Lecture 10:
Bootstrap and Kernel Methods
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Bootstrap

- Measuring uncertainty of your model




Confidence interval for statistics § = 2(9D)

- Consider a simple problem of mean estimation given access to an oracle
that gives fresh samples, and we are interested in estimating mean from
n samples

- We can first collect one dataset I, = {7, ...,z,} € R" sampled i.i.d.

from that distribution
- And compute the mean estimate using our estimator of interest, say,

" 1 &
0 g(D,) =— -
g(2,) » izzl, Z;

- Furthermore, let’s say we are interested in estimating how uncertain we are
about this estimate. This can be done using confidence intervals.

 This course is not a statistics course, so we do not go into a great detail on
confidence interval. We will only be using it to learn bootstrapping.



- We have a mean estimate using our estimator of interest, say,
A 1 L
0—g@,)==)7

A

and an oracle sampler from some distribution P,,.

- If we know the distribution of our estimate @, then one would output a, for
example, 90% confidence interval of

Cl= [L, U]

- The main idea is to ensure that the actual mean, say 0%, of the distribution P,
falls in the Cl with probability at least 90%.
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Confidence interval for statistics § = 2(9D)

- We have a mean estimate using our estimator of interest, say,
A 1 L
n i=1

and an oracle sampler from some distribution P,,.
- If we know the distribution of our estimate é then one would output a, for
example, 90% confidence interval of
Cl= [L, U]
- The main idea is to ensure that the actual mean, say *, of the distribution P,
falls in the CI with probability at least 90%.

- The problem is that we typically do not know the distribution of é so what can
we do?
- This is easy if we have an oracle and can keep sampling new datasets &,

so that we can get multiple “samples” of 0 to estimate its distribution.



Confidence interval with oracle access to sampler

“sample” many fresh datasets { DD, ..., 2P} each of size n
., 0B = g(PBN) for each dataset

« compute estimates {é(l) = g(2W) ..

CDF of an unknown True distribution
Fy(0) = Py(8(2) £ 0)
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Set-up for regression/classification

We have a dataset of n samples drawn 1.1.d. with (CDF) F,
D =A{z;,...,2,} ~ F,

We compute a statistic of the data to get g(9)

Goal: Estimate uncertainty around g(%).
In other words, what’s the distribution of g(&J) over different random samples of 7
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Set-up for regression/classification

We have a dataset of n samples drawn 1.1.d. with (CDF) F,
D =A{z;,...,2,} ~ F,

We compute a statistic of the data to get g(9)

Goal: Estimate uncertainty around g(%).
In other words, what’s the distribution of g(&J) over different random samples of 7

For example, in the example of regression,
we might care about g() = fp g (X),

where é(@ ) is the model parameter trained on
the train-set &, and fp g, (X) is our prediction

for input x.

-1.00 -0.75 -0.50 -0.25 0.00 025 050 @75 100

X



Confidence interval with oracle access to sampler

. 9(3)}, each of size n

. “sample” many fresh datasets { P
« train models {01 ..., P} for each dataset
® =fé(@(i))(x)}

. commute the prediction {y!) = Jo@in()

CDF of an unknown True distribution

Fy(y) = P(fé(@) <y)
1.0 .
0.8 |
g 04l CDF of empirical observed distribution
Fy(y) = PB(fg(gz) <)
0.2} —_Zl{y(b) <y}
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Bootstrapping: doing something seemingly impossible

« pull oneself up by one's bootstraps —
improve one's position by one's own efforts
without help from others.

* In our context: A general method of
calculating uncertainty estimates
without any additional data. (Efron, 1979)




Bootstrapping: doing something seemingly impossible

to pull oneself up by one's bootstraps Remember bias-variance trade-off?
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Optimal predictor 77(x)

-0.4

—1.'00 —0'475 —0.'50 —0'.25 000 025 050 075 100

current train error = 0.0036791644380554187
current test error = 0.0037962529988410953

It is seemingly impossible to compute Variance, for example, with a single dataset.



Bootstrap: Key idea

A

- Goal: Estimate uncertainty around an estimate 8 = g(<) from
a dataset Y = {74, 25, ..., 2,} ~ I,
« This would be easy if we had multiple datasets &
drawn fresh from F’,
- |dea: pretend that we have fresh draws from [, by

from &
« Concretely,

« forb=1,...,B,



Bootstrap: Key idea

 Goal: Estimate uncertainty around an estimate 0 2(2) from
a dataset I = {zy,2, ...,%,} ~ I
« This would be easy if we had multiple datasets &
drawn fresh from F’,
- |dea: pretend that we have fresh draws from [, by

from &
« Concretely,

« forb=1,...,B,
« draw n samples with replacement from &,
and call them 2 = {z(b) 2N~ F

/Z.n
« compute the estimate Q(b) — g(9?)
. use {6’(]’)}5=1 to compute the confidence interval



Bootstrap: step 1: sampling with replacement

Real World Bootstrap World

Bootstrapping gives many estimates

Real data & gives you an estimate 0 J -
(o0 ...,0®)

PV = (20, 20} ~ By,
O g(@(l))

DB = (zP,.... 5P} ~ Fy,
OB g(QZ(B))



Bootstrap: step 2: confidence interval

. Bootstrap “sample” many fresh datasets {2, ..., 2B each of size n

« compute estimates {é(l) =g(2V) .., OB = 2(2P)) for each dataset

CDF of an unknown True distribution

Fj(0) = Po(3(D) £ 0)
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Example for 1-d regression

Example of 5% and 95% percentile
curves for predictor f(x)

07 High confidence

Low confidence + A
Why?

