Midterm results: CSE 446

 Median: 20.0/ 27
e Standard deviation; 4.14

Histogram of Midterm Scores for CSE 446 Sections




Midterm results: CSE 546

e Median: 21.4 /27
e Standard deviation; 4.64

Histogram of CSE 546 Midterm Scores




Midterm results

» Exam scores are imperfect metrics
« Midterm is 20% of course grade — you can still do well

 You can submit regrade requests 11/12 @ 11:59PM
* Clarifications”? Come to OH or post on Ed
e YOUu may pick up your cheat sheets after class
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7. |1 point
Give a value for the constant ¢ € R that makes f a valid PDF:

cr, if0<x <10
o= 10
0, otherwise
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Q9

9. |1 point

Assume we have n training data points sampled from some population distribution,
which we then use to train a model. Is leave-one-out cross validation (LOOCYV) error
(1) typically a slight underestimate, (2) an unbiased estimator, or (3) typically a slight
overestimate of the true (population) error of the final model trained on all n data
points? Briefly explain your answer.
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11. Consider the following linear regression setting. Let X € R"X4 X\ > 0, and suppose
y € R™ is drawn from a Gaussian, y ~ N(Xw,o%I) for some w € R%, 02 > 0. Let

@ = arg min, || Xw — y|3 @
—

If n < d and A = 0, how many solutions does the above optimization problem have?
—

R

(a) |1 point

Answer:

(b) |1 point
If n < dand A > 0, how many solutions does the above optimization problem have?
Answer: 1

(c) |1 point

Fill in the blanks with increases/decreases/does not change, As ¢? increases:
unMﬂA )ﬁ

The variance of w 1

The bias of w

The irreducible error 1\




Q19

19. You train a logistic regression classifier with features x = (x1,x2), using

B 1
1l 4e

—

P(y = 1|x) = o(wg + wyx1 + woxs), where o(z)

a) | 1 point

Describe the geometric shape of the decision boundary in this feature space.



Modeling conditional probabilities

n

Mg = argmax,, ) log Ryl
L=

* Logistic regression uses a model specialized for (binary) classification:

B L 1 .
f(y — 1|X — X): 1+ e_WTx ' /
—w T x /

P(Y=0|X =x) =

1 —I— e _WTx 0.1t __/'/‘/




Sigmoid for binary classification

- What'’s the shape of the decision rule P(Y = 1|X) = P(Y = 0]X)?
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Logistic regression X a linear

ssifler

10



Q19

19. You train a logistic regression classifier with features x = (x1,x2), using

1

Py = 1|x) = 0(wo + w121 + weze), where o(z) = R

1 point

Describe the geometric shape of the decision boundary in this feature space.

11



21. [Extra credit. Not attempting this question will not affect your grade.] Con- \L¢¢3 ,Jasw\bfm/‘$ .

sider linear regression on 2-dimensional data, where the features of the i-th data point A\ W2 ") sz—?\” 03
are denoted (g:?), :vg)) € R? and the target of the i-th data point is ¥ € R. There are (\ ) MSE- vZr
n training data points, {(3:51), :Eg)), y(W}n_ . Assume that the following always holds in gk v Yo §
the training data, for all : = 1,2,...,n: ‘¢ Xz ~> Q ,\(}xkﬂ- Ao RS '}
() _ o () \ 2 9
Ty = 21 O N L
| , 2 N\ <
y(q,) _ 53:&@)' 2. W 1O 2@5\}\&1-"\,—!!‘

L SAS, W,H\MS‘E-O

. MI\S S

1. | 1 point | Suppose we train a ridge regressign model, i.e., we solye
p pp ge regressign &

——

(g o }
w = arg (wlfgir)lew ;(wlmg@') + wz:lfgi) — y(i))2 + )\(w% + w%) W, KL -t""’z. ‘Q‘L ':p\i
with A > 0. What is w in the limit as A — 0 from above? Hint: It is not necessary
to formally take the limit; just assume A is vanishingly sr:all but positive. :_dv YO < Lt 2.9 \C\ = g?ﬂ (
solve PANA W kv =) W\ t 2w, =5
W\



21.

