Lecture 2: MLE for Gaussian
and linear regression
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- HWO due Wednesday October 8th midnight
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- Some office hours can gét cancelled due to travel, etc. Check Ed/Logistic
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Recap: Maximum Likelihood Estimation

 Observe &Y —{)_(I,Xz, ..., X,%drawn i.i.d. from P( ; 0) for some

ground truth 6 = 6*, unknown to us Bwuﬁwu? (n.g)
 Maximize log-likelihood when we observe k heads in 7 flips

log P(2;6) = lo350%0-67"
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Recap: Maximum Likelihood Estimation

« Observe ¥ = X, X,, ..., X drawn i.i.d. from P(X;; &) for some
ground truth @ = 6*, unknown to us
e Maximize log-likelihood when we observe k heads in 7 flips

log P(Z;0) = klog(f) + (n — k)log(1 — 0)

P(2;0) when k heads obsereved in n flips
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« Use the fact that derivative_is zero at maxima (and also minima)

.
e Set derivative to zero,

&
d
and find @ satisfying: pT log P(;0) =0



Maximum Likelihood Estimation

Observe X, X,, ..., X, drawn i.i.d. from P(X}; 6) for some true 8 = 6*
n

Likelihood function: L (6) = HP(Xi; 0)
=1

_ Log-likelihood function: ,(6) = logL,(0) = Z log P(X;; 0)
i=1
. Maximum Likelihood Estimator (MLE): 0, ¢ (=) arg max Z, (6)
e 0

e Warning when setting the derivative to zero to find the MLE: v

e The solution includes maxima, minima, and stationary points = needs to be checked
e |t does not always lead to an explicit expression in a closed form = alternative methods
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What about continuous variables?

* Client. What if | am measuring a continuous variable?
 You: Let me tell you about Gaussians... ¢

- A Gaussian random variable is written as X ~ A (u, 6%)
with mean u 2 F[X] and variance 6> £ [E [ (X — IE[X])Z]

« The p.d.f. (Probability Density Function) of X is

2 1 e
P(x;p,0°) = e 27
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[EdDiscussion Question: What distributions do we need to memorize?] Ga 48 av



Some useful properties of Gaussians

* Affine transformation
(multiplying by scalar and adding a constant)

e X ~ «/V(//l, 02) C:(Lauc;'(aw
e Y=aX+b = Y~ N(au+ b,a’c?)
Po( 88

oF @ausslau Jestdaons L

 Sum of Gaussians = >t ‘ ) \
closed " Undey S lagnatlon

o X i «/V(ﬂXa 0)2()
Y~ Ny 07) o
cZ=X+Y => Z~ Ny + py, 62+ 62

* [HWO Questions A3 and A4]



MLE for Gaussian

. Hypothesis: i.i.d. samples @ = {x, X, ..., X, } from A (u, 6%)
P(S@;@\}Zz}) P(xy, ..., X, i, 67)
[9’ — P(xlnua 2) XP(xz,//l, 2) X - P( nua 0-2)
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* Log-likelihood of data:

2,
— @)
log P(D; p, 6%) = Z{ ‘%fér) >/t %
Z 0 o
S Ll v e of
« Whatis Oy for 0 = (4, 62) ? e Y
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Your second learning algorithm:
MLE for mean of a Gaussian distribution

e What’s MLE for mean? Set partial derivative to zero:
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MLE for variance of a Gaussian distribution

« Again, set partial derivative to zero:
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What can we say about the MLE?

 MLE for the mean of a Gaussian is unbiased

. ] & C Erf1=9"

 MLE for the variance of a Gaussian is biased
2
. Ovig = Z(x ~ ﬂMLE)

- E[63q gl # o2



Maximum Likelihood Estimation

Observe X, X,, ..., X, drawn i.i.d. from P(X}; 6) for some true 8 = 6
Likelihood function: L (0) = HP(Xi; 0)
i=1
n
Log-likelihood function: Z,(0) = logL (0) = Z log P(X;; 0)

i=1
. Maximum Likelihood Estimator (MLE): 0, = argmaxZ¢,(0)
0

e Properties (under benign regularity conditions—smoothness, identifiability, etc.):
e MLE converges to the ground truths 6* as the number of samples n — o



Linear Regression
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Maximum Likelihood Estimation

« Observe X, X,, ..., X drawn i.i.d. from P(X;; 6) for some true 0 = 0*
_ Likelihood function: L, (6) = HP(Xi§ 0)
i=1

_ Log-likelihood function: 7,(0) = log L, (0) = ZlogP(Xi; 0)
i=1
. Maximum Likelihood Estimator (MLE): 0, = argmax? (0)
0

e Why do we care about recovering the “true” parameter 6*?
e Estimation of the parameter 6* can be a goal.
e Help Interpret or summarize large datasets.
e Make predictions about future data.

e Generate new data X Nf( ¥ ;9MLE)



Estimation

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

UK poll tracker

Opinion polls e vt e i
How does the greater
population feel about an issue?
Correct for over-sampling?

