Lecture 4:
Cross validation and
Bias-Variance Tradeoff

- explaining test error using theoretical analysis
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Cross-validation

Leave-one-out Cross Validation and k-fold Cross Validation
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LOO cross validation

LOO Cross validation

Pro: Con:

k-fold Cross validation

Pro: Con:



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use n — 1 data points
So it's not estimate of true error of learning with n data points

learning with less data typically gives worse answer = Usually
validation error is pessimistic

but that bias is small, since n — 1 is very close to n

> LOO is almost unbiased, and it is common to use LOO error for
model class selection

E.g., picking degree is a model class selection since, for example,
a set of all degree-5 polynomial functions is a model class

> But, LOOCYV requires a lot of computational time
Suppose you have 100,000 data points

You implemented a great version of your learning algorithm that
Learns in only 1 second

Computing LOO will take about 1 day.
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Use k-fold cross validation

Randomly divide training data into k equal parts 1
D,,....D,

For each j
Learn model fj,,; using data point not in D,

Estimate error of f, 5, on validation set D
1

D.
| ll (xJ7yJ)€D1
k-fold cross validation error is average over data splits:

errory (fp\p,) =

| &
eI10Ty_ 7y = ; Z errorDi( fD\ Di)
i=1

k-fold cross validation properties:
Much faster to compute than LOO

More (pessimistically) biased — using much less data, only

Usually, k =10
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Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose hyper-parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never train or choose hyper-parameters based
on the test data



Example 1

> You wish to predict the stock price of zoom.us given historical stock
price data

> You use all daily stock price up to Jan 1, 2020 as TRAIN and Jan 2,
2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?



http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick a subset of
50 dimensions that have the highest correlation with labels in the

entire dataset: .
‘ Zi:1 xza]y’5|

\/Z?ﬂ 3312]
> After picking our 50 features, we then break data into train and test

dataset.

> We train linear regression on these selected features on the training
set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest



Bias-Variance Tradeoff

- explaining test error using theoretical analysis

W



y degree 3

Train/test error vs. complexity .
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* Test error has a U shape as we change the model o1
complexity 0
* We want to theoretically explain and understand this oo

05 -

important phenomenon in machine learning ~0.05 {
* This is called bias-variance tradeoff -0.10 1
* Let’s start with what an optimal predictor can 015 ]

-0.20 1

achieve, and how practical predictor deviates from it.
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Typical notation for this lecture:

Opt| mal prediCtiOn X denotes a random variable

X denotes a deterministic instance

« Suppose data is generated from a statistical model (X, Y') ~ Py y
« and assume we know Py (just for now to explain statistical learning)

e Then learning is to find a predictor 7 : R4 — R that minimizes
X = nX)

. the expected error Ex y)p [(¥ — (X )%

e think of this random (X, Y') as a new sample you will encounter when you
deployed your learned model, and we care about its average performance



Typical notation:
X denotes a random variable
X denotes a deterministic instance

Optimal prediction
Suppose data is generated from a statistical model (X, Y) ~ Py y

« and assume we know Py (just for now to explain statistical learning)

Then learning is to find a predictor # : R - R that minimizes

« the expected error Ey y..p, Y[(Y — 1n(X))?]

e think of this random (X, Y') as a new sample you will encounter when you
deployed your learned model, and we care about its average performance

Since, we do not assume anything about the function #(x), it can take any value for
each X = x,

o for example 77(1.0) has nothing to do with #(1.1)

hence we can try to find the optimal prediction 77(x) for each value of X = x
separately



Typical notation:
X denotes a random variable
X denotes a deterministic instance

Optimal prediction
Suppose data is generated from a statistical model (X, Y) ~ Py y
« and assume we know Py (just for now to explain statistical learning)
Then learning is to find a predictor # : R - R that minimizes
« the expected error [E(X,Y)NPX,Y[(Y — 1n(X))?]

e think of this random (X, Y') as a new sample you will encounter when you
deployed your learned model, and we care about its average performance

Since, we do not assume anything about the function #(x), it can take any value for
each X = x, hence we can try to find the optimal prediction 7(x) for each value of
X = Xx separately

° lE(X,Y)NPX,Y[(Y _ H(X))z] — [EXNPX[[EYNPYlX[(Y — ”(x))z |X — X] ]
= J[EYNPYlX[(Y — 1(x))* | X = x] Px(x) dx

D Px(x) Eyp, [(Y = n(0))*| X = x]

Or for discrete X,

Where we used the chain rule: Ey [ f(X, Y)] = [EX[ [EYlX[f(x, Y)| X = x] ]



Optimal prediction

To find an optimal predictor, we can solve the optimization for each X = x
separately

., h(x) = argmin [EYpr|X[(Y —a)’| X = x]

a,€ER
The optimal solution is #(x) = [EYpr|X[Y|X = x|,
which is the best prediction in £,-loss/Mean Squared Error

Claim: Ey_p [Y|X=x] = argminE,_p [(Y —a)?|X = x]
Y|X a.cR Y|X

Proof:

Note that this optimal statistical estimator #(x) = E[Y | X = x] cannot be
implemented as we do not know Py  in practice

This is only for the purpose of conceptual understanding



Statistical Learning

Pxy (X =2z,Y =y)

y=1

- Consider a joint distribution Pyy(x, y)
* QOur goal is to find the optimal predictor

1(x) to minimize [E(X,Y)pry[(Y —n(X))?]




