Classification
Logistic Regression

Matt Golub
Hunter Schafer

UNIVERSITY of WASHINGTON



Thus far, regression:

predict a continuous value given some inputs



Weather prediction revisited
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Pairwise classification accuracy: 85%

Person 5% . Animal

[Mitchell et al.]



Classification

eLearn [ : X — )
e Features: X C R?
* Target classes: ) = {1,....k}

* Loss Function: . Z(f(x),y) = 1{f(x) # y}
 Expected loss of f:

yPD L0 #e) < B [En 1 o e




Classification

eLearn [ : X — )
e Features: X C R?
* Target classes: ) = {1,....k}

* Loss Function: . Z(f(x),y) = 1{f(x) # y}
* Expected loss of [: Exy [1{f(X) #Y}] =Ex []EY|X [1{f(X) £ Y}X = XH

- =

19 Eyx [1{f(X) #y}X =x] =) 1{f(X) #i}P(Y = ilXéz = Y Py =iX=x)
i 1 an term coriespondt i£F(x)
Uoe deimition . A - N’/W-lag&b/ 1()=0 ')
OQ Q«K?&C"’Gd"ﬁ@n ‘Efyg—ﬁ\\ki v T\L\ur\‘ Aro? e j?\:‘ﬁ% 1 — P(Y = f\(X)’X — X)
4 a\\-ose%f‘, Stneg, onlv) \Lupira ¢ s.t. SIV)CQ. E IOLYZU\ X: X\ - ‘

* Suppose you knew P(Y | X) exactly, how should you classify?



Classification

eLearn [ : X — )
e Features: X C R?
* Target classes: ) = {1,....k}

* Loss Function: . Z(f(x),y) = 1{f(x) # y}

e Expected loss of f: Exy [1{f(X) #Y}] = Ex []EY|X [1{f(X) £ V}X = XH
By x [H{f(X) #y}HX =x| = Z Hf(X) #ipP(Y = i[X =x) = Z PY =ilX =x)
| - ﬁ(};(y — F(X)|X = x)
* Suppose you knew P(Y | X) exactly, how should you classify?
* Bayes-Optimal classifier:

f(x) = argznax P(Y = y|X = x)



Bayes Optimal Binary Classifier

- Bayes-Optimal classifier: f(x) = arg;nax P(Y = y|X =x)
. Suppose we don’t know P(Y = y | X = x), but have n iid examples

X,y 1o, Ye {01}

. Suppose X 'is discrete sothat X € {1,2,....,m}. What is a natural
estimator for P(Y = y | X = x)?
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- Bayes-Optimal classifier: f(x) = argznax P(Y = y|X =x)
. Suppose we don’t know P(Y = y | X = x), but have n iid examples

X,y 1o, Ye {01}

. Suppose X 'is discrete sothat X € {1,2,....,m}. What is a natural
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What if X is continuous? That is, what if X € R%?



Bayes Optimal Binary Classifier

- Bayes-Optimal classifier: f(x) = argznax P(Y = y|X =x)
. Suppose we don’t know P(Y = y | X = x), but have n iid examples

X,y 1o, Ye {01}

. Suppose X 'is discrete sothat X € {1,2,....,m}. What is a natural
estimator for P(Y = y | X = x)?

A Yol =2,y =
f(z) = argmax 2i=1 n[x Ty =y
y€{0,1} Zi:1 1[z; = x|

What if X is continuous? That is, what if X € R%?

We need a model to explain observations



Logistic Regression

Recall linear regression:

1
—E(y—WTX)2

We assumed that for any X, we have: p(Y =y | X =X) =
V2

Given data {(x;,y;) }_,we then computed the MLE for w.
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1
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We assumed that for any X, we have: p(Y =y | X =X) =
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Logistic Regression

Recall linear regression:

1
—E(y—WTX)2

We assumed that for any X, we have: p(Y =y | X =X) =
V2

Given data {(x;,y;) }_,we then computed the MLE for w.

Logistic regression uses a model specialized for classification:

1
1 1 o(z) = 1+ exp(—2)

1 + exp(—w!x)

PlY =1|X =x,w] =o(w'x) =

exp(—w!x)

PIY =0X =xw]=1-0(w'x) = 1+ exp(—w'x)

1
1+ exp(wTx)

Features can be discrete or continuous!