. 0. is “true” average opinion IRy =
) Xl, Xz, Tt are Sample CaIIS 02019 Feb Mar Apr May Jun Jul  Aug Sep Ocv‘ Nov  Dec gﬁgg‘;

A/B testing e £,
How do we figure out which ad e
ot-;:c-:;:;;]r — Explore Humana's

results in more click-through?
. 0. are the “true” average rates
« X, X, ... are binary “clicks”
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Interpret

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

Customer segmentation / clustering
Can we identify distinct groups of
customers by their behavior?

)
« 0. describes “center” of distinct groups \%‘g‘g

« X{, X5, ... are individual customers

Data exploration

What are the degrees of freedom of the

dataset?

» 0. describes the principle directions of
variation

« X, X5, ... are the individual images




Predict

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

Content recommendation amazon
Can we predict how much someone will ~—"prime
like a movie based on past ratings?

- 0. describes user’s preferences & spotify
. . . 98% Match
- X{, X5, ... are (movie, rating) pairs

Discover Weekly

Object recognition / classification
|dentify a flower given just its picture?

- 0. describes the characteristics of
each kind of flower
Figure 1.1: Three types of Iris flowers: Setosa, Versicolor and Virginica. Used with kind permission of Dennis

« X|, X5, ... are the (image, label) pairs s o sicna

index sl sw pl pw label
0 51 35 14 0.2 Setosa
1 49 30 14 0.2 Setosa

50 7.0 3.2 4.7 1.4 Versicolor

149 59 3.0 51 1.8 Virginica




Generate

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

“Kaia the dog wasn't a natural pick to go to mars.

Text generation No one could have predicted she would...”

Can Al generate text that could have
been written like a human?

» 0. describes language structure v
. Xl’ XZ’ ... are text snippets found “k THE REVOLUTIONARY
on | | ne ) s = CHATBOT

https://chat openai. com/chat

Image to text generation “dog talking on cell phone under water, oil painting”
Can Al generate an image from a prompt? a "3 | o

« 0. describes the coupled structure of
images and text

- X, X5, ... are the (image, caption) pairs
found online

https: //Iabs opena .Co



CSE 446/546

 week 1: Estimation

 Maximum Likelihood Estimation
 week 1~8: Prediction

« week 1~4: Linear regression models

» week 4~5: Linear classification models (also called Logistic regression)

 Midterm Exam
« week 6~7: Non-linear models

« week 8~9: Interpretation

- week 10: Generation...(?) —» 4—?35/9?? épﬁq, 26



Linear regression model, 1-dimensional

You want to sell your house that is 2,500 sq.ft.
Q. What is the right price?

Collect past sales data on zillow.com: . o"epfulbxf v, Tpuct
= House sale price and x = {# sq. ft.}

Lol Jgoewéaf VeV, VESponse

. Training Data: z; ¢ R y; €R
’I’L
0 - ® {(sz,yz) =1

Sale Price
[ ]
[ ]
o
[ ]

# square feet


http://zillow.com

Linear regression model, 1-dimension

Given past sales data on zillow.com, predict:

y = House sale price
x = {# sq. ft.}

mcS(J(C
o 1. Training Data: r; € R
(@i, yi) iy wiER
Q
& 2. Hypothesis/Model: linear MOPKQ(
o
3 Vi = % C X T /%i
R R
wodd] No5€
(paraM,
# square feet

For now we assume there is no y-intercept in the model, and will handle it later


http://zillow.com

Linear regression model, 1-dimension

Given past sales data on zillow.com, predict:

y = House sale price
x = {# sq. ft.}

1. Training Data: x; €R
n
{(mzayz) i=1 yi € R

o
best linear fit 4

Q
& : ‘ 2. Hypothesis/Model: linear
kS,
% Yi =(W | X t €
© 3. Noise: i.i.d. Gaussian with
# square feet €; ~ N (0,6%)

For now we assume there is no y-intercept in the model, and will handle it later


http://zillow.com

Linear regression model, d-dim

Given past sales data on zillow.com, predict:

y = House sale price

x = {# sq. ft., zip code, date of sale, etc.}

#b\

Sale price

TMhroom,

# square feet

. . d
Training Data: Z: €R

Ui, i)

n yi €R
1=1

Hypothesis/Model: linear

Yi = T; W+ € €; A N(O, 0'2)

W A-‘L@



http://zillow.com

Linear regression model, d-dim

Given past sales data on zillow.com, predict:

y = House sale price

x = {# sq. ft., zip code, date of sale, etc.}

. . d
Training Data: Z: €R

n y; € R

Yi = T; W+ € €; A N(O,O‘QDZ

_ Fe-25)
) = = 2, <

Sale price
: {(Ti,¥i) }ieq
Hypothesis/Model: linear
T
| NC%‘“"Q)‘)
e
#bathroOmS _L

# square feet / ] W
PLY, X w,é) f ZP S il )J

TPl Boyes"Rule


http://zillow.com

Linear regression model, d-dim

Given past sales data on zillow.com, predict:

y = House sale price

x = {# sq. ft., zip code, date of sale, etc.}

. . d
Training Data: Z: €R
n y; € R

Hypothesis/Model: linear

Sale price

yi=xiw e e KT N(0,07)