[Extra credit. Not attempting this question will not affect your grade.] Con-
sider linear regression on 2-dimensional data, where the features of the i-th data point

are denoted (arg%), :cg )) € R? and the target of the i-th data point is y) € R. There are
n training data points, {(acg ), 2 Ty ) y( )} . Assume that the following always holds in
the training data, for all : = 1,2,.

()_2$g)
y():5:1:§).

2. | 1 point | Now suppose we train a Lasso regression model, i.e., we solve

n
W = arg (wl,rfulir)lew ;(w g;g g) + w 33§) y(i))Q - )\(|w1| i |w2|)

with A > 0. What is w in the limit as A — 0 from above? Hint: It is not necessary
to formally take the limit; just assume A is vanishingly small but positive.
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Non-parametric methods:
Nearest neighbors

CSE 446/546
Sewoong Oh & Pang Wei Koh



Parametric vs non-parametric

A model is parametric if # parameters does not depend on #
samples

* A model is non-parametric if # parameters increases with #

samples
W "‘@:S

* Does not mean absence of parameters!
( "
\
A ¥
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Why non-parametric models?
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This lecture: k nearest neighbors

« Assume we have a classification task

* To classify a new point x:
« Find its k nearest neighbors in the training data
« Set y to be the majority vote of the labels of these nearest neighbors

» Design choices / hyperparameters:
* Number of nearest neighbors k
 Distance metric
« Aggregation method

17



Example: Bayes classifier

N2z

Figures from Hastie et al.

Training data:
O True label: +1

O True label: -1

—— Optimal Bayes classifier:

1
PY =1|X =2)=_

Predicted label: +1

Predicted label: -1

18



Linear decision boundary

Training data:

True label: +1

O True label: -1

\ Learned linear decision boundary:
zfw+b=0

Predicted label: +1

Predicted label: -1

Figures from Hastie et al.

19



k = 15 nearest neighbors boundary

Figures from Hastie et al.

Training data:
) True label: +1

‘ True label: -1

15 nearest neighbors decision
boundary (majority vote)

Predicted label: +1

Predicted label: -1

20



k = 1 nearest neighbor boundary

Training data:

True label: +1

O True label: -1

~~ 1 nearest neighbor decision
boundary (majority vote)

Predicted label: +1

Predicted label: -1

Figures from Hastie et al.

21



k nearest neighbors error

k = Number of Nearest Neighbors

151 101 69 45 31 21 11 7 5 3
A I Yy S S [ I I A | I

\

1
I

0.25 0.30
| |

, Test Error
0.20
1

0.10
]

Figures from Hastie et al.
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k nearest neighbors error

k = Number of Nearest Neighbors

151 101 69 45 31 21 11 7 5 3
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Parametric vs non-parametric

A model is parametric if # parameters does not depend on #
samples

Deter Areesg,  Sisere AT o

* A model is non-parametric if # parameters increases with #
samples

A=A
Tgrety, ek TR
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Notable distance metrics & level sets E
< \\\*’“’\\‘
é(u‘\,j = ||w ~ I\

£, norm (Euclidean) £, norm (Manhattan, taxicab)

3 (.U‘t‘n - ?)\q;"’ W\

X2

A \&— X1

®

Mahalanobis norm Lla W) = (uﬁ,)‘ M(v-v) £ NOrM (Max)
(




Example: distance metrics with k = 1 NN

d(x,x") = (x1 —x1)% + (x2 — x3)°

d(x,x") = (x; —x1)% + 9(x; — x3)?

X2

20



| earned distance metrics

=

}
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1-NN classification: Theoretical guarantees ‘
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1-NN classification: Theoretical guarantees

Theorem|Cover, Hart, 1967] If Px is supported everywhere in R? and P(Y =
1|X = z) is smooth everywhere, then as n — oo the 1-NN classification rule has

error at most twice the Bayes error rate. i
e ———— e —
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Curse of dimensionality, example 1

o-¥\
/
o
Unit Cube —
© Uﬂq}'\
o
s . 0 -
2 o
<o
)
2 % |
g ©
VOW
N
o
o
o
‘Ncighborhood 0.0 0.2 0.4 0.6 (
side length r Fraction of Volume C

X is uniformly distributed over [0, 1]?. What is P(X € [0,7]|P)?

