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- Sewoong’s OH today 2:00-3:00

- Pang Wei’s office hour postponed (check on Ed)
- No exceptions on exam date/time.
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Ridge-regression

How to avoid overfitting




Sensitivity: how much prediction changes
as we change the input
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- For a lingar moodel, ' | )
y (b wyx, +@’(2 T WXy

if | w;|is large then the prediction is sensitive to small changes in x;
e anSet Testewsy —Triu Eser
» Large sensitivity leads to overfitting and poor generalization, an

equivalently models that overfit tend to have large weights
. Note that b is a constant and hence there is no sensitivity for the offset b
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Sensitivity: how much prediction changes
as we change the input

« For a linear model,
y = b + Wlxl + WzXz + - 4 ded

if | w;|is large then the prediction is sensitive to small changes in x;

- Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

. Note that b is a constant and hence there is no sensitivity for the offset b
2

~ wl”wf»e neWy
. In Ridge Regression, we use a regularizer ||w||% to measure and control

the sensitivity of the predictor
- And optimize for small loss and small sensitivity, by adding a reqularizer in

the objective (assume no offset for now) 'regularizer

Wridge = argmm {Z(yl — X w)2

regularization coefficient



Ridge Regression

(Original) Least squares objective 7Lﬁ o
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Ridge Regression

= (Original) Least squares objective:
WymLE = arg mm Z (y; — X! w)?

N8

= Ridge Regression obJectlve
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Minimizing the Ridge Regression Objective

=AW EO\OJ

Va\

Wridee = argmin ||y — Xwl|5 + A|wl|5 Vi
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Scalar derivative | vector gradient
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Shrinkage Properties

A — : 2 2
Wridge = arg min ”y _ XW||2 + /1”W”2 A
— . = '
_ (XTX—I—)\I') 1xT = Wﬁo%_e A ﬁ(—vﬁ
o G\
/‘Z
To get some intuition, suppose input X satisfies| X' X = nIdxd,

|

(mﬂf?l][)—ﬂ- XT;L. 4

0‘”‘&39 i

e When A = 0, this recovers the MLE estimate, as a special case

P

e This defines a family of models hyper-parametrized by A

e Large A means more regularization and simpler model
e Small A means less regularization and more complex model
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Ridge regression: minimize 2 wlx, —y)? +
i1 ) g
training MSE @ZT s fﬂge7 W\ 7= X% \E —
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which model is more complex?

e Left plot: leftmost training error is with no regularization{ 0.1093
e Left plot: rightmost training error is variance of the training data:é.9991 ),

* Right plot: called regularization path



n
Ridge regression: minimize 2 wlx, —y)* + Alw|l3

i=1
Housing price predictor ws
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e as we increase 4, this gain in test MSE e this is the role of regularizer

comes from shrinking w’s to get a less
sensitive predictor
(which in turn reduces the variance)



Bias-Variance Properties . = oy STl Sple
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= Recall: Wridge = X'X + ﬂI)_IXTy Yol X “—:7(9&)

= To analyze bias-variance tradeoff, we need to assume probabilistic
5, ~ Pyl y = X't e e ~ #(0.6°D)
for som€ ground truth model parameter w* WX
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Bias-Variance Properties

. Recall: Wy = XX + D' X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N (0,6°1)
= The true error at a sample with feature x is
Ey g,  l(y—x TVA"ridge)z | x]/yg .
= E,,[(y — Ely|xD*|x] + Eg [(E[y|x] = x" W) | ]

Irreducible Error Learning Error
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Bias-Variance Properties

« Recall: Wjgee = XIX + A~ Xy
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y = Xw +¢, € ~ 4 (0,6°])
» The true error at a sample with feature x is
|Ey @tram|x[()’ —x'n r1dge)2 | x]
= [Ey|x[(y E[y|x])?*|x] + Eg_ [(E[y]x] — x"Wygq)” | X]

[(y X W)2 |x] + [E@ [(x w = 'X‘.T‘/Vrldge)2 |x]

y |X train



Bias-Variance Properties

. Recall: W4, = X'X + 2D~ 'X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N (0,6°1)
= The true error at a sample with feature x is
Eﬂ%mﬁw—xfyggﬂﬂ
= E, [(y = Ely[xD?*|x] + Eg_ [(ELy]x] = x"Wyq00)° | ]

