
Lecture 2: MLE for Gaussian 
and linear regression

- HW0 due Wednesday October 8th midnight 
- Good idea to use the LaTeX source we provide, and use overleaf  

- we now have the full.png on the web also 
- Some office hours can get cancelled due to travel, etc. Check Ed/Logistics.



Recap: Maximum Likelihood Estimation

• Observe  drawn i.i.d. from  for some  
ground truth , unknown to us 

• Maximize log-likelihood when we observe  heads in  flips 

𝒟 = X1, X2, …, Xn P(Xi; θ)
θ = θ*

k n
log P(𝒟; θ) =

P(𝒟; θ) when k heads obsereved in n flips

✓



Recap: Maximum Likelihood Estimation

• Observe  drawn i.i.d. from  for some  
ground truth , unknown to us 

• Maximize log-likelihood when we observe  heads in  flips 
 

• Use the fact that derivative is zero at maxima (and also minima) 
• Set derivative to zero, 

and find  satisfying:       

𝒟 = X1, X2, …, Xn P(Xi; θ)
θ = θ*

k n
log P(𝒟; θ) = k log(θ) + (n − k)log(1 − θ)

θ
d
dθ

log P(𝒟; θ) = 0

b✓MLE

P(𝒟; θ) when k heads obsereved in n flips



Maximum Likelihood Estimation

• Warning when setting the derivative to zero to find the MLE: 
• The solution includes maxima, minima, and stationary points  needs to be checked 
•  It does not always lead to an explicit expression in a closed form  alternative methods

⇒
⇒

• Observe  drawn i.i.d. from  for some true  

• Likelihood function:  

• Log-likelihood function:  

• Maximum Likelihood Estimator (MLE):  

X1, X2, …, Xn P(Xi; θ) θ = θ*
Ln(θ) =

n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



• Client: What if I am measuring a continuous variable? 
• You: Let me tell you about Gaussians… 

• A Gaussian random variable is written as  
with mean  and variance  

• The p.d.f. (Probability Density Function) of  is 

X ∼ 𝒩(μ, σ2)
μ ≜ 𝔼[X] σ2 ≜ 𝔼[ (X − 𝔼[X])2 ]

X
P(x; μ, σ2) = 1

2πσ2
e− (x − μ)2

2σ2

What about continuous variables?

[EdDiscussion Question: What distributions do we need to memorize?]



Some useful properties of Gaussians

• Affine transformation  
(multiplying by scalar and adding a constant) 

•   

•   

• Sum of Gaussians 

•  

•  

•  

• [HW0 Questions A3 and A4]

X ∼ 𝒩(μ, σ2)
Y = aX + b ⟹ Y ∼ 𝒩(aμ + b, a2σ2)

X ∼ 𝒩(μX, σ2
X)

Y ∼ 𝒩(μY, σ2
Y)

Z = X + Y ⟹ Z ∼ 𝒩(μX + μY, σ2
X + σ2

Y)



• Hypothesis: i.i.d. samples  from  
    
                         

                         

• Log-likelihood of data: 

  

• What is  for  ?

𝒟 = {x1, x2, …, xn} 𝒩(μ, σ2)
P(𝒟; μ, σ2) = P(x1, …, xn; μ, σ2)

= P(x1; μ, σ2) × P(x2; μ, σ2) × ⋯P(xn; μ, σ2)
=

n

∏
i=1

1
σ 2π

e− (xi − μ)2
2σ2

log P(𝒟; μ, σ2) = −n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2

̂θ MLE θ = (μ, σ2)

MLE for Gaussian



• What’s MLE for mean? Set partial derivative to zero:
d

dμ
log P(𝒟; μ, σ2) = d

dμ [ − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2 ]

Your second learning algorithm: 
MLE for mean of a Gaussian distribution



• Again, set partial derivative to zero: 
d

dσ
log P(𝒟; μ, σ2) = d

dσ [ − n log(σ 2π) −
n

∑
i=1

(xi − μ)2

2σ2 ]

MLE for variance of a Gaussian distribution



• MLE for the mean of a Gaussian is unbiased 

•  

• MLE for the variance of a Gaussian is biased 

•  

•  

̂μMLE = 1
n

n

∑
i=1

xi

̂σ 2
MLE = 1

n

n

∑
i=1

(xi − ̂μMLE)2

𝔼[ ̂σ 2
MLE] ≠ σ2

What can we say about the MLE?



