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Motivation: dimensionality reduction

patterns and use them?
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It takes 1 X d memory to store data {x;}"_, with x; € R4

But many real data have patterns that repeat over samples. Can we find some

d=32x32pixels per image
n images
d X n real values to store the data



Principal component analysis finds a
compact linear representation

PrienRgipaI components:

e patterns that capture the distinct
features of the samples is called
principal component
(to be formally defined later)




Principal component analysis finds a
compact linear representation

Prmupal components

e patterns that capture the distinct i € R , | R
features of the samples is called A '
principal component
(to be formally defined later)

e We can represent each sample
as a weighted linear
combination of, say, q=25
principal components, and just
store the weights

g ~ alllu; +al2]uy + -+ + a[25]u,s




Principal component analysis finds a

compact linear representation

PrienRgipaI components:
_‘i - ¥

patterns that capture the distinct
features of the samples is called
principal component

(to be formally defined later)

we can represent each sample
as a weighted linear
combination of, say, q=25
principal components, and just
store the weights

g ~ alllu; +al2]uy + -+ + a[25]u,s

e With g=25, to store n images, it requires memory of only
dXg+gXxXn < dXn




10 principal components give a pretty good
reconstruction of a face

average face x+a[llu; x+a[llu; + al2]u,

r=3

Ground truths real face



PCA: a high-fidelity linear projection

Given 1, ..., 2, € R, find a compressed representation 27, ..., z, € R?

with ¢ < d such that z; ~ Z + Vz; and V, V, =L

: 7 _V.2l?
VI(JH%B}ZH% g qu||2



PCA: a high-fidelity linear projection

Given 1, ..., 2, € R, find a compressed representation 27, ..., z, € R?

with ¢ < d such that z; ~ Z + Vz; and V, V, =L
. — 2
min Z |zi — 2 — Vg2

Fix V, and solve for {z;} :



PCA: a high-fidelity linear projection

Given x1, ..., x, € R%, find a compressed representation z1, ..., z, € R?

with ¢ < d such that z; ~ Z + Vz; and V, V, =L
. — 2
min Z |zi — 2 — Vg2

Fix V, and solve for {z;} : 2 = V;—(ZCZ' — )

q
T; =T+ VqVqT(a:z — ZZ‘) =T+ Zvjva(a:@- — (1—3)
j=1



PCA: a high-fidelity linear projection

Given x1,...,x, € R%, find a compressed representation z1, ...,

with ¢ < d such that z; ~ Z + Vz; and V, V, =L

min Z |x; — T — Vqu'||§

z, € R

V, VI is a projection matriz that
T - 174
mm Z | ‘ — V4V, (2 x)‘ ’2 minimizes error in basis of size ¢



PCA: a high-fidelity linear projection

T 2 VqVqT is a projection matrix that
mln Z ’ ‘ — VoV, (@i — 7) } ’2 minimizes error in basis of size ¢

q
T; = x—I—VqVqT(:CZ- —Z) =T+ Zvjv;(:ci — )

Case when ¢ =1 v1 = arg min Z [(z; — %) —vv' (z; — T)||3

K|



PCA: a high-fidelity linear projection

T 2 Vqu is a projection matrix that
mln Z ’ ‘ — VoV, (@i — 7) } ’2 minimizes error in basis of size ¢

T; .::13+VqV(—]r( — ) —:c—l—Zvj Vi, x; — )
7=1

N
Case when ¢ =1 v1 = arg min Z [(z; — %) —vv' (z; — T)||3
v:||v]|2=1 1
N
12 T..T
p— - - 2 - -
) org_pin > i — 13 2~ )T (- 2)
5 = —7) (i — 7)7T i
Z(x" z)(zi — ) + (z; — a:)Tvav'UT(x — )
1=1 Ul
N N
g min s —al3 - S (@i - 7) oo (s — )
vilfollo=1 P
B N
L = arg max (z; — ) "vv " (x; — 7)
vilolla=1 <=

