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Thus far, regression:

 
predict a continuous value given some inputs



Weather prediction revisited

Temperature 

Regression

Classification



Reading Your Brain

AnimalPerson

Pairwise classification accuracy: 85%

[Mitchell et al.]



Classification
<latexit sha1_base64="xv4ScmJfGTOYbun84C4dsr3J9ic="></latexit>

f : X ! Y
<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="XhwFIWWyKm3aezoQxYQs6UZjLSU="></latexit>

Y = {1, ..., k}

• Learn

• Features:

• Target classes:

• Loss Function:

• Expected loss of    :
<latexit sha1_base64="OayszYslexqM0DGvs8xUeKQTLrU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAiuQpKmJt0V3LhswT6gDWUynbRDJ5MwMxFK6dqFW/0Md+LW7/Ar/AUnbQUremDgcM59zQlTRqWyrA9jY3Nre2e3sFfcPzg8Oi6dnLZlkglMWjhhieiGSBJGOWkpqhjppoKgOGSkE05ucr9zT4SkCb9T05QEMRpxGlGMlJaa0aBUtkzH8WpuFVqmbTs1z9PErfiuX4G2aS1QBis0BqXP/jDBWUy4wgxJ2bOtVAUzJBTFjMyL/UySFOEJGpGephzFRAazxaFzeKmVIYwSoR9XcKH+7JihWMppHOrKGKmx/O3l4l9eL1ORH8woTzNFOF4uijIGVQLzX8MhFQQrNtUEYUH1rRCPkUBY6WzWtuSzhYykniF1Zap0Qt8xwP9J2zHta7PadMt1f5VVAZyDC3AFbOCBOrgFDdACGBDwCJ7As/FgvBivxtuydMNY9ZyBNRjvXwiSmZ0=</latexit>

f

<latexit sha1_base64="+FVHLwlsmtFDFpbjv9RJ2cIwRuY="></latexit>

L (f(x), y) = 1{f(x) 6= y}



• Learn

• Features:

• Target classes:

• Loss Function:

• Expected loss of    :

• Suppose you knew P(Y|X) exactly, how should you classify?

<latexit sha1_base64="xv4ScmJfGTOYbun84C4dsr3J9ic="></latexit>

f : X ! Y
<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="XhwFIWWyKm3aezoQxYQs6UZjLSU="></latexit>

Y = {1, ..., k}

<latexit sha1_base64="OayszYslexqM0DGvs8xUeKQTLrU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAiuQpKmJt0V3LhswT6gDWUynbRDJ5MwMxFK6dqFW/0Md+LW7/Ar/AUnbQUremDgcM59zQlTRqWyrA9jY3Nre2e3sFfcPzg8Oi6dnLZlkglMWjhhieiGSBJGOWkpqhjppoKgOGSkE05ucr9zT4SkCb9T05QEMRpxGlGMlJaa0aBUtkzH8WpuFVqmbTs1z9PErfiuX4G2aS1QBis0BqXP/jDBWUy4wgxJ2bOtVAUzJBTFjMyL/UySFOEJGpGephzFRAazxaFzeKmVIYwSoR9XcKH+7JihWMppHOrKGKmx/O3l4l9eL1ORH8woTzNFOF4uijIGVQLzX8MhFQQrNtUEYUH1rRCPkUBY6WzWtuSzhYykniF1Zap0Qt8xwP9J2zHta7PadMt1f5VVAZyDC3AFbOCBOrgFDdACGBDwCJ7As/FgvBivxtuydMNY9ZyBNRjvXwiSmZ0=</latexit>

f

Classification

<latexit sha1_base64="+FVHLwlsmtFDFpbjv9RJ2cIwRuY="></latexit>

L (f(x), y) = 1{f(x) 6= y}
<latexit sha1_base64="TeAu3HG6Hk1JjjBcKFJCC6FsGUY="></latexit>

EXY

⇥
1{f(X) 6= Y }

⇤
= EX

h
EY |X

⇥
1{f(X) 6= Y }|X = x

⇤i

<latexit sha1_base64="7tZ1913fXWt8ZQk7XHhisJWFKuQ="></latexit>

EY |X
⇥
1{f(X) 6= y}|X = x

⇤
=

X

i

1{f(X) 6= i}P (Y = i|X = x) =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(X)|X = x)



Classification
• Learn

• Features:

• Target classes:

• Loss Function:

• Expected loss of    :

• Suppose you knew P(Y|X) exactly, how should you classify?