Maximum Likelihood Estimation

• Properties (under benign regularity conditions—smoothness, identifiability, etc.): 
• MLE converges to the ground truths  as the number of samples  θ* n → ∞

• Observe  drawn i.i.d. from  for some true  

• Likelihood function:  

• Log-likelihood function:  

• Maximum Likelihood Estimator (MLE):  

X1, X2, …, Xn P(Xi; θ) θ = θ*
Ln(θ) =

n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



Linear Regression



Maximum Likelihood Estimation

• Why do we care about recovering the “true” parameter ? 
• Estimation of the parameter  can be a goal.  
• Help Interpret or summarize large datasets. 
• Make predictions about future data. 

• Generate new data 

θ*
θ*

X ∼ f( ⋅ ; ̂θMLE)

• Observe  drawn i.i.d. from  for some true  

• Likelihood function:  

• Log-likelihood function:  

• Maximum Likelihood Estimator (MLE):  

X1, X2, …, Xn P(Xi; θ) θ = θ*
Ln(θ) =

n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



Estimation

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Opinion polls 
How does the greater 
population feel about an issue? 
Correct for over-sampling? 
•  is “true” average opinion 
•  are sample calls

θ*
X1, X2, …

A/B testing 
How do we figure out which ad 
results in more click-through? 
•  are the “true” average rates 
•  are binary “clicks” 

θ*
X1, X2, …



Interpret

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Customer segmentation / clustering 
Can we identify distinct groups of 
customers by their behavior? 
•  describes “center” of distinct groups 
•  are individual customers

θ*
X1, X2, …

Data exploration 
What are the degrees of freedom of the 
dataset? 
•  describes the principle directions of 

variation 
•  are the individual images

θ*

X1, X2, …



Predict

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Content recommendation 
Can we predict how much someone will 
like a movie based on past ratings? 
•  describes user’s preferences 
•  are (movie, rating) pairs

θ*
X1, X2, …

Object recognition / classification 
Identify a flower given just its picture? 
•  describes the characteristics of 

each kind of flower 
•  are the (image, label) pairs

θ*

X1, X2, …



Generate

Observe X1, X2, . . . , Xn drawn IID from f(x; ✓) for some “true” ✓ = ✓⇤

Text generation 
Can AI generate text that could have 
been written like a human?  
•  describes language structure 
•  are text snippets found 

online

θ*
X1, X2, …

“Kaia the dog wasn't a natural pick to go to mars. 
No one could have predicted she would…”

https://chat.openai.com/chat

Image to text generation 
Can AI generate an image from a prompt? 
•  describes the coupled structure of 

images and text 
•  are the (image, caption) pairs 

found online

θ*

X1, X2, …

“dog talking on cell phone under water, oil painting” 

https://labs.openai.com/



CSE 446/546
• week 1: Estimation 

• Maximum Likelihood Estimation 
• week 1~8: Prediction 

• week 1~4: Linear regression models 
 
 
 
 

• week 4~5: Linear classification models (also called Logistic regression) 
 

• Midterm Exam 
• week 6~7: Non-linear models 

 

• week 8~9: Interpretation 
 

• week 10: Generation…(?) 
  



Linear regression model, 1-dimensional

# square feet

Sa
le

 P
ric

e

You want to sell your house that is 2,500 sq.ft. 
Q. What is the right price?  

Collect past sales data on zillow.com: 
     y = House sale price and x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 Rxi 2 R
<latexit sha1_base64="orh5n7qZpaR0XoEUpD3YIOQNUYs=">AAACGHicbZC7TsMwFIadcivhVmBksaiQmKqkIMFYQQfGUtGLaKLKcZzWquNEtoOoorwFExI8CxtiZeNR2HDaDNByJEu/vv8c+/j3Ykalsqwvo7Syura+Ud40t7Z3dvcq+wddGSUCkw6OWCT6HpKEUU46iipG+rEgKPQY6XmT69zvPRAhacTv1DQmbohGnAYUI6XR/eOQQody6LSHlapVs2YFl4VdiCooqjWsfDt+hJOQcIUZknJgW7FyUyQUxYxkppNIEiM8QSMy0JKjkEg3nW2cwRNNfBhEQh+u4Iz+nkhRKOU09HRniNRYLno5/M8bJCq4dFPK40QRjucPBQmDKoL596FPBcGKTbVAWFC9K8RjJBBWOiTTdHwSOM3UyS/GiKXNLJuz9px5XtrOMp2VvZjMsujWa/ZZrX57Xm1cFamVwRE4BqfABhegAW5AC3QABhw8gRfwajwbb8a78TFvLRnFzCH4U8bnD87eoBs=</latexit>