—arg max v'Xv
vi|vl]|2=1



PCA: a high-fidelity linear projection

T 2 VqVqT is a projection matrix that
mln Z ’ ‘ — VoV, (@i — 7) } ’2 minimizes error in basis of size ¢

T; .—x+VqVqT( — ) —:13—|—Zvj Vi, x; — )
7=1

Case when ¢ =1 v1 = arg min Z [(z; — %) —vv' (z; — T)||3
: 1

—arg max v'Xv
N vi||v]|2=1

K|



PCA: a high-fidelity linear projection

T 2 VqVqT is a projection matrix that
mln Z ’ ‘ — VoV, (@i — 7) } ’2 minimizes error in basis of size ¢

q
T; ‘=T —I—VqV;lr(a:i —Z) =T+ quj@j,xi — )
j=1

General ¢ > 1 mmz |(x ~V,VI(z; — 2)||3 = min Tr(X) — Tr(VIZV,)
N
D= (w;—2)(x; —7)"
i=1 U1
7

V, are the first ¢ eigenvectors of X

Minimize reconstruction error = capture the most variance in your data.



How to choose the dimensionality, q
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PCA: a high-fidelity linear projection

Given z; € R? and some ¢ < d consider
q

mlnz |(z ~V,VI(z; - 7)|
where V, = |v1,v2,...,v,] isorthonormal:
Viv, =1,

V, are the first g eigenvectors of X

V, are the first q principal components

e vl X
Uilcy/
\ ’ . xi
N
=) (z;—2)(x; —2)"
1=1

Principal Component Analysis (PCA) projects (X — 1z!) down onto V|,

(X — 121V, = U,diag(dy, ..., d,)

Uy, =1,



Singular Value Decomposition (SVD)

Theorem (SVD): Let A € R™*" with rank » < min{m,n}. Then A = USV?'
where S € R™*" is diagonal with positive entries, UTU =1, VIV = T.

AT Ay, =

ANy, =



Singular Value Decomposition (SVD)

Theorem (SVD): Let A € R™*" with rank » < min{m,n}. Then A = USV?'
where S € R™*" is diagonal with positive entries, UTU =1, VIV = T.

T 2
A A’UZ' == Si7ivz

AAT’UJi — Sizuz

V are the first r eigenvectors of AT A with eigenvalues diag(§)
U are the first r eigenvectors of AA” with eigenvalues diag(S)



Linear projections

- vl
Given z; € R? and some ¢ < d consider /
U101
mm Z |(x -V VT( —z)||% 2
where V, = |v1,v2,...,v,] isorthonormal:
Viv, =1,
V, are the first g eigenvectors of X N
=) (z;—2)(x; —2)"

V, are the first q principal components
Principal Component Analysis (PCA) projects (X — 1z!) down onto V|,
(X — 127V, = U,diag(ds, . .., d,) Uiy, =1,

Singular Value Decomposition defined as

X —1z' = usv?



Dimensionality reduction

V,, are the first ¢ eigenvectors of ¥ andsvo X — 121 = USV?'
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Dimensionality reduction

Second Principal Component

V, are the first ¢ eigenvectors of ¥ andSVD X — 17

Handwritten 3’s, 16x16 pixel image so that z;
foy =

(X —127)Vy = UjyS, €

T+ AU + Aavg

3+/\1-+/\2-@.
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FIGURE 14.24. The 256 singular
those for a randomized version of the data (each column of X was scrambled).
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LETTERS

Genes mirror geography within Europe

John Novembre'?, Toby Johnson**%, Katarzyna Bryc’, Zoltan Kutalik®®, Adam R. Boyko’, Adam Auton’,

Amit Indap’, Karen S. King®, Sven Bergmann®®, Matthew R. Nelson®, Matthew Stephens®® & Carlos D. Bustamante’
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® PCA on dataset consisting
T of 200,000 single nucleotide
v polymorphisms (SNPs) for
each of ~1,400 individuals.
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Kernel PCA

V,, are the first ¢ eigenvectors of ¥ andsvo X — 121 = USV?'

