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Sigmoid (logistic) activation function: g(z) — U(Z) —
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bias units

Slide by Andrew Ng

Neural Network

Layer 1

(Input Layer)

Layer 2 Layer 3

(Hidden Layer) (Output Layer)
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al) = “activation” of uniti in layer j

o’ — he(x)

& OV = weight matrix stores parameters
N from layerj to layerj + 1
a&z) =g @(1):13 + @(1):13 + @(1):1:2 + @%)333)

(
i = g(05) xo + O5)x) + 65 x5 + 65 z4)
aéz) = g(@(l)xo + @( )a: + @( )x + @%)xg)
ho(z) = a® = g(02a® 1+ 6@ + 6@ 4+ 6D

If network has Sj units in Iayerj and S;,; units in layer j+1,
then OV has dlmen5|on Siv1 X (S+1)

@(1) c R3X4 @(2) c R1X4

Slide by Andrew Ng



Multi-layer Neural Network - Binary Classification

al) = x

L(y,y) =ylog(y) + (1 —y)log(l — y)

Binary
g(z) =o0(z) = ) —, Logistic
Te Regression




Multi-layer Neural Network - Binary Classification

al) = x

L(y,y) =ylog(y) + (1 —y)log(l — y)

1 Binary
g9(z) = max{0, z} 6(z) = ) —, Logistic
Te Regression




Multiple Output Units: One-vs-Rest

Multi-class
Logistic
Regression
[ 1] [ 0 | [0 | [0 |
0 1 0 0
h@(X) ~ 0 he (X) ~ 0 h@(X) ~ 1 h@(X) ~ 0
| 0 | 0 | 0 1
when pedestrian when car when motorcycle when truck
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Multi-layer Neural Network - Regression

a'V = x
@ = (@M g1

7= 0L

g(z) = max{0, z} Regression




Neural Networks are arbitrary function approximators

Theorem 10 (Two-Layer Networks are Universal Function Approx-
imators). Let F be a continuous function on a bounded subset of D-
dimensional space. Then there exists a two-layer neural network F with a

finite number of hidden units that approximate F arbitrarily well. Namely,
for all x in the domain of F, |F(x) — F(x)| < e.

Cybenko, Hornik (theorem reproduced from CIML, Ch. 10)
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Gradient Descent: O «— @) _ nVew L(y,y) Vi

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation




Gradient Descent: @(l) < @(l) — nv@(z)L(% Z//\) Vi

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation

2. Convenient libraries




Gradient Descent:

Seems simple enough|
Theano, Cafe, MxNet {

1. Automatic differ

2. Convenient Iibra‘

class Net(nn.Module):

def

def

__init__(self):

super(Net, self).__init__()

# 1 input image channel, 6 output channels, 3x3 square convolution
# kernel

self.convl = nn.Conv2d(1, 6, 3)

self.conv2 = nn.Conv2d(6, 16, 3)

# an affine operation: y = Wx + b

self.fcl = nn.Lineax(16 * 6 x* 6, 120) # 6*6 from image dimension
self.fc2 = nn.Linear (120, 84)

self.fc3 = nn.Linear(84, 10)

forward(self, x):

# Max pooling over a (2, 2) window

x = F.max_pool2d(F.relu(self.convli(x)), (2, 2))

# If the size is a square you can only specify a single number

X X X X

retu

.max_pool2d(F.relu(self.conv2(x)), 2)
.view(-1, self.num_flat_features(x))
.relu(self.fcl1(x))

.relu(self.fc2(x))

self.fc3(x)

rn X

m M X M

# create your optimizer

optimizer = optim.SGD(net.parameters(), 1lr=0.01)

# in your training loop:

optimizer.zero_grad() # zero the gradient buffers

output = net(input)

loss = criterion(output, target)
loss.backwazrd()

optimizer.step() # Does the update




Gradient Descent: @(l) < @(l) — nv@(z)L(% Z//\) Vi

Seems simple enough, why are packages like PyTorch, Tensorflow,
Theano, Cafe, MxNet synonymous with deep learning?

