
Lecture 5:
Regularization

- how to avoid overfitting.



Ridge-regression
How to avoid overfitting



Sensitivity: how much prediction changes 
as we change the input

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b



• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b
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Sensitivity: how much prediction changes 
as we change the input

regularization coefficient

regularizer{



Ridge Regression

■ (Original) Least squares objective:  

e.g.,   f (w1, w2) = (1 − [1,0][w1
w2])2 + (2 − [0,1][w1

w2])2
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Minimizing the Ridge Regression Objective

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2

vector gradient
∇x f(x)



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

• When  this recovers the least squares model, as a special case 
• This defines a family of models hyper-parametrized by  
• Large  means more regularization and simpler model 
• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2

To get some intuition, suppose input  satisfies ,X XT X = nId×d



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
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training MSE
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path
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Housing price predictor w′ i s

which model is more complex?



training MSE
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• as we increase , this gain in test MSE 
comes from shrinking w’s to get a less 
sensitive predictor 
(which in turn reduces the variance)

λ

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

Housing price predictor w′ i s

• this is the role of regularizer



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  
for some ground truth model parameter  

■ The true error at a sample with feature  is  
 

       
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
w

x
𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]
= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train

[(𝔼[y |x] − xTŵridge)2 |x]
Learning ErrorIrreducible Error
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Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
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[xTŵridge |x])2 + 𝔼𝒟train
[(𝔼𝒟̃train
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Suppose , then  

                                                           

XTX = nI ŵridge = (XTX + λI)−1XT(Xw + ϵ)

= n
n + λ

w + 1
n + λ

XTϵ



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
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Suppose , then  

 

XTX = nI
ŵridge = n

n + λ
w + 1

n + λ
XTϵ

(verify at home)



The missing calculation from previous slide

Claim:  

proof:  

using                                        

                                                         

(xTw − 𝔼𝒟train
[xTŵridge |x])2 = λ2

(n + λ)2 (wT x)2

(xTw − 𝔼𝒟train
[xTŵridge |x])2 = (xTw − 𝔼[ n

n + λ
xTw + 1

n + λ
xT Xϵ])2

𝔼[ϵ] = 0 = (xTw − n
n + λ

xTw)2

= λ2

(n + λ)2 (wT x)2
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The missing calculation from previous slide

Claim:  

proof:  
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xTw − xTŵridge)2]
= 𝔼[ ( 1

n + λ
xT XTϵ)2]

= 1
(n + λ)2 𝔼[ xT XTϵϵT Xx]

𝔼[ϵϵT] = σ2I = σ2

(n + λ)2 𝔼[ xT XT Xx]
XTX = nI = σ2n

(n + λ)2 𝔼[ xT x]
= σ2n

(n + λ)2 ∥x∥2
2

Suppose , then  

 

XTX = nI
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Bias-Variance Properties

■ Ridge regressor:  
■ True error 

𝔼y,𝒟train|x[(y − xTŵridge)2 |x] = σ2 + λ2

(n + λ)2 (wT x)2 + σ2n
(n + λ)2 ∥x∥2

2

Bias-squared Variance

d=10, n=20, ,σ2 = 3.0 ∥w∥2
2 = 10

λ

as λ 0, 
ŵridge → ŵMLE

as λ ∞ 
ŵridge → 0

Suppose ,  XTX = nI

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2



What you need to know…

> Regularization 
– Penalizes complex models towards preferred, simpler models 

> Ridge regression 
– L2 penalized least-squares regression 
– Regularization parameter trades off model complexity with 

training error 
– Never regularize the offset , because  does not contribute to 

sensitivity of the input.
b b

[Homework 1 Problem A5 implements Ridge regression on MNIST.]



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)
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<latexit sha1_base64="bi4HpZcSj7aJHPC01f+B69ptUoM=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9mtB70IRS8eK9ha2C4lm822odlkSd4KZenP8OJBEa/+Gm/+G9N2D9o6EBhm5pH3JkwFN+C6305pbX1jc6u8XdnZ3ds/qB4edY3KNGUdqoTSvZAYJrhkHeAgWC/VjCShYI/h+HbmPz4xbbiSDzBJWZCQoeQxpwSs5Nf7wmYjcu3VB9Wa23DnwKvEK0gNFWgPql/9SNEsYRKoIMb4nptCkBMNnAo2rfQzw1JCx2TIfEslSZgJ8vnKU3xmlQjHStsnAc/V3xM5SYyZJKFNJgRGZtmbif95fgbxVZBzmWbAJF18FGcCg8Kz+3HENaMgJpYQqrndFdMR0YSCbaliS/CWT14l3WbDu2g075u11k1RRxmdoFN0jjx0iVroDrVRB1Gk0DN6RW8OOC/Ou/OxiJacYuYY/YHz+QPvcJBd</latexit>

We do not observe overfitting, as d=5 << n=100



Piecewise linear with  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi

When we only have 
11 samples and 10 
dimensional features, 
we do need 
regularization to 
mitigate overfitting,



What do we do if d<n?

 ŵMLE = arg min
w

∥y − XTw∥2

ŵMLE = (XT X )−1XTy
 ŵRidge = arg min

w
∥y − XTw∥2 + λ∥w∥2

ŵRidge = (XT X + λI)−1XTy

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)



Questions?