http://zillow.com


Linear regression model, 1-dimension

Given past sales data on zillow.com, predict: 
     y = House sale price  
     x = {# sq. ft.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear 
        yi = w ⋅ xi + ϵi

xi 2 R
<latexit sha1_base64="orh5n7qZpaR0XoEUpD3YIOQNUYs=">AAACGHicbZC7TsMwFIadcivhVmBksaiQmKqkIMFYQQfGUtGLaKLKcZzWquNEtoOoorwFExI8CxtiZeNR2HDaDNByJEu/vv8c+/j3Ykalsqwvo7Syura+Ud40t7Z3dvcq+wddGSUCkw6OWCT6HpKEUU46iipG+rEgKPQY6XmT69zvPRAhacTv1DQmbohGnAYUI6XR/eOQQody6LSHlapVs2YFl4VdiCooqjWsfDt+hJOQcIUZknJgW7FyUyQUxYxkppNIEiM8QSMy0JKjkEg3nW2cwRNNfBhEQh+u4Iz+nkhRKOU09HRniNRYLno5/M8bJCq4dFPK40QRjucPBQmDKoL596FPBcGKTbVAWFC9K8RjJBBWOiTTdHwSOM3UyS/GiKXNLJuz9px5XtrOMp2VvZjMsujWa/ZZrX57Xm1cFamVwRE4BqfABhegAW5AC3QABhw8gRfwajwbb8a78TFvLRnFzCH4U8bnD87eoBs=</latexit>
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best linear fit

# square feet
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For now we assume there is no -intercept in the model, and will handle it latery

http://zillow.com


Linear regression model, 1-dimension

Given past sales data on zillow.com, predict: 
     y = House sale price  
     x = {# sq. ft.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear 
        yi = w ⋅ xi + ϵi

3. Noise: i.i.d. Gaussian with 
       ϵi ∼ 𝒩(0,σ2)

xi 2 R
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For now we assume there is no -intercept in the model, and will handle it latery
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Linear regression model, d-dim

Given past sales data on zillow.com, predict: 
     y = House sale price  
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis/Model: linear 

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

Sale price

# bathrooms # square feet

http://zillow.com


Linear regression model, d-dim

Given past sales data on zillow.com, predict: 
     y = House sale price  
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis/Model: linear 

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)
<latexit sha1_base64="x8Gxg0mFUGvHDx7sknp16ilgZos="></latexit>

p(y|x,w,�) = 1p
2⇡�2

e�(y�x>w)2/2�2

Sale price

# bathrooms # square feet

http://zillow.com


Linear regression model, d-dim

Given past sales data on zillow.com, predict: 
     y = House sale price  
     x = {# sq. ft., zip code, date of sale, etc.} 

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R

Hypothesis/Model: linear 

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)

<latexit sha1_base64="x8Gxg0mFUGvHDx7sknp16ilgZos="></latexit>

p(y|x,w,�) = 1p
2⇡�2

e�(y�x>w)2/2�2

Sale price

# bathrooms # square feet

http://zillow.com


Maximizing log-likelihood

Likelihood:

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R
<latexit sha1_base64="x8Gxg0mFUGvHDx7sknp16ilgZos="></latexit>

p(y|x,w,�) = 1p
2⇡�2

e�(y�x>w)2/2�2

<latexit sha1_base64="/Bxf7hK+LPJaSBIHDeQGuaijOFM="></latexit>

P (D|w,�) =
nY

i=1

p(yi|xi, w,�) =
nY

i=1

1p
2⇡�2

e�(yi�x>
i w)2/2�2



Maximum Likelihood Estimation

• Properties (under benign regularity conditions—smoothness, identifiability, etc.): 
• MLE converges to the ground truths  as the number of samples  θ* n → ∞

• Observe  drawn i.i.d. from  for some true  

• Likelihood function:  

• Log-likelihood function:  

• Maximum Likelihood Estimator (MLE):  

X1, X2, …, Xn P(Xi; θ) θ = θ*
Ln(θ) =

n

∏
i=1

P(Xi; θ)

ℓn(θ) = log Ln(θ) =
n

∑
i=1

log P(Xi; θ)

̂θ MLE = arg max
θ

ℓn(θ)



Maximizing log-likelihood

Likelihood:

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R
<latexit sha1_base64="x8Gxg0mFUGvHDx7sknp16ilgZos="></latexit>

p(y|x,w,�) = 1p
2⇡�2

e�(y�x>w)2/2�2

Maximize (wrt w):
<latexit sha1_base64="YNlewJsyKWhRpABadfADwpH03KI="></latexit>

logP (D|w,�) = log

 
nY

i=1

1p
2⇡�2

e�(yi�x>
i w)2/2�2

!