™

How many samples do we need so that a nearest neighbor is within a cube of side length 7

S e

_\/?
\C
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Curse of dimensionality, example 2

{X }?_, are uniformly distributed over [—.5,.5]".

L
0.6

02 03 04 05

@
Median Radius

0.0 0.1

Dimension — ﬁ"

What is the median distance from a point at origin to its 1INN7?
-

How many samples do we need so that a median Euclidean distance is within r?

31



Nearest neighbor regression
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Overfitting

Figures from Ruoqing Zhu, Stat 542

1-Nearest Neighbor Regression

33



Bias vs variance

b\mg ] - a8 - al
§ ) - ‘e * - .. *
4\ a9 | . a an " _.. - as " ‘,;,. -
= i £ - i . a® L
@ e ! Teaw ol
) ]ol"3°"‘-Qf T 1ho Y TR s
= ! b | 8 - - s - h -
- r | L ‘“n -: '.‘b.' . < N l‘b.“ .: .. 5‘. - - *
o b o LY . o L 8 -
L ) * 2o\ " ae, ": * 29 ea y -
. 3 o . P * & o - Lhe o . &
[ & (T s ] : "’1‘. 3 7.
"n - e - »
bl * o oo - - * 2 a® o .
g I . & -
| L a9 - ) ? - - L ? -
] o’ . L .? ..x"‘ - .
s - - .
SRR : LI i ' * -y
LU vt ' 0.
K=33 K =66 K=100
0] ] ]
“. .- e .'n\—/
- - av . a®
... ...' . .n v, L] .n LT -
a8 - - a8 - - a8 - -
[ ] - - -*
G I s R CCS I
-lc, r:‘l l.‘. - .-:‘ r.-'-. |.‘\. . :. -'-‘ l“‘\.
2 . - ) L] b - - R L]
.:.n 1:. \'\" - * -:-n u:. \"' - * |:.u .:..\_."' - '.
] LI - ] = g - ] . -
* snflea ;t'a ‘. P ‘;'.- . PR S \_'.-
-y 0 . - 7 G e & @ - of "y g o - e .
P A .‘ - .. .‘ e - _\’J‘.‘ ot s
- ..'.. P .’,. . - ..‘.- P ] - = = - ."‘. RNy . -
- - ) - 3
o gow 5, o g 5 o g 5
s " e s " a“as « " sss
% i % .l.l. % S
- * e, - * e - * e,

Figures from Ruoqing Zhu, Stat 542



Smoothed nearest neighbor regression

K-NN averaging

1.5
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15

1.0

0.5

0.0

05

-1.0

Locally linear regression

kK-NN averaging f(x) =

m L KQ,x®)

U= LBy ) ()

w 2\

Loy = ' % ) angasiet
) el # o Feneg P
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Have we seen non-parametric methods before?

» Kernel methods can be non-parametric:

FOO) = X e K(x®, x)

/‘*-_&q

# parameters goes up with # data
— — —

« Compare with (smoothed) nearest ne|ghbor8'

38



|x® x|

The Radial Basis Function (RBF) kernel exp( —

K (l‘)l‘j)

00 05 1.0 1.5

fx) =X, a K(x®, x)

samples {(x;, y) }7_,

00 02 04

0.4
|

) i

."I' ‘."-I
M K(xq.x
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|x® x|

The Radial Basis Function (RBF) kernel exp

2072
W‘MOSVS = loge W jL -
. : . . s~ ke
Bandwdthg is large enough Small €* Bandwidth o is small

< -
N
X o4
3
T -
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Kernel methods

fO0) =Zk o K(xY,x)
< d s
* Learning with RBF kernels can be seen as a soft, learned version
of “nearest” neighbors .

