depends on number of non-zeros in 

w
w wT x

w w

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

̂y i = ̂w T
LS

xi

=
d

∑
j=1

̂w LS[ j] × xi[ j] = ∑
j:wLS[ j]≠0

̂w LS[ j] × xi[ j]

Computational complexity decreases from  to  for -sparse 2d 2k k ̂w LS



Sparsity

■ Vector  is sparse, if many entries are zero
– Interpretability:  What are the  

relevant features to make a  
prediction?

w

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

■ How do we find “best” subset of 
features useful in predicting the 
price among all possible 
combinations?

$ ?

Lot	size
Single	Family
Year built
Last	sold	price
Last	sale	price/sqft
Finished	sqft
Unfinished	sqft
Finished	basement	sqft
#	floors
Flooring	 types
Parking	type
Parking	amount
Cooling
Heating
Exterior	materials
Roof	type
Structure	style

Dishwasher
Garbage	disposal
Microwave
Range	/	Oven
Refrigerator
Washer
Dryer
Laundry location
Heating	type
Jetted	Tub
Deck
Fenced	Yard
Lawn
Garden
Sprinkler	System



Finding best subset of features that 
explain the outcome/label: Exhaustive

• Try all subsets of size 1, 2, 3, … and one that minimizes 
validation error
• Problem? There are subsets to enumerate over
• Any Ideas?

2d



Finding best subset: Greedy
Forward stepwise:
Starting from simple model and iteratively add features most useful to fit

Backward stepwise:
Start with full model and iteratively remove features least useful to fit

Combining forward and backward steps:
In forward algorithm, insert steps to remove features no longer as important

Lots of other variants, too.

Forward Greedy 
1:  
2: For  do 

3:      

4:    

T ← ∅
j = 1,…, k

j* ← arg min
ℓ

min
w

n

∑
i=1

( yi − ∑
j∈T∪{ℓ}

w[ j] × xi[ j] )2

T ← T ∪ {j*}



Finding best subset: Regularize
Recall that Ridge regression makes coefficients small

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

area of living space



Thresholded Ridge Regression

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

• Why don’t we just set small ridge coefficients to 0?
• Any issues?



bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

• Consider two related features (bathrooms, showers)
• Consider  and , and   

                 and ,  
which one does ridge regression choose?  
(assuming #bathroom=#showers in every house)

w[bath] = 1 w[shower] = 1
w[bath] = 2 w[shower] = 0

Thresholded Ridge Regression



0

Thresholded Ridge Regression

• What if we didn’t include showers? Weight on bathrooms increases!
• We want a feature selection scheme that selects one of (#bathroom) or 

(#showers) automatically, using the fact that if you delete #showers #bathroom 
is an important feature

Can another regularizer perform selection automatically? 



Ridge vs. Lasso Regression

■ Ridge Regression objective: 
 
 
 
 
 
 

■ Lasso objective: 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwlasso = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||1



Ridge vs. LASSO Regression 
LASSO = Least Absolute Shrinkage and Selection Operator

• Recall Ridge Regression objective: 
 
 
 

• sensitivity of a model  is measured in squared  norm  
• A principled method to get sparse model is Lasso with 

regularized objective: 
 
 
  

•  sensitivity of a model  is measured in  norm: 

w ℓ2 ∥w∥2
2

w ℓ1

∥w∥1 =
d

∑
j=1

w[ j]

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

bwlasso = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||1

-norm of a vector  is  ℓp w ∈ ℝd

∥w∥p ≜ (
d

∑
j=1

|w[ j] |p )1/p



Example: house price with 16 features

Lasso regression
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Ridge regression
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<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

̂w [ j]

Test error is RED and  
Train error is BLUE

• Regularization path for LASSO shows that weights drop to exactly zero as  increasesλ

-sparse16 -sparse2

Bathroom & shower

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

lecture6_lasso.ipynb



LASSO regression naturally gives sparse features
• Feature selection with LASSO regression


1. Model selection: choose  based on cross validation error

2. Feature selection: keep only those features with non-zero  

(or not-too-small) parameters in  at optimal 

3. retrain with the sparse model and  

 
why do we need to retrain?

λ

w λ
λ = 0



• We use LASSO on the piece-wise linear example


• de-biasing (via re-training) is critical!

Example: piecewise-linear fit
h0(x) = 1

hi(x) = [x+ 1.1� 0.1i]+
<latexit sha1_base64="bbltdX5+2ONTCGn5WQqgIVQs4UY=">AAACHnicbVDLSgMxFM34rPU16tJNsCiVYpmpikIRim5cVrAPmBmHTJp2QjMPkoy0lH6JG3/FjQtFBFf6N6btLGrrgXs5nHMvyT1ezKiQhvGjLSwuLa+sZtay6xubW9v6zm5dRAnHpIYjFvGmhwRhNCQ1SSUjzZgTFHiMNLzuzchvPBIuaBTey35MnAB1QtqmGEklufq57xr53jE8sstXdhma0LazvkunJKsHC9AsmvAEGqpT56EAXT1nFI0x4DwxU5IDKaqu/mW3IpwEJJSYISEs04ilM0BcUszIMGsngsQId1GHWIqGKCDCGYzPG8JDpbRgO+KqQgnH6vTGAAVC9ANPTQZI+mLWG4n/eVYi25fOgIZxIkmIJw+1EwZlBEdZwRblBEvWVwRhTtVfIfYRR1iqRLMqBHP25HlSLxXN02Lp7ixXuU7jyIB9cADywAQXoAJuQRXUAAZP4AW8gXftWXvVPrTPyeiClu7sgT/Qvn8B8ZObiA==</latexit>