=E,.[(y - XWﬂﬂ+E9IQWHmeQHﬂ

4/[6() train
= o’ + (x'w - Eg

[x erdge | x])2 + [E@ [([EEZ [X Wridge |X] —X Wmdge)2 | x]

train train train

Irreduc. Error Bias-squared Variance



Bias-Variance Properties

« Recall: Wjgee = XTX + 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N(0,6°T)
» The true error at a sample with feature x is
E,. gMx[(y — X" Wrigee)” X1
= E, [y — E[y|xD)*|x] + Eg_ [(E[y|x] = x"Wygq0)* | X]
=E,, [(y—x Tw)? | x] + [Egtmm[(x W — xTwndge)2 | x]
= i + (xTw = [E@tram[x Wridge | x])* + E@uam[(EQZUan[xTwridge|x] — xTAndge)2 | x]

Irreduc. Error ariance
"
( r‘;(w “% 2,

Suppose X' X = nl, |then Wridge = (X'X + AD)~ 1XT(XW + €) = pneh

Wruge @qﬁf




BiaS'Variance Properties Suppose X’ X = nl, then
gy

e = " W+ X'e
n+A1 n+A1

e probabilistic

. Recall: Wjgee = XTX +AD~IX?

» To analyze bias-variance tradeoff, we need to

generative model: x; ~ Py, y = Xw +¢€,%€ ~

» The true error at a sample with feat
Ty 2

Ey,2 k[ (V) = X" Wiigge) ™ | X

— 6 + (x w= [E,@ [XT‘//;}ridgelx])2 + [E@ [([EEZ [XTArldge |X] _ xTArldge)ZU

tram traln traln
verify at home
(verify ) 12 2 . N

_ 2 T . \2
=+ Y Gy Wu 13

Irreduc. Error Bias-squared Variance




The missing calculation from previous slide

2

o T T~ 2 _ T . \2
Claim: (x'w — Eg  [X" Wyigge [ X]) AP (w'x)
n 1
proof: (x'w — Eo, [xT W, .. |x])* = (xTw —E xTw + x! Xe >2
‘QZ train rldgel [ r’l/l + ﬂ n + ﬂ ]
using E[e] = 0 = <XTW — XTW 2
, + A
A
= (w7 )’
(n+ 1)?2

Suppose X' X = nl, then
wW... - w €
ndEe T 42 n+4




The missing calculation from previous slide

o2n
Ty 2

Claim: Eg,  [(Eg, X" Wrigge | X] = X Wyiqg0)” | ] = gLy 13
proof: Eg, [(Eg,  [X" Wiigee | ¥] = X7 Wiigee)* | 1]

I n 1

= [ ( [E[ xlw + —xTXT€] —xTw. )2]
VY n+ A ridge
. _ T T~ 2
using E[e] = 0 =[E ( n-li/lx w—X Wr1dge> ]
e[ (L)
ln + A
= E [xTXTeeTXx]
(n+ 1)?
2
| o T+T

using E[ee’] = 621 = E [x X Xx]

(n+ 1)?

o n T T
using X’ X = nl. E [x x] Suppose X' X = nl, then
R T
Wridge = —Ww + X €
|| ||2 n+ A4 n+ A

T (n +/1)2
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Bias-Variance Properties SpPeEE ATl = wll

= Ridge regressor: VA"ridge = arg min ||y — Xw”% + /1||w||%
= True error v
2 o°n
E ) 9piulil O = X Wiigge)” [ ¥] = 07 + (n + )2 (0% (n + )2 =1l
Bias-squared Variance

@ d=10, n=20, 6* = 3.0,||w||5 = 10
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as A 90, 0.50 - as A 2o
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What you need to know... nceo

> Regularization \”"”12 I 1lg

Penalizes complex models towards preferred, simpler models
> Ridge regression

L, penalized least-squares regression

Regularization parameter trades off model complexity with
training error

Never regularize the offset b, because b does not contribute to
sensitivity of the input.

[Homework 1 Problem A5 implements Ridge regression on MNIST.]
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Example: piecewise linear fit

e we fit a linear model:;

/V

f&x) = b+ wih(x) + wyhy(x) + wihs(x) + wyhy(x) + wshs(x)

e with a specific choice of features using piecewise linear functions
Wehy () cy=xX - W

hy(x) i

h(x) = | by | =
h4(x)
hs(x)

hy(x) [x+075]"

0y

-

x —0.4]"

x —0.8]" _

>
Sopets

W | Wit wett:

£ porau

-0.75

-0.75

-0.75

-0. 4 0.8 > x
ho(x)
0.2 0 0.4 0.8 _
h3(x)
hacx )
/
/ L hetx)
-0.2 0.4 0.8 > X



Example: piecewise linear fit

e we fit a linear model:;

f&x) = b+ wih(x) + wyhy(x) + wihs(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

h(x) =

hy(x)
hy(x)
h;(x)
hy(x)
hs(x)