The green line is f5(x), and the black dashed lines are the 5% and 95% percentiles at each x



training a single predictor
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training a single predictor

o)

<

bootstrap

0.0

0.5

1.0

1.5

2.0

2.5

3.0

multiple bootstrapped
predictors

0.0

0.5 1.0 15 20 25 3.0

90% confidence interval

! b ¢/ \
/ e i v
4/ N T~ /’/’ \
/ ° \
- “% \ 71
[ ,/ \ N e/ |
:'_) S 7/ \
4] \ .’ \
! \ 14 |
\
| ee /
| '\{!‘/
T T
0.0 0.5 1.0 1.5 20 25 3.0

Figures from Hastie et al



20

Takeaways

Advantages:

* Very simple to use and generally applicable — build a confidence
interval around anything

* Appears to give meaningful results even when the amount of data is
very small

* Very strong asymptotic theory (as number of examples goes to infinity)

Disadvantages:

* Very few meaningful finite-sample guarantees

* Potentially computationally intensive

* Reliability hinges on test statistic and rate of convergence of empirical
CDF to true CDF, which 1s unknown

* Poor performance on “extreme statistics” (e.g., the max)



Kernel methods




What if the data is not linearly separable?

e Use features, for example,
f=) ERD 4 g

>

P (x)
This data is not linearly Can you suggest some features
separable ¢h1(x1, X)), Pr(x1, X5), P3(x1, X5) such that this data is

linearly separable in this 3-dimensional space?



What if the data is not linearly separable?

e Use features, for example,
x = (x,X,) € R? b $(x) 1
T T~ x X

b2
X

! €b1(x)

(%)

Can you suggest some features
d1(x1, X)), Pr(x1, X5), P3(x1, X5) such that this data is
linearly separable in this 3-dimensional space?

e Generally, in high dimensional feature space,
it is easier to linearly separate different classes

This data is not linearly
separable

e However, it is hard to know which feature map will work for given data

e So the rule of thumb is to use high-dimensional features and hope that the
algorithm will automatically pick the right set of features

e What is wrong with this approach?



Creating Features

e Feature mapping ¢ : R4 > RP maps original data
into a rich and high-dimensional feature space (usually d < p)

For example, for d>1,

For example, in d=1, one can use
P R4
one can generate vectors {u;};—; C

_d)l(x)_ [ X ] e
_ |9 _ x* and define Teatures:
¢(x) a B ¢j(x) — COS(uij)
_¢k(x)_ _Xk_ | .




Creating Features

e Feature mapping ¢ : R4 > RP maps original data
into a rich and high-dimensional feature space (usually d < p)

For example, for d>1,

For example, in d=1, one can use
P R4
one can generate vectors {u;};—; C

| d define f
) Q[)z(x) B 2 and detine teatures:
P(x) = .| = k ¢;(x) = cos(u x)
X
_¢k(X)_ | i ¢](X) — (uij‘)2
ij(x) —

It exp(u/ x)

» Feature space can get really large really quickly!

- How many coefficients/parameters are there for degree-k polynomials
for x = (xq,...,x;) € R??

At a first glance, it seems inevitable that we need memory (to store
the features{ ¢(x;) € RP}’_ ) and run-time that increases with p where

d<n<p



How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

Afunction K : RY x R? — R is a kernel for a map ¢( - )
if K(x,x") £ p(x) p(x) = p(x) - p(x) = (P(x), p(x))

This notation is for dot product (which is the same as inner product)

e Main idea: computing inner products can be much more efficient than explicitly
commuting the (very high-dimensional) features



How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

Afunction K : RY x R? — R is a kernel for a map ¢( - )
if K(x,x") £ p(x) p(x) = p(x) - p(x) = (P(x), p(x))

This notation is for dot product (which is the same as inner product)

e So, if we can represent our
e training algorithms and
e decision rules for prediction

e as functions of dot products of feature maps (i.e. {¢p(x) - Pp(x')})
and if we can find a kernel for our feature map such that

K(x,x') = p(x)" p(x")
then we can avoid explicitly computing and storing (high-dimensional)
and instead only work with the kernel matrix of the training data

[Homework 3 Problem A2 tests this skill]



