Lecture 5:
Regularization

- how to avoid overfitting.




Ridge-regression

How to avoid overfitting




Sensitivity: how much prediction changes
as we change the input

* For a linear model,
y b + W1x1 -+ WzXz + - + ded

if | w;|is large then the prediction is sensitive to small changes in x;

- Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

. Note that b is a constant and hence there is no sensitivity for the offset b
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Sensitivity: how much prediction changes
as we change the input

* For a linear model,
Yy b+ wixg+ WXy + o0 + wyx,
if | w;|is large then the prediction is sensitive to small changes in x;

- Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

. Note that b is a constant and hence there is no sensitivity for the offset b

. In Ridge Regression, we use a regularizer ||w||% to measure and control
the sensitivity of the predictor

« And optimize for small loss and small sensitivity, by adding a reqularizer in

the objective (assume no offset for now) regularizer
—~

Wigge = argmin {Zm—x W) + 2wl |

regularization coefficient



Ridge Regression

» (Original) Least squares objective:
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Ridge Regression

» (Original) Least squares objective: n

= Ridge Regression objectlve
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Minimizing the Ridge Regression Objective

Wrigge = arg min ||y — Xwl|5 + A[|wl|3
w

Scalar derivative vector gradient

flzy = £ | fx) —= VW

br — b xXB - B
br — b xITb —> b
T2 — 2z xI'x - 2x
bz? — 2br | x'Bx — 2Bx




Shrinkage Properties

A

Wridge

arg min ||y — lel% + lllwll%

w

(XTX + A X!y

To get some intuition, suppose input X satisfies X' X = 171 B

e When A = 0, this recovers the least squares model, as a special case
e This defines a family of models hyper-parametrized by A

e Large A means more regularization and simpler model

e Small A means less regularization and more complex model



n
Ridge regression: minimize )’ (w’x; — y)? + 4[| wl|3
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which model is more complex?

e Left plot: leftmost training error is with no regularization: 0.1093
e Left plot: rightmost training error is variance of the training data: 0.9991
* Right plot: called regularization path



Ridge regression: minimize Z (wal- = yl-)2 + /1||w||%

=1
Housing price predictor w/s
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e as we increase A, this gain in test MSE e thisis the role of regularizer

comes from shrinking w’s to get a less
sensitive predictor
(which in turn reduces the variance)



Bias-Variance Properties

. Recall: Wy = XX + 4D~ X"y

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N(0,6°T)
for some ground truth model parameter w

= The true error at a sample with feature x is

T~ 2
[Ey’gtrainlx[(y_x Wridge) |'x]



Bias-Variance Properties

. Recall: Wy = XX + 4D~ X"y

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N(0,6°T)

= The true error at a sample with feature x is

Eyo, .| Ay —x TVA"ridge)z | x]

= By, [(v — ELy [x1?|x] + Eg_ [(ELy 2] — xTWyig00)% | 1]

Irreducible Error Learning Error




Bias-Variance Properties

. Recall: Wy = XX + 4D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ ,/V((),JZI)
= The true error at a sample with feature x is
[Ey,%ramlx[(y —x'W rldge)2 | x]
= Ey|x[(y — E[y|x)*|x] + Eg_ [(E[y|x] = x" Wyigee)* | 1]

[(y X W)2 |x] + [EQZ [(-x W — xTerdge)z |x]

y | X train



Bias-Variance Properties

. Recall: Wy = XX + 4D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N(0,6°T)

= The true error at a sample with feature x is

T~ 2
[Ey’gtrainlx[(y_x erdge) |x]

= By, [(v — ELy [x1?|x] + Eg_ [(ELy 2] — xTWyig00)% | 1]

=, [(y— xIw)? | x] + Eg,  [(xTw — xTvAvridge)z | x]

train

T~ 2 T~ T~ 2
[ Wridgelx]) + [EQZtram[([E@train[x wridgelx] —A Wridge) | x]

= o’ + (xTw - E5,

train

Irreduc. Error Bias-squared Variance



Bias-Variance Properties

. Recall: Wy = XX + 4D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ N (0,6°1)
= The true error at a sample with feature x is
[Ey,%raml L —x TVA"ridge)z | x]
= E,,[(y — Ely|xD*|x] + Eg,_ [(E[y|x] — x" Wyjge)* | X]
=E,,[(y - xTw)? | x] + [Egzmin[(xTw — xTvAvridge)z | x]
[(Es