- . “ [ p(ylx)w)a-) — 1 6_(y_$—rw)2/20'2
#b\ V2mo?

at
hrOOl’ns # square feet



http://zillow.com

Maximizing log-likelihood

d
Training Data: % €R ‘L 1 o w)? /20
Ui ER Loyl Plylz,w,0) = e~ (y—o w) /20
{(:Eia yZ) ?:1 é—-vw'tge ‘ V2o
Yoz AWt & N0E)
. . qu“’ld pavisnctey. - 1 T,\2 /0.2
Likelihood: P(D|w,o) = H (yilzi, w,0) =[] o~ (Wi—z] w)?/20

1V 2o

oy P(D(w,eé) = Z{ l’?fr (G- XT(,JJZ}




Maximum Likelihood Estimation

Observe X, X,, ..., X, drawn i.i.d. from P(X}; 0) for some true 8 = 6*
Likelihood function: L (0) = HP(Xi; 0)
i=1

Log-likelihood function: £, () = logL (0) = Z log P(X;; 0)
i=1
. Maximum Likelihood Estimator (MLE): 0, = argmax? (0)
0

e Properties (under benign regularity conditions—smoothness, identifiability, etc.):
e MLE converges to the ground truths 6* as the number of samplesn — o



Maximizing log-likelihood

. . d
Training Data: Z: €R

{(ajz,yz) n y; € R p(ylz, w,0) = Vomo?

1=1

T ik 1 )
Likelihood: P(D|w,o) = |]p(yilzs,w,0) =] o—(i—z] w)?/20

1=1

Maximize (wrt w): log P(D|w,0o) = log (H
1=1

A 4
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Maximizing log-likelihood

d
Training Data: % €R 1 yaTw)?/202
U, Ys) b Vamo?
TPRT - ol T o)? /262
Likelihood: P(D|w,0) = Y|z, w, o) = e~ Wi—w w)* /20
(Dlw,0) 7,1;[1 il EW

_— 51 2 902
Maximize (wrt w): log P(Djw, o) = log (H e~ (vi—z] w) /2a>

i—1 7TO'

DO

mn
. : T N2
@yrp =argmin ) (y; — 2] w)
1=1




Maximizing log-likelihood

n

QUMLEzzéwgngn E (y;
i—1

u:AiL

l

Set gradient=0, solve for w
b=Aw

e,




Maximizing log-likelihood

n
. : T N2
@yrp = argmin ) (y; — 2 w)
1=1

Set gradient=0, solve for w




The regression problem in matrix notation

Data: _yl- _:zle_ d : # of features/size of the input
' y = . X — . n : # of examples/datapoints
_yn_ _ZIZZ;_
— T
— I Yo = xIw 4+ e
— + = .l ‘ + 12
W - 198
b




The regression problem in matrix notation

Data:

V1 =

Y1

Yn

_ijlr_

d : # of features/size of the input
n : # of examples/datapoints




The regression problem in matrix notation

n

wMLE:argmm E yZ—ZC w

zll—/

QQ/(Y XW> ~ el

[

Y1
Yn

&V e

S

wrs = argmin ||y — Xw
o | 12

-

K

L1

T
L,

d : # of features

Sgua 44

n : # of examples/datapoints

-”Z”z = \/Zl 1<

v

QZ.”W ,@P ~Vor W)

= arg min(y — Xw)! (y — Xw)

[related to HWO questions A6 and A7]

g =




The regression problem in matrix notation

= arg min(y — Xw)® (y — Xw)

w



The regression problem in matrix notation

n

Wy LE = arg min E (yi—az;rw
w
i=1
Y1 CIJ%F

)2

d : # of features
n : # of examples/datapoints

s = argmin ||y — Xwl|;

. n 2 T
£ynom: [l2lly =/ T, 7 = Ve

= arg min(y — Xw)! (y — Xw)

WLs = WMLE = (XTX)_l X'y




The regression problem in matrix notation

Recall that we start with a linear model with no offset

7
i =X W€

s = argmin||y — Xwl|;
_ (XTx)—ley

We can add the offset to the linear model,
with a new parameter b

yi=xiTw+b+€l-

~ T . 2
wr,s, bLS = arg rglgl (yz — (CC;FUJ + b))
©i=1

— argmi? |y — (Xw + 1b)||§



Dealing with an offset

@rs,brs = arg 13111;1 ly — (Xw + 1b)]3

XX iirg +brsXT1 =Xy
1" X @6 + 015171 =17y



Dealing with an offset

@rg,brg = arg min ly — (Xw + 1b)]3

w,b
XX g +brsXT1 =XTy
1" X @6 + 015171 =17y

If X711 = 0O, i.e., if each feature is mean-zero or
we pre-processed the data have zero-mean, then

@LS :(XTX)_l XTy

BLS — %Zyz
i=1



Make Predictions

A new house is about to be listed. What should it sell for?

A~ T N -
ynew — xneWwLS —I_ bLS



Questions?