¢ K(x®D,x) = p(x®) ¢ (x) defines “similarity” between x*) and x

* How many parameters?
(AN

41



Takeaways

* K-NN is very simple to explain and implement
* No training! But inference can still be computationally demanding.
* You can use other forms of distance (not just Euclidean)

« Smoothing and local linear regression can improve performance (at the cost
of higher variance)

« With a lot of data, “local methods” have strong, simple theoretical guarantees

« Without a lot of data, neighborhoods aren’t “local” and methods suffer (curse
of dimensionality)

42



Non-parametric methods:
Trees

CSE 446/546
Sewoong Oh & Pang Wei Koh



Flow chart for investigation of suspected type 1 diabetes in newly
diagnosed adults, based on data from White European populations

Adult with suspected type 1 diabetes’

Unclear classification’

[ Are there features of monogenic diabetes?° Make clinical decision as to d %s
how person with diabetes

1
£ l should be treated }
Trial of non-insulin therapy may
[ Yes ] [ No Yes be appropriate®
L (
Are there features of
type 2 diabetes?®

Consider C-peptide* test after
>3 years duration

] Type 2
. diabetes

Holt et al., 2021 44



Decision / Regression trees

Ro ty
X1 <13
>q' 4 (o00 Rs
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esro~ A

Generic algorithm for building trees \Xw;

i

1. Start from empty decision tree o~ el

o\
2. Recursively, for each node: <

* |terate through all features and compute how good it’d be to split on
each feature

« Split on the “best” feature C )

3. Prune &S A K2

Design choices: /Abfj‘.ﬂ e
e AL ‘
« Termination condition — . "\ . g w52
» Tree complexity NERoA e VRN
« Splitting criterion
* Pruning

46
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Splitting decision trees
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Interpreting trees

Trees are “easy” to interpret:

* YOou can explain how the classifier
came to the conclusion it did

49



Interpreting trees

Trees are “easy” to interpret:

* YOou can explain how the classifier
came to the conclusion it did

Trees are hard to interpret:

* Tough to explain why the classifier
came to the conclusion it did

« Small changes in data can result
In large difference in trees

00000

) p
{00204 6/109

-----
/191110,
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Summary so far
\"B\"M\A

- Trees have U bias, T variance
» Deal with categortal variables well
* Intuitive, “interpretable”

« Good software exists

« SOome theoretical guarantees

51



Random forests

* Forest = many trees

* Tree methods have low bias but
high variance

* \We can reduce variance by
constructing many “lightly
correlated” trees and averaging
them

« Bagging: Bootstrap aggregating

Original Tree b=1 b=2
x.1<0.395 x.1 <0.555 x.2<0.205
} —»—‘ ——
1 ] 1
0 10 0 - —
0
10
0
0 1 1 0 0 1 0 1
b=3 b=4 b=5
x.2 <0.285 3<0.985 x4 <-1.36
,77 0
 — 1 1
0 1
0
1
4 0 1 10
1 o 1
1 1 0 1 1 0
b=6 b=7 b=8
x.1 < 0.395 1<0.395 x.3 <0.985
ﬁ —
1
1 1 0
\ | | \ 0 1 0o 0
1 1 0 0 0 1 0 1
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Random forests

Algorithm 15.1 Random Forest for Regression or Classification.
1. For b:=1 10 B:

a2 deth
(a) Draw a bootstrap sample Z* of size N from the training data. s

(b) Grow a random-forest tree Tj to the bootstrapped data, by re-
cursively repeating the following steps for each terminal node of| e~ V&
the tree, until the minimum node size n,,;n is reached.

i. Select m variables at random from the p variables. |
ii. Pick the best variable/split-point among the m.
iii. Split the node into two daughter nodes.

2. Output the ensemble of trees {7} }7.

P eee—

To make a prediction at a new point z:
Regression: f2(z) = & o To(x).
e

Classification: Let Ci () be the class prediction of the bth random-forest
tree. Then C%(z) = majority vote {Cy(z)}P.