(X —12")V, = UyS, € R™™1

JX =X —1z7 = Usv” J=I—-11"/n
| (3:37)

T T_T
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Kernel PCA

V,, are the first ¢ eigenvectors of ¥ andsvo X — 121 = USV?'

(X —12")V, = UySq € R™™1

JX =X —1z" = Usv” J=I-11"/n
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Matrix completion

Given historical data on how users rated movies in past: -

17,700 movies, 480,189 users, 99,072,112 ratings (Sparsity: 1.2%)

Predict how the same users will rate movieiin the future (for S1 million prize)

. \\\~__~——__—“\

hxd
X = USVEOSHSHVTY

Alice

Bob
Carol
Dave

$5

AN el T
WTA
Xiy = WY U‘L\/’L
\fw|_ [\'/' . o Yd]

axd

[l

“~\
= \\n —~l



Matrix completion

n movies, d users, |S| ratings

2
arg min Z ([UVT]U- — Xq;j)
ﬁERan,‘N/ERqu (’L,j)ES

How do we solve it? With full information?
- Grodient Sescent
- Alker ’hod'\‘/lj | east éc(/va,/\/,g
lnitialize U
’};\ U) Mnimize over V

Fix \/} Minimi2e over U



Matrix completion

n movies, d users, |S| ratings

. 2
~ argmin g ([UVT]M - X,,;j)
UERan,VERqu (’L,])ES

What about the general case, with (many!) missing entries?



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

For illustration,
we zoom in to a
50x50 submatrix

Gradient descent output 1A

o |
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na n | | I

|
m'm mER

0.25% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output 1A

A = IR R R

- = ] -
- = |}

- moE. EEm EE O E®E = e .
BT LY B
e - -
L = - B -
l—.71 - - - = .

| | I = -

[} |

0.50% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X

Gradient descent output 1A
-] % Comm m R |
A el - =g -

SRR

& il mim = = =
TR E TS
e g e

B e kS B e Bee g O oam e
---. -

1 ] -
SR = -} IR PR S )R

sampled matrix

0.75% sampled




Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output UVT squared error (X;—(OVT);)”
-.-— "l ™ = S ::- = “A " 8 - - =
B "R R R = 2 "0a"E "

e e e

e TR T
EF- . -E.-I l!-ll:!
SR AR ETTOR

1.00% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

1.25% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output Uv?T squared error (Xﬁ—(ﬁVT)ji)z

ey =y =g ..
'h._IE-. ..:-'

R .— "l
S i ‘:'.14”"-'1:
St o Rl
T = W Far. 1 |
0 IE: 1 [ =0t
g = e =
o a1 el v

1.50% sampled



Example: 2000 x 2000 rank-8 random matrix

low-rank matrix X sampled matrix

Gradient descent output UV’ squared error (X;—(UV");)

1.75% sampled



Other matrix factorizations

Singular value decomposition o B S s
Pl Zf.a 4
Elements of U,S,V in R e S
Nonnegative matrix factorization (NMF)
Elements of U, S,V in Ry NMF___
- =L 1
+-1'.~-+?4:- k-
s
N,




Autoencoders
fod V)= gD =VyeaVyles)

Find a low dimensional representation for your data by predicting your data

Code:
| : f(il?) S RT Output:
nput:
T € Rd Encoder Decoder T = g(f(ll?)) = ]Rd
Z.
minfi:glize 2?21 |z; — Q(f(ivz))H%

VAE: P(2) PLx\2)



Autoencoders

O S e %O
re R (OS5 O #=g(f(@))

o= 8
» »

minfirgnize 2?21 |zi — g(f(x:))|l5

What if f(X) = Ax and g(y) = By?




Clustering
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Clustering images

Set of Images

s
[Goldberger et al.]



Clustering web search results

web news images wikipedia blogs jobs more »

advanced
preferences

Cluster Human contains 8 documents.
clusters [QELIGEIEE ET

All Results (238)
@ Car (23
© Race cars (7)
© Photos, Races Scheduled (5)
@ Game (4)
@ Track(3)
@ Nascar(2)
@ Equipment And Safety (2)
@ Other Topics (7)
© Photos (22)
© Game (14)
© Definition (13)
© Team (18)
@ Human (g
@ Classification Of Human (2
@ Statement, Evolved (2)
@ Other Topics (4)
© Weekend (g)
[¥] Ethnicity And Race (7)
© Race for the Cure (3)

@ Race Information (s)

more | all clusters

find in clusters:

( Find )

remix

1.