1. Automatic differentiation

2. Convenient libraries

3. GPU support




Common training issues
L, (‘(ﬁm(#l('cq(ﬁ\)w '{” rot acebol, thig can

eas'o\% blow Vp o 4o to Q

Neural networks are non-convex

- For large networks, gradients can blow up or go to zero.
This can be helped by batchnorm or ResNet architecture

- Stepsize, batchsize, momentum all have large impact on
optimizing the training error and generalization performance

- Fancier alternatives to SGD (Adagrad, Adam, LAMB, etc.) can
significantly improve training

-Overfitting is common and not undesirable: typical to achieve 100%
training accuracy even if test accuracy is just 80%

- Making the network bigger may make training faster!

- Very impectant Yo Normalize Lecdvees, & stale wagltt nitelizetion
% S0 Yot acivations '\’mouskw\- network Nave vatiandd ~1.%



Common training issues

Training is too slow:

- Use larger step sizes, develop step size reduction schedule

- Use GPU resources

- Change batch size

- Use momentum and more exotic optimizers (e.g., Adam)

- Apply batch normalization - AN HELP W] % (previews <lide)

- Make network larger or smaller (# layers, # filters per layer, etc.)

Test accuracy is low

- Try modifying all of the above, plus changing other
hyperparameters



Common training issues

https://playground.tensorflow.org/



https://playground.tensorflow.org/
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Backprop
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Backpropagation

Set A,g-) =0 Vi,i,7 (Used to accumulate gradient)

For each training instance (x;,y;):
Set a(l) — X
Compute {a®, ..., al)} via forward propagation
Compute 6L = all) — y,
Compute errors {6F—1) .. §3)}
Compute gradients Ag.) = Ag) + a§l)5§l+1)

LA B i 4
Compute avg regularized gradient pW =] n=y +A0;7 itj#0
Y LAY otherwise

D!) is the matrix of partial derivatives of J(©)

Based on slide by Andrew Ng



Autodiff

Backprop for this simple network architecture is a special
case of reverse-mode auto-differentiation:

‘ y = f(z1,22) = In(z1) +z172 —sin(zs)

v
IS
—
r
=)
—
v

I - ,U V4
\J\ Forward Primal Trace Reverse Adjoint (Derivative) Trace
f V_1=T1 =2 A 1 = V-1 =5.5
Vo = T2 =5 T2 = Vo = 1.716
v1i =lnv_1 =1n2 V_1=7-1 _{_171%1)_]? =v_1 —|—’l_)1/1)71 = B
vz =v_1Xvy =2x5 To =To+T32 =00+ xv_1 =1716
332 ;\IU-O/ > ’U3 V1= 1_)2—2—661:)_1 = V2 X Vo =95
v3 = sinvo =sind Vo = ﬁag—zg- = U3 X COS Vo = —0.284
vg =v1+ve =0.6934 10 Vo ='D4g—z‘2£ =04 X1 =1
V1 = 1_)42—2‘1L =4 X1 =1
vs =wvs—v3 = 10.693 + 0.959 U3 =V 5% =vsx(-1) =-1
vy =g =75 x 1 =1
YV y =us = 11.652 U5 =7 =1

This is the special sauce in Tensorflow, PyTorch, Theano, ...



- A model is called “parametric” if the number of parameters
do not depend on the number of samples

- A model is called “non-parametric” if the number of parameters
increase with the number of samples (Does not mean absence of parameters!)
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Some data, Bayes Classifier

Training data:
O True label: +1

O True label: -1

|ll

Bayes” classifier:

1

Optima

Predicted label: +1

Predicted label: -1

Figures from Hastie et al.