53



Random forests: Decision boundary example

o %
Training Error: 0.000 0

Test Error: 0.238
Bayes Error: 0.210 (0]

54



Random forests

s g

L el

v
Given %%dom variables Y7, Y5, ..., Ys with ©

IF[E-] _ga__I)EE(YE —y)?’] = Oj E[(Y; —y)(Y; — y)] = po?

e
o viaS

{3

N
(™
~

Voroad of ered Lt cotaelatsn betwer V‘A%H S

B

s v-01= B (58,00 1\\]
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Test Error

The power of weakly correlated predictors

0.040 0.045 0.050 0.055 0.060 0.065 0.070

|

|

Spam Data
Bagging
Random Forest
—— Gradient Boosting (5 Node)
(i -
_ | i Yl ‘ ; | : .
M I
"‘f‘iim\“""pwwqm.mwwww
T T T T 1
500 1000 1500 2000 2500

Number of Trees

Bagaing: Averaged trees on
bootstrapped datasets using all d
features o

Random forest: Averaged trees on
bootstrapped datasets using m randomly
selected features o

Takeaway: reducing correlation improves
performance!

56



Summary so far

- Random forests have - bias, L variance
» Deal with categorical variables well

* Not that intuitive nor “interpretable”

» Gives some notion of confidence estimates

» Good software exists

« Some theoretical guarantees

57



Boosting and additive models

Instead of ensembling bootstrapped models, can we:
» Keep the idea of ensembling / combining simpler models, but
* Not necessarily have the models be identically distributed?

Key idea: Given a current collection of models, add a new model
that focuses on what the previous models got wrong

58



Additive models
(oven i(x\,j;\}h‘\ X;caRA’ 9yr € {-&( \.S

{ = —

s b RTR ey, My
Ny
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L N \"L
0 QP(W‘W - ‘5 1
('ﬂ ’-D
Algorithm 10.2 Forward Stagewise Additive Modeling.

1. Initialize fy(x) = 0.

Forward stagewise additive models

2. Form =1 to M: L- YosS M“L‘”S-(—
(a) Compute ; s
v b(x,T): R = £0, 8
(ﬁm:'}’m) = argminzL(yﬁ:fm—l (mi) +ﬁ§($i;7))' - H;C)
Pris - R Ly, €)) ~ e >

(b) Set fr(z) = fm—1(z) + Bmb(z; ¥m).
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Forward stagewise additive models

Algorithm 10.2 Forward Stagewise Additive Modeling.
1. Initialize fo(z) = 0.

Roostad cRqfess™ s

2. Form =1 to M: bLFlf\) - r‘:&fg)m ’(‘f'-Q__‘

(a) Compute

Ly, £09) = (3—F69)"

N
(BmsYm) = arg %1212 L(ys, fm—1(z:) + Bb(z4;7)).
=1 T

(b) Set fr(z) = fm—1(z) + Bmb(z; ¥m).

4
Lts?, £‘N_\(.7(§) -+ ‘Bb(“:l\")) - Q_’ Gm_\(-z;\ _ B \’Lx\.".))
/ ~

Ne——

. (r-.w./- Bb(%: 1))

e dme\
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Gradient boosting

&NUC\ I—Q: “
L-L N1, ‘F‘(Jﬁ)) = L(j‘ : ‘C\B -~ C_'S );

&) iy -
(O 2L (4, 6 oy b

T —
L wrt eV molel b

L— — X _C 1= .-c. + F b ‘\
)
/ \Nmf deecoON
Sy 5T -

%m@\s-:. Qf&-\ﬂ\”{' degcant ™ Lvmckor SVC(
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A brief history of boosting

e 1988 Kearns and Valiant; “Can weak learners be combined to
create a strong learner?”

« 1990 Schapire: “Yup, in theory”

» 1995 Schapire and Freund: “Practical for 0O/1 loss” -> AdaBoost
e 2001 Friedman: “Practical for arbitrary losses”

» 2014 Tiangi Chen: “Scale it up!” -> XGBoost
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%' Frangois Chollet & @fchollet - Apr 3, 2019

‘ﬁ.g What machine learning tools do Kaggle champions use? We ran a survey
among teams that ranked in the *top 5* of a competition since 2016.

