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Logistic Regression

Recall linear regression:

L 2 (-wixy
We assumed that for any X, we have: p(Y = y|X =Xx) = e 2
2r

Given data {(x;,y;) };_,we then computed the MLE for w.

Logistic regression uses a model specialized for classification:

1
1 1 ofz) = 1 + exp(—2)

PY =1X= = T'y) =
Y =1X = xw = olwx) = oo

exp(—w!x)

PIY =0X =x,w] =1-0(w'x) = 1 + exp(—w'x)

1
1+ exp(wTx)
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IP [Y = ]_‘X = X, W] = O'(WTx) = 1 n eXp(_WTX) o
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PIY = 01X =x,w] =1-o(w'x) = 1 + exp(—w'x)

1
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Features can be discrete or continuous!



Sigmoid for binary classes

1

PlY =1 X=x| =
| | X 1 + exp(—w!x — wyp)

exp(—w!x — wp)

T 1+ exp(—w!'x — w)

d

2 explug + wx) = expluwg + Y wya)
- k=1

Linear Decision Rule!

d
PlY = 1|X = x]
Py —0X —x] 0t 2

log




Logistic Regression — A Linear Classifier
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Regularized Conditional Log Likelihood

Add a penalty to avoid high weights/overfitting?:

argmleog 1+ exp(—y; (z; w+b))) + Al|w||5
1=1

Be sure to not regularize the offset b!



* Logistic regression

2 classes

Plyi==1[x) = ———
I + e
T

eV Xi

PO =+11%) =

1+ e N 1 + e

k classes
o ew[:,l]Txi
(yl - Cl |xl) - eW[:,l]Txi + v _|_ ew[:,k]Txi
ew[:,k]Tx,-
P(y; = ¢ lx) =

el x4 ewliklTx;

Without loss of generality setting w[:,1]=0 when
k = 2 recovers the original binary class case

Maximum Likelihood Estimator

.. 1 ¢
maximize,, — Z log(P(y; | x;)
g

ew[:vj]Txi >

Zk ewlni'T x;
j'=1

1 « 1 1 &I&
1mi — imi k— I{y,=c}l (
maximize, _pa . Z 10g< = e—w%) Maximize yeg > 1D Iy, =c;}log

i—1 i=1j=1

I{y; = j} is an indicator that is one only if y; = j
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Creating Features

e Feature mapping ¢ : R? — R” maps original data
into a rich and high-dimensional feature space (usually d < p)

For example, for d>1,

For example, in d=1, one can use ) ;
one can generate vectors {u;j}i—; CR

_¢1(x)_ [ x| et
_ || _ x* and detine Teatures:
Px) = : a .k ¢(x) — COS(u.Tx)
_¢k(x)_ | X

00 = W x)?

1+ exp(uTx)
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e Feature mapping ¢ : RY — R” maps original data
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For example, for d>1,

For example, in d=1, one can use ) ;
one can generate vectors {u;j}i—; CR
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« How many coefficients/parameters are there for degree-k polynomials
forx = (x,...,x;) € R4 7



How do we deal with high-dimensional lifts/data?

The kernel trick:

A function K : R¢ x R? - R is a kernel for a map
¢ : RY - RPif K(x,x") = (¢p(x), p(x")) for all x, x’

Big idea: if we can represent our

e training algorithms and

e decision rules for prediction
as functions of dot products of feature maps (i.e. {{¢(x), $(x"))}) and we can find a kernel
for our feature map such that

K(x.x") = (p(x), p(x))

then we can avoid explicitly computing and storing (high-dimensional) and

instead only work with the kernel matrix of the training data



Recap: Kernels are much more efficient to
compute than features

e Asillustrating examples, consider polynomial features of degree exactly k

X
P = X; fork = 1 and d = 2, then K(x, X') = x,x| + x,x}

X

2
dp(x)=| *2 |fork =2andd =2, then K(x, x") = (xTx)?




Recap: Kernels are much more efficient to
compute than features

e Asillustrating examples, consider polynomial features of degree exactly k

X
P = x; fork = 1 and d = 2, then K(x, X') = x,x| + x,x}

X

2
dp(x)=| *2 |fork =2andd =2, then K(x, x") = (xTx)?

e Note that for a data point x;, explicitly computing the feature ¢(x;)

takes memory/time p = d*
e For a data point x;, if we can make predictions by only computing the kernel, then
computing { K(x;, xj) }}”zl takes memory/time dn

e The features are implicit and accessed only via kernels, making it efficient



Examples of popular Kernels

. Polynomials of degree exactlyk

K(x, x") = (xTx")k
. Polynomials of degree up to k

K@, x") = (1 + xTx)
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K(x,x") = exp( —



Examples of popular Kernels

. Polynomials of degree exactlyk

K(x, x") = (xTx")k
. Polynomials of degree up to k

K@, x") = (1 + xTx)

- Gaussian (squared exponential) kernel
(a.k.a RBF kernel for Radial Basis Function)

2
l|x — x/||2 )
202

K(x,x") = exp( —
 Sigmoid

K(x,x") = tanh(yx'x' + r)