Understanding the sigmoid
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Sigmoid for binary classes

1

P [Y — 1|X — X] — 1 n eXp(_WTX — wo)
_ . exp(—w'x — wo)
PIY = 01X =x] = 1 + exp(—w!x — wy)
Ty
PY =1X=x] |

PY =0X=x] exp(~Fx-wp)

= &P (W + WA

’03 (Modds '[> = fo + Wo



Sigmoid for binary classes

1

PlY =1 X =x| =
| | x 1 4+ exp(—w!x — wp)

exp(—wlx — wp)

PlY =0 X =x| =
| | x 1 + exp(—w!x — wy)

d

= exp(wo + W' x) = exp(wo + Y wya)
k=1

PY =1|X = x]
P[Y = 0|X = x]

Linear Decision Rule!




Logistic Regression — A Linear Classifier

i&two*m:& "
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1
1+ exp(—=z)




Loss function: Conditional Likelihood

Have a bunch of iid data: {(x“ yi) ?:1 Ti € Rd, y; € {—1,1}
=
1
Py = -1 =
1

P(Y =1|x,w) =

1 4+ exp(—w'x)

This is equivalent to:

1
P(Y = ylz,w) =

1 + exp(—yw'x)

So we can compute the maximum likelihood estimator:

n
WMLE = argmax 1] Pyilzs, w)
1=1



Loss function: Conditional Likelihood

Have a bunch of iid data: {(SEZ, yz) ?:1 T; € Rd, y; € {—1,1}
1
1 4+ exp(—yw!z)

P(Y = y|z,w) =

L A _ .
Montimize \ OQS .- \O(‘j"l B \Ociz

n
WMLE = argmax [ Pysli, w) ez

i=1 \
- e
= arg min log(1 + exp(—y; szw)) likeVhoad
w

i=1
Logistic Loss: £;(w) = log(1 + exp(—y; x; w))

Squared error Loss: £;(w) = (y; — xl w)?

(MLE for Gaussian noise)
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Logistic regression for binary classification

. Data I = {(x; € Rd,yi c{-L+1Hi,

| B . 1
. Model.P(Y—)’|an> 1 +exp(—ywTx + b))

. Loss function: logistic loss £(w, b) = log(1 + e_yi(WTx+b))
« Optimization: solve for

n
(b, W) = argmin Z log(1 + ¢™i0w x+b))
b,w 1
- = decision boundary at
 As this is a smooth convex optimization,

T _
it can be solved efficiently w x+b=0
using gradient descent T . \

. Prediction: sign(w!x + b)
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Example: adding more polynomial features

4

3 - -

2 - - — [—
~ 1 —— ++J-
E - + 4 =

-1 - By ¥

-2 - - +

-3

-5 -4 -3 -2 -1 0

e data: x in 2-dimensions, y in {+1,-1}

e features: polynomials

x[1]

1 2

* model: linear on polynomial features
f(x) — woho(SU) + wlhl(w) -+ w2h2(gj) IR

3

Polynomial
features




Learned decision boundary

4
y | 1| - +
~ e -
% 0 - * + = .p.
1 e X
-3 - +
o b =353 3 2 -1 0 1 2
.33[1] x[1]

Coefficient

ho(x) 1 0.23
h1(x) x[1] 1.12
ha(x) x[2] -1.07

e Simple regression models had smooth

0o ® Simple classifier models have smooth



Adding quadratic features

4

3 _ -
: - = -
1= R

0 +I -+¢
. s 7
N - + +
-3

-5 -4 -3 -2 -1 0 1 2 3

Coefficient

ho(x)
hi(x)
ha(x)
h3(x)
ha(x)
hs(x)

x[1]

1 1.68
x[1] 1.39
x[2] -0.59

(x[1])? -0.17
(x[2])? -0.96
x[1]x[2] Omitted

e Adding more features gives more complex models

23

e Decision boundary becomes more complex




Adding higher degree polynomial features

Overfitting leads to
non-generalization

4
3 — - —
2 — —
% 0 o - = .
1 - =4 4t
A\ . \ 1 +
. : . ) . . " -2 -
ho(x) 1 216 o x[1]
) (1] _ Coefficient values
hs(x) x(2] . getting large
hs(x)  (x[1])? .
ha(x)  (x[2])? :
hs(x)  (x[1]) .
he(x)  (x[2])? :
hy(x) (x[1])* .
hg(x) — (x[2])* :
EURE e Qverfitting leads to very large values of
h11(x) (x[1])® 0.8 _— e o o
o w0 f(z) = woho(x) +wihi(z) + waha(x) +




Loss function: Conditional Likelihood

n

Have a bunch of iid data:  {(z;,¥;)}iey ; € RY y; € {—1,1}
1

P(Y = =

n
WMLE = argmax 1] Pilzs,w)
1=1

= arg mu%nz log(1 + exp(—y; I';rw)) — J(w)
i=1

What does J(w) look like? Is it convex?