Primary ML software tool used by top-5 teams on Kaggle
in each competition (n=120)

Keras
LightGBM
XGBoost

PyTorch

TensorFlow
(non-Keras)

Sci-kit Learn
Fastai
Caffe

0 10 20 30 40

. Deep . Classic



Test Error

0.040 0.045 0.050 0.055 0.060 0.065 0.070

Spam Data

il

Bagging
Random Forest
—— Gradient Boosting (5 Node)

WH,

|

'lll[u f
w \“\"'w JMT‘J‘% L LMI I | c—
Wlﬂll‘ ‘H ol L

I | | | |
500 1000 1500 2000 2500

Number of Trees

Bagaing: Averaged trees on
bootstrapped datasets using all d
features

Random forest: Averaged trees on
bootstrapped datasets using m randomly
selected features

Boosting: Learned combinations of trees
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Takeaways

 Single trees: low bias, high variance
* Ensembles: low bias, (relatively) low variance

« Bagging averages many lightly dependent models to reduce
variance

« Random forests: same but with random subset of features

* Boosting learns a linear combination of high bias, highly
dependent classifiers to reduce error

» Gradient boosted trees are commonly used for categorical data

06



Bonus: Non-parametric methods today

» Are neural networks non-parametric?

 Technically no, but in practice people scale the number of parameters (d)
with the number of examples (n)

« Another form of “non-parametric” models: retrieval-augmented
generation

o7



Retrieval-augmented generation and search agents

What's the state-of-the-art in immunotherapy for cervical cancer?

... Pembrolizumalb can extend progression-free and overall survival
in patients with persistent, recurrent, or metastatic PD-L1-positive
cervical cancer [1] and locally advanced cervical cancer [2]...

[1] Colombo et al., KEYNOTE-826, 2021 \ Attribution
[2] Lorusso et al., KEYNOTE-A18, 2024
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Next token prediction

Enter text:
One, two,

One 7 two !
198 11 134

3198 11 734 11

Prediction
# probs next token ID predicted next token
0 39.71% 1115 three
1 16.97% 290 and
2 7.55% 734 two
3 3.76% 1440 four
4 2.76% 393 or
5 2.18% 1936 five
6 1.57% 530 one
7  1.43% 345 you
8 1.15% 257 a
9 0.84% 3598 seven

https://huggingface.co/blog/alonsosilva/nexttokenprediction



Next token prediction

https://huggingface.co/blog/alonsosilva/nexttokenprediction

Enter text:
One, two, three

One - two
3198 11 7134 L1

3198 11 734 11 1115

Prediction
# probs next token ID predicted next token
0 54.42% 11 ;
1 5.45% 1399
2 4.82% 13
3 4.51% 290 and
4 2.72% 986
5 2.51% 25
6 1.50% 393 or
7 1.23% 3926
8 0.85% 553 N
9 0.84% 960 -
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Next token prediction

Enter text:
One, two, three,

One g , two three ff ,
3198 11 734 1115 11

3198 11734 11 1115 11

Prediction
# probs next token ID predicted next token
0 46.44% 1440 four
1 7.48% 290 and
2 7.31% 1936 five
3 2.66% 393 or
4 2.54% 2237 six
5 2.09% 1115 three
6 1.86% 3863 maybe
7 1.62% 345 you
8 1.23% 257 a
9 0.92% 530 one

https://huggingface.co/blog/alonsosilva/nexttokenprediction



Next token prediction

Enter text:
One, two, three, four

One Q , two
3198 11 134 1115

3198 11 734 11 1115 11 1440

11 1440

Prediction
# probs next token ID predicted next token
0 50.14% 11 ,
1 6.66% 13
2 5.91% 1399
3 3.15% 25 2
4 2.63% 290 and
) 2.58% 986
6 1.42% 3926
74 1.17% 553 i
8 1.09% 960 -
9 1.08% 526 b

https://huggingface.co/blog/alonsosilva/nexttokenprediction



Conditioning on retrieved context
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Retrieving the right documents
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Takeaways

* Retrieval-augmented language models are nonparametric models

« Compare and contrast with k-NN

« Many design choices
* How to find documents”?

« How to incorporate retrieved documents into generation”?
« Multimodal retrieval?

* Highly active research area
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