 All these kernels are efficient to compute, but the corresponding
features are in high-dimensions



Ridge Linear Regression as Kernels

. Recall Ridge regression: W = arg mi[RPd ly — lel% + ﬂllwll%
we

e Consider the trivial kernel K(x, x") = x’x’

e Training: W = (X'X+I, ) X7y = XT(XX"+1L, )"y
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Ridge Linear Regression as Kernels

. Recall Ridge regression: W = arg mi[RPd ly — lel% + ﬂllwll%
we

e Consider the trivial kernel K(x, x") = xTx’

e Training: W = (X'X+ I, )" X7y = XI'(XX"+1L )"y

/\T

e Prediction:  x.., € R? View = W' X

new new

=y'XX?T + 21, )" Xx, ..,

e Hence, to make prediction on any future data points, all we need to know is

xlTxnew K(xy, Xpew) K(xp, xp)  K(xy,x5) -
Xx .. = : = : eR" and XX = : : € R™"

K(x, Xpevy) K(x,, x) K(x,,xy) -

[ ]
T
X, X n® “*new

n “"new

n
S . 2
Key idea: Now consider W = arg min Z (yl- — WT¢(xi)) + /1||w||% and use an any
* weR?

kernel K(x, x') = ¢p(x)T p(x")! i=1



The Kernel Trick

. Given data {(x;, y;) }'_,, pick a kernel K

‘RYx RY > R

1. For a choice of a loss, use a linear predictor of the form

aq

n
W = Z a.x;| forsomea = | ¢ | € R"tobe learned
i=1

a,

n
LA _ =T — T
Predictionis ¥ joy = W Xpow = Z A Xi Xnew
1

1=

2. Design an algorithm that finds a while accessing the data only via {xl.ij}

3.

4. Make prediction with y ., = Z a.K(x;, x,

Substitute xiij with K(x;, xj), and find a

—1
(repIaCing xiTxneW with K(xi’ xlllew))

using the above algorithm from step 2.

ew)



The Kernel Trick for regularized least squares

n
W = argmin Z (v; = wix)? + Allwll3
w
i=1

n
There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1



The Kernel Trick for regularized least squares

N~

n
w = argmin Z (y; — WT)CZ-)2 + /1||W||%
w
i=1

n
There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1
n n n n
a = arg min Z(yz - Z (T, )% + A Z Z ;o (Ti, T )
i=1 j=1 i=1 j=1

(Step 2. Write an algorithm in terms of &)



The Kernel Trick for regularized least squares

N~

w o= argmln Z(yl wlx)? + Allwll3
i=1

There exists an a € R": w = Z O T (Step 1. We will prove it later)
i=1
n n n n
a = arg min Z(yz - Z (T, )% + A Z Z ;o (Ti, T )
i=1 j=1 i=1 j=1

(Step 2. Write an algorithm in terms of &)

n n
Xernel — argmoini :(y’& o E :OéjK(ﬁU,L-,CEJ + A E E OézOéj QS'Z,ZCJ
=1 j=1

=1 7=1
(Step 3. Switch inner product with kernel)

= argmin|ly — Ka||3 + Ao’ Ka Where K;; = K(x;, x;) = (¢(x)), p(x)))

(Solve for @yq )

ThUS akemel (K + /11an) Yy



Why do we need regularization when using
kernels?

e ¢ =argmin|ly — Ka|3 + Ao’ Ka
e Typically, K is invertible so that & = (K + /IIan)_ly is well defined.
e What if A = 0? What goes wrong?
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predictor f(x) = 2 a;K(x;, x) is taking weighted sum of n kernel functions

centered at each lszalmple points



2
loc; — 12 }

RBF kernel k(x, x) = exp{ R
0]

e L) = |[Ka—yll; + Awll;

« The bandwidth 67 of the kernel regularizes the predictor, and the regularization
Coeff|C|ent A also regularlzes the predlctor
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RBF kernel and random features

N~

w = argmin —Zlog(l + exp(— yl(b+w x;))) + /1||w||2
w,b I’ll )

N\

a,b = arg min — ) log(1 +exp(—=y,(b+ ) oK(x;,x)))) + 4 .o K(x;, x;
gaeng g(1 + exp(—y( Jz} (X X)) iz%‘,ﬂ K(x;, x)

Bandwidth o is Iarge enough Bandwidth o is small




Features vs. RBF kernel vs. random features
K(u,v) =exp <_|u—v||%>

202

If n is very large, allocating an n-by-n matrix is tough.
Instead, consider generating random feature maps of the form:

(V2 cos(wTz 4 b1)] wy, ~ N(0,2v1)
o(z) = :

_\/QCOS(w'g%pr)_ b ~ uniform(0, )

withp < n
One can show that
1 T ’ n2
[Ew,b[;¢<x> $p(x)] = exp(—yllx —x'|I3)

So this choice of random features approximate the desired RBF kernel with y = ﬁ
c

[Rahimi, Recht NIPS 2007]
“NIPS Test of Time Award, 2018



Fixed Feature V.S. Learned Feature

Can we learn the feature mapping ¢ : R4 — R? from data also?



Questions?