Linear Decision Boundary

oilg 0 Training data:
%0 % 0849° () True label: +1

& 0 O True label: -1
0 ~

T om0 o Learned:

Figures from Hastie et al

Linear Decision boundary
fw+b=0

G Predicted label: +1

Predicted label: -1



k=15 Nearest Neighbor Boundary

Training data:

O True label: +1

O True label: -1

Learned:

15 nearest neighbor decision
boundary (majority vote)

Predicted label: +1

Predicted label: -1

e Nearest neighbor gives non-linear decision boundaries
e What happens if we use a small k or a large k?

Figures from Hastie et al



k=1 Nearest Neighbor Boundary

Training data:
O True label: +1

O True label: -1

Learned:

1 nearest neighbor decision
boundary (majority vote)

Predicted label: +1

Predicted label: -1

e With a small k, we tend to overfit.

Figures from Hastie et al



k-Nearest Neighbor Error

Model complexity low

k — Number of Nearest Neighbors Q

Model complexity high

151 101 69 45 31 1 7 5 3
| l\_l\\le‘ll |(3(| AI'SI I I | | 1 | | | Low gl&S
Lou) VAR HLGH VOR
§— .\./.\ Linear gwce}(
. S pot
Q _ N,
° \Y,
Underfit \ Best possible  Overfit

Test Error
0.20
|

0.10
|

- Train
Test
—— Bayes

o\.,o-o\./.\.\

N

Figures from Hastie et al

' k Bias-Variance tradeoff

As k->infinity?

Bias:

Variance:

As k->17?

Bias:

Variance

A

|
S

V

T

e The error achieved by Bayes optimal classifier provides a
lower bound on what any estimator can achieve



Notable distance metrics (and their level sets)

Consider 2 dimensional example with 2 data points with labels green, red,
and we show k = Inearest neighbor decision boundaries for various choices of distances

L, norm : d(x,y) = |[|x — ||, L, norm (taxi-cab)
Xy X5
X =
Xy .
A

Mahalanobis norm: d(x,y) = (x — y)! M (x —y) L-infinity (max) norm



k = 1 nearest neighbor

One can draw the nearest-neighbor regions in input space.

2%

X A
Dist(x/,x)) = (XI; — X/;)? + (X, — XI,)?  Dist(xi,x/) =(xi, — xi,)2+(3x, — 3xi,,)2

The relative scalings in the distance metric affect region shapes



1 nearest neighbor guarantee - classification

11d

(s, yi) })iz1 Ti € Rd, y; € {0,1} (i, yi) ~ Pxy

Theorem|Cover, Hart, 1967] If Py is supported everywhere in R? and P(Y =
1| X = z) is smooth everywhere, then as n — oo the 1-NN classification rule has
error at most twice the Bayes error rate.




1 nearest neighbor guarantee - classification

11d

(s, yi) })iz1 z; €RY g €{0,1} (i, yi) ~ Pxy

Theorem|Cover, Hart, 1967] If Py is supported everywhere in R? and P(Y =
1| X = z) is smooth everywhere, then as n — oo the 1-NN classification rule has
error at most twice the Bayes error rate.

e Let xy, denote the nearest neighbor at a point x
o First note thatasn — o0, P(y =+ 1 |xyny) = P(y =+ 1|x)
o Let p* = min{P(y =+ 1|x), P(y = — 1| x)}denote the Bayes error rate
e At a point x,
e Case 1: nearest neighbor is 4+ 1, which happens with P(y = + 1| x)
and the errorrateis P(y = — 1 | x)
e Case 2: nearest neighbor is — 1, which happens with P(y = — 1| x)
and the error rateis P(y = + 1 | x)

e The average error of a 1-NN is
Ply=+1|x)P(y=—-1[x)+P(y=—1[x) P(y =+ 1]|x) =2p*(1 - p*)




Curse of dimensionality Ex. 1

Unit Cube
| 0.6 - /1 P ? /= =10
1 <>
— 0.4 -
Fraction of
Volume
//\ 0.2 -
0
* \>
: 0.0 -
Neighborhood . .8 1.0

side length r Edge length r

X is uniformly distributed over [0, 1]?. What is P(X € [0, r]P)?