� = 10�8
<latexit sha1_base64="GR6TMKQjJrXOJg5PrJWciCuXFGE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJUwW6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOqx5GRNJqqkgi0VhypGO0awGFDBJieYTQzCRzNyKyBBLTLQpq2RKcJe/vEpa1Yp7Wak+XJXrt3kdRTiBUzgHF66hDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB40yShQ==</latexit>

� = 10�4
<latexit sha1_base64="awMTbVU0ksiJhoe0tjNl3qQmP3c=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpLUgm6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOrz2MiaSVFNBFovClCMdo1kNKGCSEs0nhmAimbkVkSGWmGhTVsmU4C5/eZW0qhX3slJ9qJXrt3kdRTiBUzgHF66gDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB3TiSgQ==</latexit>

� = 2⇥ 10�4
<latexit sha1_base64="/RH6KMhlFJGJ3NwSP2Al7e+moKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSWtCNUHTjsoJ9QBPLZDJph04ezNwIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBzdwShhbkj6EQ84JaClnnngCB32ySWuOsBDprBt3WentXHPLFsVawq8SOyclFGORs/8cvyYpiGLgAqiVNe2EnAzIoFTwcYlJ1UsIXRI+qyraUT0MjebXjDGx1rxcRBL/SLAU/X3REZCpUahp5MhgYGa9ybif143heDCzXiUpMAiOlsUpAJDjCd1YJ9LRkGMNCFUcv1XTAdEEgq6tJIuwZ4/eZG0qhX7rFK9rZXrV3kdRXSIjtAJstE5qqMb1EBNRNEjekav6M14Ml6Md+NjFi0Y+cw++gPj8weAhJWh</latexit>

� = 0
<latexit sha1_base64="cC5c9OizxYlg4VXj7jJqlLITW5w=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj11hoyG9Jm6vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AIt9kCw=</latexit>

but only use selected features
<latexit sha1_base64="3hivhK+oV0gF0onoY/mKskG+f10=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd1YaBm0sYxgHpAsYXb2bjJkdnaZhxCWlDb+io2FIrZ+gp1/4yTZQhMvDBzOuY85J8w4U9rzvp2V1bX1jc3SVnl7Z3dv3z04bKnUSApNmvJUdkKigDMBTc00h04mgSQhh3Y4upnq7QeQiqXiXo8zCBIyECxmlGhL9d2T0GicCj7GRgHGdhFQDRGOgWgjQfXdilf1ZoWXgV+ACiqq0Xe/elFKTQJCU06U6vpepoOcSM0oh0m5Z+9khI7IALoWCpKACvKZkQk+s4y9nUr7hMYz9vdEThKlxkloOxOih2pRm5L/aV2j46sgZyIzGgSdH4oNxzrF01RwxKT1bVOIGKGS2b9iOiSS2CykKtsQ/EXLy6BVq/oX1dpdrVK/LuIooWN0is6Rjy5RHd2iBmoiih7RM3pFb86T8+K8Ox/z1hWnmDlCf8r5/AFObpmF</latexit>

minimizew ℒ(w) + λ∥w∥1 minimizew ℒ(w)

|wj |

Step 1: find optimal λ*

Step 2: select features

Step 3: retrain



Regularized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22 Lasso : r(w) = ||w||1



 
Regularized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22
Lasso : r(w) = ||w||1

• For any  for which  achieves the minimum, there exists a  such that 
the solution of the constrained optimization, , is the same as the solution of the 

regularized optimization , , where

λ* ≥ 0 ŵr μ* ≥ 0
̂w ĉw r

subject to  r(w) ≤ μ*

• so there are pairs of  whose optimal solution  are the same  
for the regularizes optimization and constrained optimization

(λ, μ) ̂w r

• Regularized optimization: 

̂w C = arg min
w

n

∑
i=1

(yi − xT
i w)2



Why does LASSO give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• the level set of a function  is defined 
as the set of points  that have the same 
function value


• the level set of a quadratic function is an oval

• the center of the oval is the least squares 

solution 

ℒ(w1, w2)
(w1, w2)

ŵμ=∞ = ŵLS
ŵμ=∞

w1

ℒ(w1)

1-D example with quadratic loss

1

a b
Level set of  at value 1 is {a,b}ℒ(w1)



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• as we decrease  from infinity, the feasible set 
becomes smaller


• the shape of the feasible set is what is known as  
 ball, which is a high dimensional diamond


• In 2-dimensions, it is a diamond 
               


• when  is large enough such that  , 
then the optimal solution does not change as the 
feasible set includes the un-regularized optimal 
solution

μ

L1

{(w1, w2) |w1 | + |w2 | ≤ μ}
μ ∥ŵμ=∞∥1 < μ

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

• As  decreases (which is equivalent to 
increasing regularization ) the feasible 
set (blue diamond) shrinks


• The optimal solution of the above 
optimization is ? 

μ
λ

1

2

3

4



feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

• For small enough , the optimal solution 
becomes sparse 

• This is because the -ball is 
“pointy”,i.e., has sharp edges aligned 
with the axes

μ

L1



Constrained Least Squares
• LASSO regression finds sparse solutions, as -ball is “pointy”


• Ridge regression finds dense solutions, as -ball is “smooth”


L1

L2

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥2
2 ≤ μ



58



L1 Ball in Higher Dimensions

> L1 ball 3 dimensions

Edges: 2-sparse

Corners: 1-sparse

https://www.desmos.com/3d/3e04ba4e31

