
Lecture 5:
Regularization

- how to avoid overfitting.

- Sewoong’s OH today 2:00-3:00 
- Pang Wei’s office hour postponed (check on Ed) 
- No exceptions on exam date/time.



Ridge-regression
How to avoid overfitting



Sensitivity: how much prediction changes 
as we change the input

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b



• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

ŵridge = arg min
w {

n

∑
i=1

(yi − xT
i w)2 + λ∥w∥2

2}

Sensitivity: how much prediction changes 
as we change the input

regularization coefficient

regularizer{



Ridge Regression

■ (Original) Least squares objective:  

e.g.,   f (w1, w2) = (1 − [1,0][w1
w2])2 + (2 − [0,1][w1

w2])2

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

ŵMLE = arg min
w

n

∑
i=1

(yi − xT
i w)2



Ridge Regression

■ (Original) Least squares objective:  

■ Ridge Regression objective: 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)
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+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)
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Minimizing the Ridge Regression Objective

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2

vector gradient
∇x f(x)



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

• When  this recovers the MLE estimate, as a special case 
• This defines a family of models hyper-parametrized by  
• Large  means more regularization and simpler model 
• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2

To get some intuition, suppose input  satisfies ,X XT X = nId×d



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2

Housing price predictor w′ i s

which model is more complex?



training MSE
<latexit sha1_base64="lf01m9336ECx70CC9KiAIx78lsA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEoghehov2ANpTNdtMu3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMCxIpDLrut7Oyura+sVnYKm7v7O7tlw4OmyZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1xbUSsHnGccD+iAyVCwShaqYuaCiXUgNw93PRKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+b3Twhp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk2kApC80ZyjHllCmhb2VsCHVlKGNqWhD8BZfXibNasU7r1Tvq+XaVR5HAY7hBM7AgwuowS3UoQEMEniGV3hzUufFeXc+5q0rTj5zBH/gfP4AhWWRVQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

• as we increase , this gain in test MSE 
comes from shrinking w’s to get a less 
sensitive predictor 
(which in turn reduces the variance)

λ

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

Housing price predictor w′ i s

• this is the role of regularizer



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  
for some ground truth model parameter  

■ The true error at a sample with feature  is  
 

       
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
w

x
𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]
= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train

[(𝔼[y |x] − xTŵridge)2 |x]
Learning ErrorIrreducible Error



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]
= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train

[(𝔼[y |x] − xTŵridge)2 |x]
= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train

[(xTw − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x
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Bias-squared VarianceIrreduc. Error



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

        

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]
= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train

[(𝔼[y |x] − xTŵridge)2 |x]
= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train

[(xTw − xTŵridge)2 |x]
= σ2 + (xTw − 𝔼𝒟train

[xTŵridge |x])2 + 𝔼𝒟train
[(𝔼𝒟̃train

[xTŵridge |x] − xTŵridge)2 |x]
Bias-squared VarianceIrreduc. Error

Suppose , then  

                                                           

XTX = nI ŵridge = (XTX + λI)−1XT(Xw + ϵ)

= n
n + λ

w + 1
n + λ

XTϵ



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

 

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]
= σ2 + (xTw − 𝔼𝒟train

[xTŵridge |x])2 + 𝔼𝒟train
[(𝔼𝒟̃train

[xTŵridge |x] − xTŵridge)2 |x]

= σ2 + λ2

(n + λ)2 (wT x)2 + σ2n
(n + λ)2 ∥x∥2

2

Bias-squared VarianceIrreduc. Error

Suppose , then  

 

XTX = nI
ŵridge = n

n + λ
w + 1

n + λ
XTϵ

(verify at home)



The missing calculation from previous slide

Claim:  

proof:  

using                                        

                                                         

(xTw − 𝔼𝒟train
[xTŵridge |x])2 = λ2

(n + λ)2 (wT x)2

(xTw − 𝔼𝒟train
[xTŵridge |x])2 = (xTw − 𝔼[ n

n + λ
xTw + 1

n + λ
xT Xϵ])2

𝔼[ϵ] = 0 = (xTw − n
n + λ

xTw)2

= λ2

(n + λ)2 (wT x)2

Suppose , then  

 

XTX = nI
ŵridge = n

n + λ
w + 1

n + λ
XTϵ



The missing calculation from previous slide

Claim:  

proof:  

                             

using           

                              

                               

using .       

using .          

                               

𝔼𝒟train
[(𝔼𝒟̃train

[xTŵridge |x] − xTŵridge)2 |x] = σ2n
(n + λ)2 ∥x∥2

2

𝔼𝒟train
[(𝔼𝒟̃train

[xTŵridge |x] − xTŵridge)2 |x]
= 𝔼[ ( 𝔼[ n

n + λ
xTw + 1

n + λ
xT XTϵ] − xTŵridge)2]

𝔼[ϵ] = 0 = 𝔼[ ( n
n + λ

xTw − xTŵridge)2]
= 𝔼[ ( 1

n + λ
xT XTϵ)2]

= 1
(n + λ)2 𝔼[ xT XTϵϵT Xx]