• Bayes-Optimal classifier:

<latexit sha1_base64="xv4ScmJfGTOYbun84C4dsr3J9ic="></latexit>

f : X ! Y
<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="XhwFIWWyKm3aezoQxYQs6UZjLSU="></latexit>

Y = {1, ..., k}

<latexit sha1_base64="OayszYslexqM0DGvs8xUeKQTLrU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAiuQpKmJt0V3LhswT6gDWUynbRDJ5MwMxFK6dqFW/0Md+LW7/Ar/AUnbQUremDgcM59zQlTRqWyrA9jY3Nre2e3sFfcPzg8Oi6dnLZlkglMWjhhieiGSBJGOWkpqhjppoKgOGSkE05ucr9zT4SkCb9T05QEMRpxGlGMlJaa0aBUtkzH8WpuFVqmbTs1z9PErfiuX4G2aS1QBis0BqXP/jDBWUy4wgxJ2bOtVAUzJBTFjMyL/UySFOEJGpGephzFRAazxaFzeKmVIYwSoR9XcKH+7JihWMppHOrKGKmx/O3l4l9eL1ORH8woTzNFOF4uijIGVQLzX8MhFQQrNtUEYUH1rRCPkUBY6WzWtuSzhYykniF1Zap0Qt8xwP9J2zHta7PadMt1f5VVAZyDC3AFbOCBOrgFDdACGBDwCJ7As/FgvBivxtuydMNY9ZyBNRjvXwiSmZ0=</latexit>

f

<latexit sha1_base64="eW3jTf6V+4nzh+B01UcYqZFjWlQ="></latexit>

f(x) = argmax
y

P(Y = y|X = x)

<latexit sha1_base64="+FVHLwlsmtFDFpbjv9RJ2cIwRuY="></latexit>

L (f(x), y) = 1{f(x) 6= y}
<latexit sha1_base64="TeAu3HG6Hk1JjjBcKFJCC6FsGUY="></latexit>

EXY

⇥
1{f(X) 6= Y }

⇤
= EX

h
EY |X

⇥
1{f(X) 6= Y }|X = x

⇤i

<latexit sha1_base64="7tZ1913fXWt8ZQk7XHhisJWFKuQ="></latexit>

EY |X
⇥
1{f(X) 6= y}|X = x

⇤
=

X

i

1{f(X) 6= i}P (Y = i|X = x) =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(X)|X = x)



Bayes Optimal Binary Classifier
<latexit sha1_base64="eW3jTf6V+4nzh+B01UcYqZFjWlQ="></latexit>

f(x) = argmax
y

P(Y = y|X = x)

{(xi, yi)}n
i=1 Y ∈ {0,1}

<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

• Bayes-Optimal classifier: 

• Suppose we don’t know , but have n iid examples

• Suppose     is discrete so that . What is a natural 
estimator for ?

P(Y = y |X = x)

X ∈ {1,2,...,m}
P(Y = y |X = x)



• Bayes-Optimal classifier: 

• Suppose we don’t know , but have n iid examples

• Suppose     is discrete so that . What is a natural 
estimator for ?

What if     is continuous? That is, what if ?

P(Y = y |X = x)

X ∈ {1,2,...,m}
P(Y = y |X = x)

X ∈ ℝd

Bayes Optimal Binary Classifier
<latexit sha1_base64="eW3jTf6V+4nzh+B01UcYqZFjWlQ="></latexit>

f(x) = argmax
y

P(Y = y|X = x)

{(xi, yi)}n
i=1 Y ∈ {0,1}

<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="oMm0chn+4MwNUHQCkN69vx0OYZY="></latexit>

f̂(x) = argmax
y2{0,1}

Pn
i=1 1[xi = x, yi = y]Pn

i=1 1[xi = x]

<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd



• Bayes-Optimal classifier: 

• Suppose we don’t know , but have n iid examples

• Suppose     is discrete so that . What is a natural 
estimator for ?