Kernels are much more efficient to compute than
features

e As illustrating examples, consider polynomial features of degree exactly k

X
L P(x) = x; fork = 1and d = 2, then K(x, X) = x,X| + X,x}

xp

2
¢(X) — X9 fork =2 and d = 2’ then K(X, x/) — (XTX/)Z




Kernels are much more efficient to compute than
features

e As illustrating examples, consider polynomial features of degree exactly k

X
L P(x) = x; fork = 1and d = 2, then K(x, X) = x,X| + X,x}

xp

2
¢(X) — X9 fork =2 and d = 2’ then K(X, x/) — (XT)C/)Z

e Note that for a data point x;, explicitly computing the feature ¢(x;)

takes memory/time p = dk
e For a data point x;, if we can make predictions by only computing the kernel, then
computing { K(x;, X;) }]’?21 takes memory/time dn

e The features are implicit and accessed only via kernels, making it efficient



Examples of popular Kernels

. Polynomials of degree exactly k

K(x, x) = (xTx)k
. Polynomials of degree up to k

K(x,x)=(1+ xTx’)k

- (Gaussian (squared exponential) kernel
(a.k.a RBF kernel for Radial Basis Function)

l|x — x,“% )
20?2

K, x') = exp( —
- Sigmoid

K(x,x") = tanh(yx'x" 4 r)

- All these kernels are efficient to compute, but the corresponding
features are in high-dimensions



Example: feature vs. kernel

- Ridge regression with feature map ¢( - ) € R”
n

~ .1 1
_ Solve for W = arg min — Z (yl- — WT¢(xi))2 + /15||W||%

Rp
we i—1

. Slow when p > d

« For now, suppose we are solving this using gradient descent with
. wy=0and

Wi =Wty Z d(x;) ()’i — thgb(xl-)> — nAw,
=1

n
Claim: For any 7, w, can be represented as w, = Z a; P(x;)

i=1
for some n-dimensional parameter & = (ay, ..., Q)

n
| Prediction ey, = W Pltney) = 3 A P(Xney)
i=1



Kernel ridge regression

- Ridge regression with feature map ¢( - ) € R”

S

1 1
w = are min —||v — ¢COw||2 + A—||w]|?
gwewzlly dXOw|5 2|| 15

Cw= ) ap®) = $pX)a

with now an n-dimensional parameter o = (ay, ..., @,), instead of p

. Let K € R™" pe the kernel matrix, where K; = qb(xl-)Tqb(xj)

- The new objective is

Th us, Otkemel (K + ﬂIan) y

] Prediction j}new = WTQb(xneW) = Z a¢(x )T¢(xnew) — Z K( new



Kernel regression

 This holds for more general class of algorithms other than GD:

w= Y ax) = X a
i=1

with now an n-dimensional parameter o = (ay, ..., @,), instead of p

- Kernel method is not limited to linear Ridge regression, but also applies to a broad
class of methods including the kernel logistic regression

[Homework 3 Problem A3 implements kernel regression for
polynomial kernel and RBF kernel]
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RBF kernel k(x;, x) = eXp{ —

2
1 — xll3
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RBF kernel k(x;, x) = eXp{ —

K(:L‘)mj)
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Why do we need regularization when using
kernels?

e Typically, p > dand K > 0. Why?

o So Kiis invertibleand @ = (K + AL .., )~y is well defined.

e What if A = 0? What goes wrong?

nxn

arg min ||y — Kall%
a



2
”xi —x||5 }

RBF kernel k(x, x) = exp{ —
0]

¢« Z(@) = |Ka—yl; + Alwll;

e The bandwidth o7 of the kernel regularizes the predictor, and the regularization
coefficient A also regularizes the predictor
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RBF kernel k(x, x) = exp{

ZL(a) =

IKa —yli3 + Allwll3

2
H&-XHQ}

20?

The bandwidth o7 of the kernel regularizes the predictor, and the regularization
coefﬂment A also regularlzes the predlctor

oc=10"3\A=10"*

—— True f(x)

Fitted f(x)
. Data
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0 =10~ 2 A =101 c=10"" A=10""*
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2
”xi —x||5 }

RBF kernel k(x, x) = exp{ —
0]

¢« Z(@) = |Ka—yl; + Alwll;

e The bandwidth o7 of the kernel regularizes the predictor, and the regularization
coefﬂClent A also regularlzes the predlctor

c=10" =101 0 =10~ 2 x=10"1 c=10"' Ax=10"*
y v [ —— True f(x) . 1 —— True f(x) - ' ] —— True f(x)
| Fitted f(x) ) Fitted f(x) . Fitted f(x)
8o . - Data 60 /\( . \ . Data 8o f - Data
0 4 ” o= 10 1 \=10"0
oc=10" )\ = 10~ =
v — True f(x)
—— True f(x) Fitted f(x)
Fitted f(x) ) - . Data
+ Data [ .
flx) =) a;K(x;,x) ] ‘'




RBF kernel and random features

2
||xl- — x||5 }

) = exp{ = ——

Bandwidth o is large enough




RBF kernel and random features

2
X — X
k(x;, x) = exp i — X113
l 202
Bandwidth o is large enough Bandwidth o is small




Fixed Feature V.S. Learned Feature

e Kernel method works well if we choose a good kernel such that the data is
linearly separable in the corresponding (possibly infinite dimensional)
feature space

e |n practice, it is hard to choose a good kernel for a given problem

e Can we learn the feature mapping ¢ : R¢ — R” from data also?



Questions?