Race (classification of human beings) - Wikipedia, the free ... &8 A &

The term race or racial group usually refers to the concept of dividing humans into populations or groups on the basis of various sets of characteristics. The most widely used human racial
categories are based on visible traits (especially skin color, cranial or facial features and hair texture), and self-identification. Conceptions of race, as well as specific ways of grouping races, vary
by culture and over time, and are often controversial for scientific as well as social and political reasons.History - Modern debates - Political and ...
en.wikipedia.org/wiki/Race_(classification_of_human_beings) - [cache] - Live, Ask

. Race - Wikipedia, the free encyclopedia & 4 &

General. Racing competitions The Race (yachting race), or La course du millénaire, a no-rules round-the-world sailing event; Race (biology), classification of flora and fauna; Race (classification
of human beings) Race and ethnicity in the United States Census, official definitions of "race" used by the US Census Bureau; Race and genetics, notion of racial classifications based on
genetics. Historical definitions of race; Race (bearing), the inner and outer rings of a rolling-element bearing. RACE in molecular biology "Rapid ... General - Surnames - Television - Music
Literature - Video games

en.wikipedia.org/wiki/Race - [cache] - Live, Ask

. Publications | Human Rights Watch & & &

The use of torture, unlawful rendition, secret prisons, unfair trials, ... Risks to Migrants, Refugees, and Asylum Seekers in Egypt and Israel ... In the run-up to the Beijing Olympics in August 2008,

www.hrw.org/backgrounder/usalrace - [cache] - Ask

. Amazon.com: Race: The Reality Of Human Differences: Vincent Sarich ... & Q &

Amazon.com: Race: The Reality Of Human Differences: Vincent Sarich, Frank Miele: Books ... From Publishers Weekly Sarich, a Berkeley emeritus anthropologist, and Miele, an editor ...
www.amazon.com/Race-Reality-Differences-Vincent-Sarich/dp/0813340861 - [cache] - Live

. AAPA Statement on Biological Aspects of Race & A &

AAPA Statement on Biological Aspects of Race ... Published in the American Journal of Physical Anthropology, vol. 101, pp 569-570, 1996 ... PREAMBLE As scientists who study human
evolution and variation, ...
www.physanth.org/positions/race.html - [cache] - Ask

. race: Definition from Answers.com & Q &

race n. A local geographic or global human population distinguished as a more or less distinct group by genetically transmitted physical
www.answers.com/topic/race-1 - [cache] - Live

. Dopefish.com & A &

Site for newbies as well as experienced Dopefish followers, chronicling the birth of the Dopefish, its numerous appearances in several computer games, and its eventual take-over of the human
race. Maintained by Mr. Dopefish himself, Joe Siegler of Apogee Software.
www.dopefish.com - [cache] - Open Directory
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= Auton’s Graphics e
K-means |
0.8 ——
1. Ask user how many
clusters they’d like.
(e.g. k=5)
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K-means

1.

Ask user how many
clusters they’d like.

(e.g. k=5)

Randomly guess k
cluster Center
locations

Auton’s Graphics

x1
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0.6

0.4

0,2

0,2

0.8
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%07




K-means

1.

Ask user how many
clusters they’d like.

(e.g. k=5)

Randomly guess k
cluster Center
locations

Each datapoint finds
out which Center it’s
closest to. (Thus each
Center “owns” a set of
datapoints)

Auton’s Graphics

0.8

0.6

0.4

0,2

0,2 0.4

%07




= Auton’s Graphics l 4

K-means |-

1. Ask user how many e

clusters they’d like.
(e.g. k=5)

2. Randomly guess k 0.6
cluster Center
locations

3. Each datapoint finds
out which Center it’s
closest to.

0.4

4. Each Center finds the
centroid of the points
it owns

0,2

——




K-means

Ask user how many
clusters they’d like.