How many samples do we need so that a nearest neighbor is within a cube of side length r?



Curse of dimensionality Ex. 2

{ X}, are uniformly distributed over [—.5, .5]P.

0.6

Median Radius
0.3 04

0.2

0.1

0.0

0 5 10 15

3 4 5 Dimension

What is the median distance from a point at origin to its 1INN?

How many samples do we need so that a median Euclidean distance is within r?



Nearest neighbor regression

{(@s,945)})

n
1=1

- What is the optimal classifier that

minimizes MSE E[($ — y)?]?
y=Ely|«]

. k-nearest neighbor regressor is

fx) =% » y,

jenearest neighbor

Z;;l y; X Ind(x; is a k nearest neighbor)

2?21 Ind(x; is a k nearest neighbor)



Nearest neighbor regression

1.0

0.5

0.0

-0.5

-1.0

Ui, i) }) iz

0 l
® )
&O o oY ( \
3 0 8 |o
0] 0 (o]
0
o]
I | I | I I |
0.0 0.2 0.4 () 06 0.8 1.0

. k-nearest neighbor regressor is

f (xg) =

K (zo, )

Z?zl y; X Ind(x; is a k nearest neighbor)

2?21 Ind(x; is a k nearest neighbor)

In nearest neighbor methods, the
“weight” changes abruptly

0.8

0.4

0.0

smoothing: K(z,y)

Epanechnikov

T L Z?:l K(x()axi)yi

flao) = Z?:l K(zo, ;)



Nearest neighbor regression

Y {(zi,9i) })iza

1.0

T T T T T T T X T T

0.0 0.2 0.4 mo 0.6 0.8 1.0 0.0 0.2
. k-nearest neighbor regressor is
n . .
R Y v: X Ind(x; is a k nearest neighbor) o
—171 i —
Flxg) = = f (o)

Z?zl Ind(x; is a k nearest neighbor)




Nearest neighbor regression

I I I I I I | x I I [ | | | |
0.0 0.2 04 XI(Q 06 0.8 1.0 0.0 0.2 04 XI(Q 06 0.8 1.0

Why just average them?
. k-nearest neighbor regressor is

) = Z;lyl- X Ind(x; is a k nearest neighbor) ~ B Z?:l K(ajo, |
o) =

f(zo) =

2?21 Ind(x; is a k nearest neighbor) Z?:l K(:IZO,




Nearest neighbor regression

{(@s,946) })izq

- ]
( -

1.5

15

1.0

=]
-

1.0

0.5

LI
o

0.5

0.0
0.0
!

0.0
|

s 2
(=] ] 0 o g ]
o[o ofz 014 Iwo 016 ofs 110 oio ofz 0; iIBO oie ofe 1T0 ofo oﬁz 0f4 ofe oje 1{0

k-nearest neighbor regressor is 5

n . . -~ 1 K(70, 7)Y ~
R . y; X Ind(x; is a k nearest neighbor) — &=l ’ _ T
Fr) = Zl—ln’ - _ /(o) S K(x0, ;) f(xo) = b(x0) + w(x0)” o

Zizl Ind(x; is a k nearest neighbor)

mn
. T 2
w(xg),b(xg) = arg min K(xg,x;)(y; — (b+w" x;))
w7 .
1 =1

Local Linear Regression



Nearest Neighbor Overview

« Verysimple to explain and implement

 No training! But finding nearest neighbors in large dataset at
test can be computationally demanding (KD-trees help)

« You can use other forms of distance (not just Euclidean)

« Smoothing and local linear regression can improve
performance (at the cost of higher variance)

« With a lot of data, “local methods” have strong, simple
theoretical guarantees.

« Without a lot of data, neighborhoods aren’t “local” and
methods suffer (curse of dimensionality).



Questions?