Statistical Learning

» The optimal predictor is given by
n(x) = Ep, [Y|X =x]

ny(y . y‘X - Cl?())

“,
‘1
........................................................



» The optimal predictor is given by

Statistical Learning nx) = Ep, [Y]X = x]
ny(Y — y‘X — Sl?())

y=0" Ty=1
n(xe) = E[Y | X = x]

“,
‘1
.........................................................




Statistical Learning

Pxy (X =2z,Y =y)

But we do not know PX,Y ,
and so we cannot compute 7(x)

We only have samples.
What can we do?

nx) = Ey|x[Y|X = X]



Statistical Learning

Pxy(X =x,Y =y) Ideally, we want to find:
nz) = Eyx[Y|X = 1]

But we only have samples:

(aii,yz)ZZdPXY fOI”iZl,...,?’L

So we need to restrict our
predictor to a function class
(e.g., linear, degree-p polynomial)
to avoid overfitting and minimize
empirical error:

fp = arg min — Z (y; — f(x)))?
EJf n
EY|X[Y‘X — x]

We care about how our predictor performs on future unseen data
True Error of f Ex yl(Y — fD(X )]



True error [EX’Y[(Y—]?D(X))Z] is random
because f, is random (whose randomness comes from training data D)

Optimal predictor

/77(33) = Ey | x[Y]X = 1]

> Learned predictor
A . 1
fo = argmin—— DY =)
J&F (x;,y,)ED

 We are interested in the True Error

X of a (random IearnedA redictor:
Ex y[(Y — f5(X))’]

Each draw of D = {(x;,y;) }._, results in differenth




Demo bias-variance trade-off

P 2y, Zxy
Exercise: Given joint distribution (X, Y) ~ A ([py, pyl, ),
Zyy, 2y

- is £y y| X + Y| a random variable or not?
- is Eyy|X + Y| Y| a random variable or not?

- is Ey)y|X + Y| Y = y] a random variable or not?



True error [EX’Y[(Y—]?D(X))Z] is random
because f, is random (whose randomness comes from training data D)

« We are interested in the True Error of a (random) learned predictor:
[EX,Y[(Y — fg@(X))z]

» But the analysis can be done for each

X = x separately, so we analyze the
true error:

Eyxl(Y — f()? | X = x]

X=X

Each draw of D = {(x;, y;)}'_, results in differenth



True error [EX’Y[(Y—]?D(X))Z] is random
because f, is random (whose randomness comes from training data D)

« We are interested in the True Error of a (random) learned predictor:

\ [EX,YKY—f@(X))Z]\

X=X

» But the analysis can be done for each

X = x separately, so we analyze the
true error:

[Eyn (Y — Fo)?1X = o1

 And we care about the
conditional true error, averaged over
training data:

Eq | Eypxl(Y — fo()* | X = x] |
written compactlx as
= Eg y [(Y = f5(x))7]

= E[(Y - fo(0))]

Each draw of D = {(x;, y;)}'_, results in differenth



Bias-variance tradeoff

Ideal predictor Learned predictor

n(z) = Ey | x[Y]X = z] fo = argmin 1 D, Gi—f&@)

feF || e

* Average conditionaIA true error: A
Eg vl (Y — fo(0))°] = Egy [(Y — n(x) + n(x) — f5(x))°]



Bias-variance tradeoff



Bias-variance tradeoff

Ideal predictor Learned predictor
_ _ n 1
n(z) = EYIX[Y‘X = fo = argmin Z (v; — f(x,))*
feF || e

» Average conditionaIA true error: A
Eg vl (Y = fo(0))*] = Eg y [(Y — n(x) + n(x) = f(x))°]

o 1a| (V= 1600 + 20Y = 1)) = Fo) + (1) = Fy0)? |
Eyp[(Y = 7)) + 2Eg y L (Y= 7(0) (%) = fo ()] + Eg[(n(x) — ()]

expectationlO
(this follows from independence of & and (X, Y) and
EylY = n(0] = E[Y] X = x] - 7(x) = 0)

= Eyl(Y =700+ Egl(i(x) — fo(0)]

Irreducible error Average learning error
Caused by | | Cause_d by
(a) stochastic label noise in PY|X=x (a) either using too “simple” of a model or

(b) cannot be avoided (b) not enough data to learn the model accurately



Bias-variance tradeoff

Ideal predictor Learned predictor
_ __ o 1
77(33) — EYIX[Y‘X — 33] fg = argmin Z (y; — f(x,))?
feF || D

* Average learning error:

Eol(1(x) = fo ()] = Eg| (n(x) — Eglfo(0)] + Eglfo()] — fo(x) )?]