Loss function: Conditional Likelihood

Have a bunch of iid data:  {(z;,¥;)}iey ; € RY y; € {—1,1}

1
1 + exp(—yw'x)

P(Y = ylz,w) =
mn
WMLE = argmax 1] Pilzs,w)
i=1

= arg mu%nz log(1 + exp(—y; iUsz)) — J(w)
i=1

Good news: J(w) is convex function of w, no local optima problems
Bad news: no closed-form solution to maximize J(w)

Good news: convex functions easy to optimize



One other concern... overfitting.

Have a bunch of iid data:  {(z;,¥;)}iey ; € RY y; € {—1,1}
1

P(Y = =

n
WMLE = argmax 1] Pilzs,w)
1=1

= arg muijn Z log(1 + exp(—y; ] w))
i=1

Does anyone see a situation when this minimization might overfit?



Overfitting and Linear Separability

n
arg min > log(1 + exp(—y; z; w)) When is this loss small?

1=1

Same decision

ED@UWB

W _’J_//
Eﬂ:l =]
+ - \
97 4 ¥ _ = -
24
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Large parameters — Overfitting

When data is linearly separable, weights = oo

1 1
1+e7® 1+ e 2%

Overfitting

Penalize high weights to prevent overfitting?

14 e— 100z



Regularized Conditional Log Likelihood

Add a penalty to avoid high weights/overfitting?:

argmleog 1+ exp(—y; (z; w+b))) + Al|w||5

Be sure to not regularize the offset b!

L

Pt
-

. -~
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How do we encode categorical data y?

e so far, we considered Binary case where there are two categories
e encoding y is simple: {+1,-1}

e multi-class classification predicts categorial y
e taking valuesin C = {cy, ..., C;}

o cj’s are called classes or labels

e examples:
?E%? IOOOS All English words

2 B /\\ Include I in Your Return Address
AFTR the Clty & State

LY IV THE DAY!
YOUR POSTMASTER

Country of birth Zipcode
(Argentina, Brazil, USA,...) (10005, 98195,...)

e a k-class classifier predicts y given x



Embedding ¢;’s in real values

o for optimization we need to embed raw categorical cj’s into real
valued vectors

e there are many ways to embed categorial data
e True->1, False->-1
 Yes->1, Maybe->0, No->-1
e Yes->(1,0), Maybe->(0,0), No->(0,1)
e Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

 Ordered sequence:
(Horse 3, Horse 1, Horse 2) -> (3,1,2)

 we use one-hot embedding (a.k.a. one-hot encoding)

e each class is a standard basis vector in k—dimension

1-hot
encoging MW_M

Country of birth 1

\ (Argentina, Brazil, USA,...) ] | ]

| |
32 196 categories 196 features
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Multi-class logistic regression

e data: categorical yin {c, ..

we use one-hot encoding, s.t. y =

|

-

0

)

0

., C} with k categories

implies that y = ¢,

e model: linear vector-function makes a linear prediction y € R¥

with model parameter matrix W € Rk and sample X; € R4

Ji(x) (Wip Wi Wip o
fx) = L) (W20 W21 wan
l o - .
_fk(xi)_ Wio W1 Wik
WT

W= w11 wl:.2]

wl: ,k]]

1
Xi[l]

Xi

wy o+ w1+ wy ox[2] + -

Wy 0+ w1 5[ 1]+ wy ox[2] + -

_Xi [.d ] .

_Wk,() + Wk,l.xi[l] + Wk’z.xi[Z] + -




* Logistic regression

2 classes

P()’;‘:_llxi): T
1 + e

wlx,

e
Py, =+1 |xi) =

I+e% 1 +ew'

Maximum Likelil

K classes
o ew[:,l]Txl-
(y,- = (1 |xi) — el 17X 4o 4 Wk
ew[:,k]Txi
P(y; = lx) =

el Ty oo 4 oWkl

Without loss of generality setting w[:,1]=0 when

k = 2 recovers the original binary class case

hood Estimator

. 1 <
maximize, — 2 log(P(y; | x;))
i

maximize, rad ; 21 Og( 1 + e viw'x >
l=

W1’

Xj

1 n k
maximize k— I{y. =c:}lo (
WeRd kl’l 2 2 {yl ]} g

i=1j=1 =1

I{y;, = j} is an indicator that is one only if y; = j

TE el Ty,

)