(e.g. k=5)

Randomly guess k
cluster Center
locations

Each datapoint finds
out which Center it’s
closest to.

Each Center finds the
centroid of the points
it owns...

...and jumps there

...Repeat until
terminated!

Auton’s Graphics

x1

0.8

0.6

0.4

0,2

0,2

%07

——




K-means

 Randomly initialize k centers

— O = w0, w0 P

 Classify: Assign each point j&{1,...N} to
nearest center:

— W) — argmin [|u; — 2|2
v

» Recenter: u; becomes centroid of its point:

t+1 .
p Y —argmin 3 flu—ayll?
3:Cj)=1



Does K-means converge??? Part 1

e Optimize potential function:

k

minmin F'(u, C) = minmin E E ||,u7;—acj||2
noC pooCoo= . =
1=135:C()=i

e Fixu, optimize C



Does K-means converge??? Part 2

e Optimize potential function:

k

min min F' C') = minmin e |12
inmin F(u,C) =minmin 37 3 [lui—aj]
i=1j:C(j)=i

e Fix C, optimize u
| itiedizedion :
* K- meang



Vector Quantization, Fisher Vectors

Vector Quantization (for compression)

1. Represent image as grid of patches
2. Run k-means on the patches to build code book
3. Represent each patch as a code word.

FIGURE 14.9. Sir Ronald A. Fisher (1890 — 1962) was one of the founders
of modern day statistics, to whom we owe mazimum-likelihood, sufficiency, and
many other fundamental concepts. The image on the left is a 1024 x 1024 grayscale
image at 8 bits per pizel. The center image is the result of 2 X 2 block V@, using
200 code vectors, with a compression rate of 1.9 bits/pizel. The right image uses
only four code vectors, with a compression rate of 0.50 bits/pizel



Mixtures of Gaussians
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(One) bad case for k-means




(One) bad case for k-means

o Clusters may overlap
e Some clusters may be “wider” than others



Mixture models

Yi ~ N(/jl170-2 )
Yo ~ N(u2>0%)a
Y = (I—A)Yl-I—AYQ,

00 02 04

A € {0,1} with Pr(A =1) =«
Z = {y;}I_, is observed data

If ¢g(x) is Gaussian density with parameters 0 = (i, 0?) then

N n - P(a0)P(y| a-0)
il A

06:2) = 3" logl(1 — )60, (5) + o, ()

iz P( A= \\?C‘ao\ A= \}



Mixture models

Yi ~ N(m,o?), S '

Yo ~ N(uz,03), N I I

Y = (1-A)-Y1+A Y5, o . EREERR lllllll
0 2 4 6

A € {0,1} with Pr(A =1) =«
Z = {y;}I_, is observed data

o o 2 2
0 = (7T, 017 92) - (ﬂ', H1,071, K2, 02) A\ = {Az}?zl is unobserved data

If ¢g(x) is Gaussian density with parameters 0 = (i, 0?) then
P(%‘ )Df@:ﬂ& vi, Ay = 0) = P (A‘L: O\ P(Bé\ A= O\ - Q" *‘V3 @(%)C‘}OB
G A — 1) — DA = IAYE \
?(\afb,ﬁbzi)’L(e,yz,Az — 1) — (Abfi\ ?635 ' Au'ﬁ) = B @81(&3/()
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Mixture models

0.4

Yi o~ N(ulaag)a
Yo ~ N(M270§)7
Y = (1—-4)-Yi+A-Ys,

00 0.2

Y
IIIIII IIIIIII
A € {0,1} with Pr(A =1) =« ° ? ) °
Z = {y;}I_, is observed data
0 = (m,61,02) = (7, jn, 0%, 2, 73) A = {A;}!" | is unobserved data

If ¢g(x) is Gaussian density with parameters 0 = (i, 0?) then

n

00;Z,8) = (1—A;)logl(1 —m)da, (yi)] + As log(ma, (y:)]