[a]™ £ max{a,0}

X
[x + 0.75]F

x+0.2]"
x —0.4]*
x —0.8]"

y=b+ h(x)'w

-0.75 -0.2 0 0.4 0.8

the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions
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Example: piecewise linear fit (ridge regression)

0.10 1

0.05 1

0.00

=0.05 1

=0.10 1

-0.15 1

=020 1

100 -075 [-050 -025 000 025 0% 075 100 -1.00 -0.75 -050 -025 000 025 050 075 100 100 —075 -0%0 025 000 025 050 075 100

A=1 A = 0.005 A = 0.000001
N0

b~ «
We do not observe overfitting, a52d=5 << n=100j




Piecewise linear with w € RV and n=11 samples

When we only have
w41 samples and 10 =
dimensional features,
we do need
regularization to
mitigate overfitting,

d
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What do we do if d<n?

D

\ ‘ /

§Iw€ “
WMLE = arg ngn ly = X wil> WRidge = argmin ||y — X'wl|* + Allwl|>
” pdiMg]
Wave = X X)7'XTy Wridgee = X' X +AD7'X"y
N ~NSN——
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1 & J@% S 7
let us first fix sample S|ze N=30,(collect one dagse‘e of size N i.i.d. from a
distribution, and fix one traming Strain and test set S, vi 205plit

then we run multiple validations and plot the computed MSEs faor all values of p
that we are interested in

true model complexity \redu Dol )
error N '
10 1
+«— Testerror £,
107 1
10 ; N:30% 50
102 4 T & Tetn 27940
€2 @y
1077 s
e S .

Lome | Bway | Training error ...

| Gop :
10> 4 , . 2 : :

0 1 10 15 20 25 30 35 40

G poice
Model complexity ( = degree of the polynomlal)

o \_
. Given sample size N there is a threshold, p;’\j, where training error is zero

- Training error is always monotonically non-increasing
» Test error has a trend of going down and then up, but fluctuates



let us now repeat the process changing the sample size to N=40 ,

and see how the curves change @

true model complexity Tram ek 32
eITOry: - N ’

| i
10" 1 '

| . \Test error <

r | . \I

10° :
10°!
10-31
10-3 - ini

: — Training error £ ...
10~ :

i J
10~ D : ,

Model complexity ( = degree of the polynomial)
The threshold, p;’\;, moves right

Training error tends to increase, because more points need to fit
Test error tends to decrease, because Variance decreases



let us now fix predictor model complexit coIIect multiple
datasets by starting with 3 samples and addingone sample at a time to

the training set, but keeping a large enough test set fixed
then we plot the computed MSEs for all values of train sample size

Ntrain that we are interested |
<—-——/< /;
cIrror "

10]3 .
i./'\
\ f+<—Te@gst error &

\ ['| test
YL

\
\v

. v \.‘ - QC‘P a>

}AZ" —= :‘xﬁ—Training error &

[;—Ee L N;)»%Lz ;b_|_ 1 = gbl " [traiiléosample size Ntraia
vO

There is a threshold, N];k, below which training error is zero (extreme overfit)

1013 4

107 R

10* 1

10"

lo—:' B

train

10-3

Below this threshold, test error is meaningless, as we are overfitting and there are
multiple predictors with zero training error some of which have very large test error

Test error tends to decrease
Training error tends to increase



Questions? Ao

- Good questions on Ed Discussion
- Will we be tested in “bias”™?
- Bias shows up in many places, and you will have to know the concept.
Anything that is taught in lectures can show up in the exams.

- Why do we use x tg.denote a column vector and not a row vector?

the-same a IS just my writing that is not always consistent

- What i

- The reason it is unnatural to think about 8* is that it is something that does
not exist in reality. Only time it exists is when you generate simulated data
yourself (like in lecture notes and homework).

- The right interpretation is that we hypothesize that nature has chosen to
generate the data from a distribution, which can be written as P( - ; 6*).

- Whether this assumption is correct or not, we are deciding to go ahead with
our MLE process.

- That gives us some MLE estimate and corresponding distribution

(-3 MLE) What we do with it, and what we believe about it is up to us.

(Hence you need to check your accuracy on a holdout set, which we will learn
later)

[Homework 1 Problem A4 analyzes similar bias-variance tradeoffs]

e ‘ e




Questions?



