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Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, ()
0



Learning Gaussian parameters

» MLE: R ] —
UMLE = - z;ibz
1=

- 1

O_QMLE — E Z(xz — ,TJJ\MLE)2
1=1

n

MLE for the variance of a Gaussian is biased

N

E[O’QMLE] 7& 0'2

Unbiased variance estimator:

n
0~ unbiased — n— 1 (xz — ,UJMLE)

1—=1



Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

n

Likelihood function L,(0)=]] f(X:0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0

Under benign assumptions, as the number of observations 7 — oo we have 0, p — 0.

The MLE is a “recipe” that begins with a model for data f(x; 0)



Regression

UNIVERSITY of WASHINGTON



The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data:
¢ n y; € R
¢ (24, yi) Fieq

Sale Price
( ]
o0
( ]

# square feet


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

o
best linear fit 4

S . . Hypothesis/Model: linear

(a R ..

= o yi = viw+ e g R N(0,0%)
(0p)

# square feet
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Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

o
best linear fit 4

S . . Hypothesis/Model: linear

(a R ..

w o' Yy = w6 e KN N(0,02)
(0p)

# square feet
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#t sq. ft., # baths, date of sale, etc.}

d
Training Data: % €R
5 y; € R

. g {(x’u yz) ?’:1
Sale price sus 100 Hypothesis/Model: linear
0 y=zwte R N(0,0%)
r—100
% -. —200
#L:O\l? -2 -1 0 1 = -

a
throoms # square feet
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#t sq. ft., # baths, date of sale, etc.}

Sale price

-2 -1 0 1
# square feet

Training Data:

oo UTiy i) Hieq

r; €R
y; € R

d

w0 Hypothesis/Model: linear

ps &

r—100

[ —200

T
Yi = T; W+ €

p(y\x, w, U) —

€; bi N(0,0%)
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {#t sq. ft., # baths, date of sale, etc.}

Sale price

w90 -] 0 1
# square feet

wiE]Rd

Training Data:
5 y; € R

mn
200 {(xfl/?yZ) 1=1
w0 Hypothesis/Model: linear

i T .1.d.
O Yy =T w g Eizzv N(O,JQ)
' ~100

200 1 e—(y—xTw)2/2a2
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Maximizing log-likelihood

d
Training Data: % €R | s
mn Yi S ]R p(y‘w,w,o’) — €_<y_x ’w) / o
{(337,7:%,) i=1 2mo?

Likelihood: P(D|w,o) =[] p(yili,w,0) =] L e w)*/20°




Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Likelihood function L,(0)=]] f(X;0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0

Under benign assumptions, as the number of observations 7 — oo we have 0, p — 0.

Why is it useful to recover the “true” parameters 6. of a probabilistic model?

- Estimation of the parameters 6. is the goal
* Help interpret or summarize large datasets
» Make predictions about future data

- Generate new data X ~ f( - ; (/9\MLE)



Maximizing log-likelihood

. . d
Training Data:  Zi € R | o
Yi € R p(y‘w,w,a = e_<y_$ w)“ /20
(24, yi) biey ) 902

1=1 '

Maximize (wrt w): log P(D|w,0) 1og< —<yi—x2 w>2/20—2>



Maximizing log-likelihood

d
Training Data:  %i €R 1 T w)? /20

n yi €R p(y‘$7w70) = e Y
{(mzayz) i=1 V2mo?

L1 - S| 2 2
Likelihood: P(D|w,o) =] p(yilzi,w,0) =]] o~ (yi—z] w)? /20
1=1 )

. &1 2 /92
Maximize (wrt w): log P(D|w,0) = log (H e~ (wi—z{ w)*/20 )

=1

n
~ : T \2
WM LE = arg mféﬂ E (yz — 4 w)
i=1




Maximizing log-likelihood

mn
~ : T.\2
WpMLE = arg mu%n E (yz —T; w)
i=1

Set gradient=0, solve for w



Maximizing log-likelihood

n

Wy E = argmin Z(Z/z — 372_10)2 Set gradient=0, solve for w
w

1=1

n —1 n

~ . T

WMLE — E Lil,; E LilYi
i=1 i=1




The regression problem in matrix notation

WM LE = argmuijn E (y;
i—1

Y1

Yn

n

-

—T; W

-

Ly

T
Ln

)2

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

n

Wy LE = arg min E (y; —xiTw
w
i=1
Y1 ﬁ
y=|:] X=]:

)2

d : # of features
n : # of examples/datapoints

y = Xw+ €




The regression problem in matrix notation

n

~ : T N2
WpMLE = arg mu%n E (Z/z —z; w)
1=1
[y | N d : # of features
n : # of examples/datapoints
y = X = : xamples/datap
yz-:xz-Tere?; y =Xw+¢€

. / 2 _ /T
£, norm: ||z]|, = Z?zl F=\VzZz

Brs = argmin ||y — Xul

— arg min(y — Xw)?! (y — Xw)



The regression problem in matrix notation

n

~ : T N2
WpMLE = arg mu%n E (yz —z; w)
1=1
[y | N d : # of features
n : # of examples/datapoints
y = X = : xamples/datap
yz-:xz-Tere?; y =Xw+¢€

. / 2 _ /T
£, norm: ||z]|, = Z?zl F=\VzZz

Brs = argmin ||y — Xul

— arg min(y — Xw)?! (y — Xw)

Wrs = WMLE = (XTX)_l X"y




The regression problem in matrix notation

Wrs = afgffgn HY — X@UH%

= (X'X)"' X"y

What about an offset?

n

SR . 2
wrs,brs = arg min (yi — (z] w+b))
w7 .
1=1

= argmin [ly — (Xw + 1b)||;



Dealing with an offset

Wrs,brs = al“gfgilfl ly — (Xw + 1b)||3

XX w16 +brsXT1 =XTy
1" X5+ br5171 =17y



Dealing with an offset

Bps,brs = arg min ||y — (Xw + 10)|15
XX +brsXT'1 =Xy
11'X@s+br5171 =11y
If X171 =0 (i.e., if each feature is mean-zero) then

R ~1
WS :<XTX) X1y

~ 1 <
brs = E;yz



Make Predictions

A new house is about to be listed. What should it sell for?

A T A -
Unew = TnewWLs + 0L s



Process

Decide on a model for the likelihood function f(x; &)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