𝔼[ϵϵT] = σ2I = σ2

(n + λ)2 𝔼[ xT XT Xx]
XTX = nI = σ2n

(n + λ)2 𝔼[ xT x]
= σ2n

(n + λ)2 ∥x∥2
2

Suppose , then  

 

XTX = nI
ŵridge = n

n + λ
w + 1

n + λ
XTϵ



Bias-Variance Properties

■ Ridge regressor:  
■ True error 

𝔼y,𝒟train|x[(y − xTŵridge)2 |x] = σ2 + λ2

(n + λ)2 (wT x)2 + σ2n
(n + λ)2 ∥x∥2

2

Bias-squared Variance

d=10, n=20, ,σ2 = 3.0 ∥w∥2
2 = 10

λ

as λ 0, 
ŵridge → ŵMLE

as λ ∞ 
ŵridge → 0

Suppose ,  XTX = nI

ŵridge = arg min
w

∥y − Xw∥2
2 + λ∥w∥2

2



What you need to know…

> Regularization 
– Penalizes complex models towards preferred, simpler models 

> Ridge regression 
– L2 penalized least-squares regression 
– Regularization parameter trades off model complexity with 

training error 
– Never regularize the offset , because  does not contribute to 

sensitivity of the input.
b b

[Homework 1 Problem A5 implements Ridge regression on MNIST.]



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)
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<latexit sha1_base64="bi4HpZcSj7aJHPC01f+B69ptUoM=">AAAB8nicbVBNSwMxFMzWr1q/qh69BFvBU9mtB70IRS8eK9ha2C4lm822odlkSd4KZenP8OJBEa/+Gm/+G9N2D9o6EBhm5pH3JkwFN+C6305pbX1jc6u8XdnZ3ds/qB4edY3KNGUdqoTSvZAYJrhkHeAgWC/VjCShYI/h+HbmPz4xbbiSDzBJWZCQoeQxpwSs5Nf7wmYjcu3VB9Wa23DnwKvEK0gNFWgPql/9SNEsYRKoIMb4nptCkBMNnAo2rfQzw1JCx2TIfEslSZgJ8vnKU3xmlQjHStsnAc/V3xM5SYyZJKFNJgRGZtmbif95fgbxVZBzmWbAJF18FGcCg8Kz+3HENaMgJpYQqrndFdMR0YSCbaliS/CWT14l3WbDu2g075u11k1RRxmdoFN0jjx0iVroDrVRB1Gk0DN6RW8OOC/Ou/OxiJacYuYY/YHz+QPvcJBd</latexit>

We do not observe overfitting, as d=5 << n=100



Piecewise linear with  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi

When we only have 
11 samples and 10 
dimensional features, 
we do need 
regularization to 
mitigate overfitting,



What do we do if d<n?

 ŵMLE = arg min
w

∥y − XTw∥2

ŵMLE = (XT X )−1XTy
 ŵRidge = arg min

w
∥y − XTw∥2 + λ∥w∥2

ŵRidge = (XT X + λI)−1XTy

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)



• let us first fix sample size N=30, collect one dataset of size N i.i.d. from a 
distribution, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of p 
that we are interested in

Strain Stest

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT



• let us now repeat the process changing the sample size to N=40 , 
and see how the curves change

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

p⇤24
<latexit sha1_base64="p7Coty7qlwiFjV+FYNx+txI/4zw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9iNAT0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJeWK5NeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRL3kWpfFcpVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1hHj4M=</latexit>

p⇤32
<latexit sha1_base64="imkQXCtlBfHMS2YknuSm9SVzV2U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9hNBD0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJdWypNeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRLXqVUvrsoVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1bDj4I=</latexit>

• The threshold, , moves right

• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time to 
the training set, but keeping a large enough test set fixed


• then we plot the computed MSEs for all values of train sample size 
Ntrain that we are interested in

• There is a threshold, , below which training error is zero (extreme overfit)

• Below this threshold, test error is meaningless, as we are overfitting and there are 

multiple predictors with zero training error some of which have very large test error

• Test error tends to decrease

• Training error tends to increase

N*p

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

Test error ℒtest

Training error ℒtrain
N*p = p + 1 = 31

OVERFIT UNDERFIT



Questions?

[Homework 1 Problem A4 analyzes similar bias-variance tradeoffs]

- Good questions on Ed Discussion 
- Will we be tested in “bias”? 

- Bias shows up in many places, and you will have to know the concept. 
Anything that is taught in lectures can show up in the exams. 

- Why do we use  to denote a column vector and not a row vector? 
-  is the same as , it is just my writing that is not always consistent 
- What is ? 

-  The reason it is unnatural to think about  is that it is something that does 
not exist in reality. Only time it exists is when you generate simulated data 
yourself (like in lecture notes and homework).  

- The right interpretation is that  we hypothesize that nature has chosen to 
generate the data from a distribution, which can be written as . 

- Whether this assumption is correct or not, we are deciding to go ahead with 
our MLE process. 

- That gives us some MLE estimate and corresponding distribution 
. What we do with it, and what we believe about it is up to us. 

(Hence you need to check your accuracy on a holdout set, which we will learn 
later)

x
θ* θ*

θ*
θ*

P( ⋅ ; θ*)

P( ⋅ ; θ*MLE)



Questions?


