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EXY [(Y � ⌘(X))2]

Find function ⌘ that minimizes

= EX

h
EY |X [(Y � ⌘(x))2|X = x]

i

Optimal Prediction

Goal: Predict Y 2 Rd given X 2 Rd if (X,Y ) ⇠ PXY

(Hint: for any x, ⌘(x) = cx where cx minimizes EY |X [(Y � cx)2|X = x])
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EXY [(Y � ⌘(X))2]

Find function ⌘ that minimizes

= EX

h
EY |X [(Y � ⌘(x))2|X = x]

i

Optimal Prediction

Goal: Predict Y 2 Rd given X 2 Rd if (X,Y ) ⇠ PXY

(Hint: for any x, ⌘(x) = cx where cx minimizes EY |X [(Y � cx)2|X = x])

Squared Error Optimal Predictor: ⌘(x) = EY |X [Y |X = x]

0 =
d

dcx
EY |X [(Y � cx)

2|X = x]

= EY |X [
d

dcx
(Y � cx)

2|X = x]

= EY |X [�2(Y � cx)|X = x] = �2EY |X [Y |X = x] + 2cx



Statistical Learning
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PXY (X = x, Y = y)

EXY [(Y � ⌘(X))2]
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PXY (Y = y|X = x0)
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PXY (X = x, Y = y)
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Ideally, we want to find:

EXY [(Y � ⌘(X))2]

⌘(x) = EY |X [Y |X = x]
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⌘(x) = EY |X [Y |X = x]



Statistical Learning
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y

PXY (X = x, Y = y) Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]
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Statistical Learning

x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

We care about future predictions: EXY [(Y � bf(X))2]

⌘(x) = EY |X [Y |X = x]



Statistical Learning
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PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf

bf = argmin
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n
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(yi � f(xi))
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Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]
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PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf

ED[ bf(x)]
bf = argmin

f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

and are restricted to a
function class (e.g., linear)
so we compute:

⌘(x) = EY |X [Y |X = x]



Bias-Variance Tradeoff

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [ED[(Y � ⌘(x) + ⌘(x)� bfD(x))2]

��X = x]



Bias-Variance Tradeoff

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [ED[(Y � ⌘(x) + ⌘(x)� bfD(x))2]
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Bias-Variance Tradeoff

irreducible error 
Caused by stochastic  
label noise

learning error 
Caused by either using too 
“simple” of a model or not 
enough data to learn the model 
accurately

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [ED[(Y � ⌘(x) + ⌘(x)� bfD(x))2]

��X = x]

=EY |X

h
ED[(Y � ⌘(x))2 + 2(Y � ⌘(x))(⌘(x)� bfD(x))

+ (⌘(x)� bfD(x))2]
��X = x

i

=EY |X [(Y � ⌘(x))2
��X = x] + ED[(⌘(x)� bfD(x))2]
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Bias-Variance Tradeoff

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]



Bias-Variance Tradeoff

=(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]

=ED[(⌘(x)� ED[ bfD(x)])2 + 2(⌘(x)� ED[ bfD(x)])(ED[ bfD(x)]� bfD(x))

+ (ED[ bfD(x)]� bfD(x))2]

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]

biased squared variance

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2⌘(x) = EY |X [Y |X = x]
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Statistical Learning

x

y

ED[ bf(x)]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

⌘(x) = EY |X [Y |X = x]

ED[(⌘(x)� bfD(x))2] = ED[(⌘(x)� ED[ bfD(x)] + ED[ bfD(x)]� bfD(x))2]=(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]
biased squaredlearning error variance= +



Bias-Variance Tradeoff

biased squared variance

+(⌘(x)� ED[ bfD(x)])2 + ED[(ED[ bfD(x)]� bfD(x))2]

irreducible error

EY |X [ED[(Y � bfD(x))2]
��X = x] = EY |X [(Y � ⌘(x))2

��X = x]
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That was a lot of 
math



25

That was a lot of 
math



©2018 Kevin Jamieson

Bias-Variance Demo

See colab notebook

https://drive.google.com/file/d/1NAVoZZtGo0oACXGf5xOYUaSXeEgScufe/view?usp=sharing
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