Irreduc. Error Bias-squared Variance

A T T 2
=6+ (x!w—-Eg [xTwridgelx])2 + Eg [ Wigge | X] — X" Wijgee)” | 4]

train train

train

Suppose XX = nl, then Wridge = (XX + 2D X' Xw + ¢€)

n 1
= w +
n+ A1 n+ A

X’e




BiaS'Variance Properties Suppose X' X = nl, then

R n 1
Weidoe = w+

X%e
ndge ™ 41 n+A

Recall: Wijgqe = (X' X 4+ AD ™' Xy
To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+¢€, € ~ /V(O,O'ZI)
The true error at a sample with feature x is
[Ey,QZtramlx[(y —x'W rldge)2 | x]

= Ey,xuy — Ely| x| x] + Eg_ [(ELy |x] = x W00 | 1

[(y X W)2 |x] + [EQZ [(-x W — 'xTWndge)z |x]

y |'x train

= 02 + (x [ [Egtrain[.X:T‘;‘\}ridge | x])z + |:E@train[([Egztrainl;xT‘;‘\)ridge |x] o XTwrldge)z | x]
(verify at home) /12 2
2 T N2
=0 + w'x)~ + 1x]13
(n + 1) (n+A2 7

Irreduc. Error Bias-squared Variance



The missing calculation from previous slide

2

o T Tr, 2 _ T N2
Claim: (x'w — Eg [X" Wyjgge [ X]) e (w'x)
n 1
roof: (xTw — E xIw. x])? = (xTw — [E xlw + ——xT Xe )2
p ( @train[ rldgel ]) [’/’l/l + A n+ ﬂ ]
using E[e] = 0 = (XTW — XTW>2
) n+A
A
= (w7 x)?
(n+ 1)?

Suppose XX = nl, then
Wedon = w €
ndEe T b n+ A




The missing calculation from previous slide

2n
. T~ 2
Claim: [Egtmm[([Egtram[x Wridge | X] = X" Wyjgee) [ X] = AP XI5
prOOf: E@train[([Ethrain[x Wridge | X] — xT A rldge)2 | X]
i n 1
=E <[E[ xfw+ —xTXTe ] —xTw )2]
Y n+ A ridge
. _ T T A~ 2
using E[e] = 0 =[E ( n—liﬂx Ww—X wndge> ]
= [E[ ( —xTXT€>2]
ln + A
= [E [xTXTeeTXx]
(n+ 1)?
2
| o TvT
using E[ee”] = 6°1. = E [x X Xx]
(n + 1)?
2
| on T T
using X’ X = nl. E [x x] Suppose X' X = nl, then
Wridge = —Ww + XT€
|| ||2 n+ A n+ A

e /1)2
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Bias-Variance Properties Suppose X' X = nl,

= Ridge regressor: w

ridge = arg min [ly — Xw|l3 + A[lwll3
w

= [rue error

2 2
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_ T 2 — A2 T .\2 2
[Ey,gtmin|x[(y A Wndge) |.X] o~ + (n +/1)2 (W X) + (I’l +/1)2 ”xllz
Bias-squared Variance

d=10, n=20, 6* = 3.0,||w||5 = 10
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What you need to know...

> Regularization
Penalizes complex models towards preferred, simpler models

> Ridge regression
L, penalized least-squares regression

Regularization parameter trades off model complexity with
training error

Never regularize the offset b, because b does not contribute to
sensitivity of the input.

[Homework 1 Problem A5 implements Ridge regression on MNIST.]



Example: piecewise linear fit

o we fit a linear model:
f&x) = b+ wih(x) + wyohy(x) + wihs(x) + wyhy(x) + wshs(x)

e with a specific choice of features using piecewise linear functions )
X

|l T x T
h,(x) [x 4+ 0.75]7
hx)= [hyx)| = | [x+02]7 L
By (x) x — 0.4]"
hs(x) | [x - 0.8]" ]
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Example: piecewise linear fit

e we fit a linear model:;

f&x) = b+ wih(x) + wyohy(x) + wihs(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

hl (x)
hy(x)

h(x) = | hz(x)

[a]*

h4(x)
hs (x)

£ max{a,0)}

X

[x +0.75]"

x4+ 0.2]
x — 0.4]

x — 0.8]

+ + +

y=b+ h(x)'w

| | | | |
-0.75 -0.2 0 0.4 0.8

the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
f&x) = b+ wih(x) + wyohy(x) + wihs(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions
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Example: piecewise linear fit (ridge regression)
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A=1 A = 0.005 A = 0.000001

We do not observe overfitting, as d=5 << n=100



Piecewise linear with w € RV and n=11 samples
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What do we do if d<n?

™ .

.

-

~ . T u? ~ . 0
Wy = argmin ||y — X w]| Wridge = argmin [ly — X wi|> + A||w]|

w w
Wy = X' X)Xy Wridee = XTX +AD™'XTy



Questions?