Bias-variance tradeoff

Ideal predictor Learned predictor
_ __ o 1
77(33) — EYIX[Y‘X — 33] fg = argmin Z (y; — f(x,))?
feF || D

* Average learning error:

Eq (1) = fo@)’] = Eg[ (n() = Eglfo(@)] + Eglf5(0] - f5) )?]
= Eq| (109 = Eglf5 (017 +2010) = Eg [ foD(Eg S5 (0] - o (x)

+(Egl /@] - fo(0)*

= (100 = Eglfo)* + Eo (Eoliu®] - 7u)?|

biased squared variance

[Homework 1 Problem B2 derives similar trade-off for a specific estimator]



Bias-variance tradeoff

« Average conditional true error:
Eg vl (Y = fo(0)’] = Eyp[ (¥ = n(0))°]
irreducible error
+ (100 = Eglfo)? + o (Eglfo(] - f5)?)

biased squared variance

06 —— bias?

Bias squared: '
measures how the . T :ft:?nce
predictor is mismatched with

the best predictor in
expectation 5

variance:

measures how the predictor
varies each time with a new
training datasets

0.0 0.2 04 0.6 0.8 10
complexity



error

Recap: Bias-variance tradeoff with simple model

X —
(Ccnceptual) bias variance tradeoff o1e ;7(, ) p=4

—— bias?
\ . 0.10 4
—— variance

—— total
0.05 A

0.00 -

-0.05 -

-0.10 A

. ~0.15 - Average predictor [E@[fg(x)]

complexity -0.20 T T T T T T T T T
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« When model complexity is low (lower than the optimal predictor #(x))
. Bias? of our predictor,( n(x) — E@[f@(X)])z, is large
- Variance of our predictor, [EQZ[ ([Eg,z[fg(x)] —fc@(x))zl, is small

* If we have more samples, then
 Bias
« Variance
« Because Variance is already small, overall test error



error

Recap: Bias-variance tradeoff with simple model
nw  p =20

(Conceptual) bias variance tradeoff

0.15 1

—— bias?
—— variance

0.10 -1

— tolal 0.05 1
/ 0.00 4
—-0.05
—-0.10

-0.15 A1
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Average predictor Eg[ f@(X)]

complexity

« When model complexity is high (higher than the optimal predictor #(x))
. Bias? of our predictor,( n(x) — [Eg[fg(x)])z, is small
. Variance of our predictor, [EQZ[ ([E@[fg(x)] —fc@(x))zl, is large

* If we have more samples, then
 Bias
» Variance
» Because Variance is dominating, overall test error



* et us first fix sample size N=30, collect one dataset of size N i.i.d. from a
distribution, and fix one training set S,,;, and test set S, via 80/20 split

 then we run multiple validations and plot the computed MSEs for all values of p

that we are interested in
true model complexity

error
10! 1 N
| +~— Test error &£,
107 1
107
1072 1
1073 1
< iNi .
e Training error <.
T 0 5 ats » 3 4
i, =241

. Given sample size N there is a threshold, p]’\‘;, where training error is zero

* Training error is always monotonically non-increasing
« Test error has a trend of going down and then up, but fluctuates



* |et us now repeat the process changing the sample size to N=40 ,
and see how the curves change

true model complexity

eITOT g - | 7
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| .. | DTesterror £
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Model complexity ( = degree of the polynomial)
e The threshold, p;‘\;, moves right

e Training error tends to increase, because more points need to fit
e Test error tends to decrease, because Variance decreases



let us now fix predictor model complexity p=30, collect multiple

datasets by starting with 3 samples and adding one sample at a time to
the training set, but keeping a large enough test set fixed

Ntrain that we are interested in

eIrror 1
10*3 4 -
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: \ il Test error &
107 1 j v
° e
-
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then we plot the computed MSEs for all values of train sample size

test

<—Training error L eain

train sample size Nirain

There is a threshold, N]jﬂ below which training error is zero (extreme overfit)
Below this threshold, test error is meaningless, as we are overfitting and there are

multiple predictors with zero training error some of which have very large test error

Test error tends to decrease
Training error tends to increase



Questions?

- Good questions on Ed Discussion
- Will we be tested in “bias™?

- Bias shows up in many places, and you will have to know the concept.

Anything that is taught in lectures can show up in the exams.
- Why do we use x to denote a column vector and not a row vector?
- % is the same as 0., it is just my writing that is not always consistent
- What is 6*?

- The reason it is unnatural to think about 8* is that it is something that does
not exist in reality. Only time it exists is when you generate simulated data
yourself (like in lecture notes and homework).

- The right interpretation is that we hypothesize that nature has chosen to
generate the data from a distribution, which can be written as P( - ; 6*).

- Whether this assumption is correct or not, we are deciding to go ahead with
our MLE process.

- That gives us some MLE estimate and corresponding distribution

P(-; MLE) What we do with it, and what we believe about it is up to us.

(Hence you need to check your accuracy on a holdout set, which we will learn
later)

[Homework 1 Problem A4 analyzes similar bias-variance tradeoffs]