<latexit sha1_base64="/Bxf7hK+LPJaSBIHDeQGuaijOFM="></latexit>

P (D|w,�) =
nY

i=1

p(yi|xi, w,�) =
nY

i=1

1p
2⇡�2

e�(yi�x>
i w)2/2�2



Maximizing log-likelihood

Likelihood:

Training Data:
{(xi, yi)}ni=1

xi 2 Rd

yi 2 R
<latexit sha1_base64="x8Gxg0mFUGvHDx7sknp16ilgZos="></latexit>

p(y|x,w,�) = 1p
2⇡�2

e�(y�x>w)2/2�2

Maximize (wrt w):
<latexit sha1_base64="YNlewJsyKWhRpABadfADwpH03KI="></latexit>

logP (D|w,�) = log

 
nY

i=1

1p
2⇡�2

e�(yi�x>
i w)2/2�2

!

<latexit sha1_base64="/Bxf7hK+LPJaSBIHDeQGuaijOFM="></latexit>

P (D|w,�) =
nY

i=1

p(yi|xi, w,�) =
nY

i=1

1p
2⇡�2

e�(yi�x>
i w)2/2�2

<latexit sha1_base64="8N26PSiPQSK+F8CKWZp0bHEs0KA="></latexit>

bwMLE = argmin
w

nX

i=1

(yi � x>
i w)

2



Maximizing log-likelihood
<latexit sha1_base64="8N26PSiPQSK+F8CKWZp0bHEs0KA="></latexit>

bwMLE = argmin
w

nX

i=1

(yi � x>
i w)

2 Set gradient=0, solve for w



Maximizing log-likelihood
<latexit sha1_base64="8N26PSiPQSK+F8CKWZp0bHEs0KA="></latexit>

bwMLE = argmin
w

nX

i=1

(yi � x>
i w)

2

<latexit sha1_base64="1oZ/0REE3QdZEPPWcX24ngl8J5U="></latexit>

bwMLE =

 
nX

i=1

xix
>
i

!�1 nX

i=1

xiyi

Set gradient=0, solve for w



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input 
n : # of examples/datapointsData:

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

+
y1 = xT

1 w + ϵ1

y1 = xT
1 w + ϵ1

y2 = xT
2 w + ϵ2



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input 
n : # of examples/datapointsData:

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

+ =
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)
=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)
=
X

ŵj 6=0

ŷi =     ŵj hj(xi)
=
X

ŵj 6=0

ŷi =     ŵj hj(xi)
=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

+

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)
=
X

ŵj 6=0

ŷi =     ŵj hj(xi)

y1 = xT
1 w + ϵ1 y = Xw + ϵ



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features 
n : # of examples/datapoints

<latexit sha1_base64="8N26PSiPQSK+F8CKWZp0bHEs0KA="></latexit>

bwMLE = argmin
w

nX

i=1

(yi � x>
i w)

2

= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22
 norm: ℓ2 ∥z∥2 = ∑n

i=1 z2
i = z⊤z

[related to HW0 questions A6 and A7]



The regression problem in matrix notation

= argmin
w

(y �Xw)T (y �Xw)



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features 
n : # of examples/datapoints

<latexit sha1_base64="8N26PSiPQSK+F8CKWZp0bHEs0KA="></latexit>

bwMLE = argmin
w

nX

i=1

(yi � x>
i w)

2

= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22
 norm: ℓ2 ∥z∥2 = ∑n

i=1 z2
i = z⊤z



= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

We can add the offset to the linear model,  
with a new parameter b

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

= argmin
w,b

||y � (Xw + 1b)||22

The regression problem in matrix notation

Recall that we start with a linear model with no offset
yi = xT

i w + ϵi

yi = xT
i w + b + ϵi



XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset



bwLS = (XTX)�1XTY

bbLS =
1

n

nX

i=1

yi

XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

If , i.e., if each feature is mean-zero or  
we pre-processed the data have zero-mean, then

XT1 = 0



Make Predictions

bwLS = (XTX)�1XTY

bbLS =
1

n

nX

i=1

yi

A new house is about to be listed. What should it sell for?

ŷnew = xT
newŵLS + b̂LS

<latexit sha1_base64="OBCTZ1ysswu78fvh4ENNelplGmk="></latexit>



Questions?