1=1

If we knew A, how would we choose 67
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Mixture models

0.4

Yi o~ N(/"’laa:lz)a
Yo ~ N(:u'270-§)7
Y = (1—-4)-Yi+A-Ys,

00 0.2

Y
IIIIII IIIIIII
A € {0,1} with Pr(A =1) =« ° ? ) °
Z = {y;}I_, is observed data
0 = (m,61,02) = (7, jn, 0%, 2, 73) A = {A;}!" | is unobserved data

If ¢g(x) is Gaussian density with parameters 0 = (i, 0?) then

n

00;Z,8) = (1—A;)logl(1 —m)da, (yi)] + As log(ma, (y:)]

1=1

If we knew 6, how would we choose A7
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Mixture models

Yi ~ N(u,oi), . '

Yo ~ N(uz,03), N I I

Y = (1-A)-Y1+A Y5, o |HnNEEN llll.ll
0 2 4 6

A € {0,1} with Pr(A =1) =«
Z = {y;}I_, is observed data

o . 2 2
0 = (7T, 017 92) - (7T7 H1,071, K2, 02) A\ = {Az}?zl is unobserved data

If ¢g(x) is Gaussian density with parameters 0 = (i, 0?) then

n

((0;Z,A) = Z(l — Ay)log[(1 — m)do, (y:)] + Ailog(me, (y:)]

7i(0) = ElA]0, 2] = ?(\AE\\\'\L\ = PlA: |, }@, PLAE) P 121
?C‘f}i\ i fs.P(A*,:JYP(ngAzJ)

" Resoonsibilities,”



Mixture models

Algorithm 8.1 EM Algorithm for Two-component Gaussian Mizture.

1. Take initial guesses for the parameters fi1, 6%, fig, 63,7 (see text).
2. FEzxpectation Step: compute the responsibilities

dg, (Yi) .
P = - 2 — ,1=1,2,...,N. 8.42
L s v R O R (8.42)

A

3. Mazximization Step: compute the weighted means and variances:

N . N ) A
f1 = 2= (1 = %i)ys 52 = Soici (=A%) (yi — f11)?
- N N ) = N - ,
> iz (1 — %) SN (1 —4)
N . N . )

4 = iz iy o Dic1 Vi(Yi — fi2)’

#2 - N N 9 02 - N " ,
Zi:l i Zi=1 Yi

and the mixing probability # = S~ , 4i/N.

4. Tterate steps 2 and 3 until convergence.
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Kernel Density Estimation
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Kernel Density Estimation




Kernel Density Estimation

No CHD CHD Combined

What is the Bayes
optimal classification
rule?

Can we leverage this to
build a classifier?

Recell Baues OFH mal

! i ! : Claseibier:
2/\ z IIIII z llll \'B:&"\%“%@K PC\{-’B\X: KS
5 Plx)

€Ir) = Am :L’; m,zm (doesny depend on y)
f( ) Z ¢( : ) Can ma\ﬁe, W/f‘lj ?owu*eulj

S‘\’OC\"\ SHCa\ ’\nge,re,nceg when
74 ormed wl Sull %ene,m}iv& mode |.




Generative vs Discriminative

U )

:Y\)SAV \wrn \,\)\\w\- \6@0 need

LQ/OL\N/\ ‘C\)\\ \(\Oi“+ to make o sgeci(ic clacg
of ?Mic}‘wmi, Learn yust

e chwotlon:

?LY\X\ E3 |@&55H4 Vec)NSQZOn,
P(X)\{\ e Vo reﬁofc&, —(\\o(‘ PCX\ or PUJY)

Wilistic
op0\§0b “i 0 Aﬂ Q,OLSiW\ mO&e,“ ?rob\eml

Yo pencty e %o%f’s fequires \eas docta, §w+ qu‘\lHj
W Q— ‘\V\M/l 1B lmited o {’veﬂefs o&g,ﬁ{—
(/\ A \Cav . '?L\{\ X\_
L Qave
(%)
Q\(’}L\)\(\& \B'k'é’\)\e/ UDME\V\WVW”S