What if     is continuous? That is, what if ?

P(Y = y |X = x)

X ∈ {1,2,...,m}
P(Y = y |X = x)

X ∈ ℝd

Bayes Optimal Binary Classifier

We need a model to explain observations

{(xi, yi)}n
i=1 Y ∈ {0,1}

<latexit sha1_base64="eW3jTf6V+4nzh+B01UcYqZFjWlQ="></latexit>

f(x) = argmax
y

P(Y = y|X = x)

<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="MLKv7F06CXLNPyJfPXH2TSMRRHU=">AAACCXicdVDLSsNAFJ3UV62vqEs3g0VwFZI0temu4MZlFfuAJpbJdNoOnTyYmQglZOvGX3HjQhG3/oE7/8bpQ1DRAxcO59zLvfcECaNCmuaHVlhZXVvfKG6WtrZ3dvf0/YO2iFOOSQvHLObdAAnCaERakkpGugknKAwY6QST85nfuSVc0Di6ltOE+CEaRXRIMZJK6uvQC5EcY8Sybg49kQaCyIUWBNlVfjPo62XTsO1a3alC07Asu16rKeJUXMetQMsw5yiDJZp9/d0bxDgNSSQxQ0L0LDORfoa4pJiRvOSlgiQIT9CI9BSNUEiEn80/yeGJUgZwGHNVkYRz9ftEhkIhpmGgOmc3it/eTPzL66Vy6PoZjZJUkggvFg1TBmUMZ7HAAeUESzZVBGFO1a0QjxFHWKrwSiqEr0/h/6RtG9aZUb10yg13GUcRHIFjcAosUAMNcAGaoAUwuAMP4Ak8a/fao/aivS5aC9py5hD8gPb2CW0dms8=</latexit>

X ⇢ Rd

<latexit sha1_base64="oMm0chn+4MwNUHQCkN69vx0OYZY="></latexit>

f̂(x) = argmax
y2{0,1}

Pn
i=1 1[xi = x, yi = y]Pn

i=1 1[xi = x]



Logistic Regression

Recall linear regression: 

We assumed that for any , we have:   

Given data we then computed the MLE for . 

x p(Y = y |X = x) = 1

2π
e−

1
2 (y−wT x)2

{(xi, yi)}n
i=1 w



Logistic Regression

Logistic regression uses a model specialized for classification:
<latexit sha1_base64="aBraSrFOInqzORe8M8XMzqx+VeE=">AAACdHicbVHLThsxFPVMH0BoSyiLLtqFaYQUBEQziD42kZDYdBkkAqky08jj3EmseB6y79BEZr6gf9cdn8GGNZ4kAgq9kqXjc8+Rfc+Ncik0et614754+er1yupabf3N23cb9c335zorFIcuz2SmehHTIEUKXRQooZcrYEkk4SKanFT9i0tQWmTpGc5yCBM2SkUsOENLDep/goThOIpMp6SBhBj79Gfbp1d0wcemV9L2/WVa7t /j39agxGiMYSXQYpSw5kPv19kj026liBXjxi+NvxfANG8emCCKaSWcAysqB/WG1/LmRZ8DfwkaZFmdQf1vMMx4kUCKXDKt+76XY2iYQsEllLWg0JAzPmEj6FuYsgR0aOahlXTHMkMaZ8qeFOmcfewwLNF6lkRWWQ2in/Yq8n+9foHx99CINC8QUr54KC4kxYxWG6BDoYCjnFnAuBL2r5SPmU0H7Z5qNgT/6cjPwflhy//a+nJ61Dg+XMaxSj6Sz6RJfPKNHJMfpEO6hJMb54NDnW3n1v3kNtydhdR1lp4t8k+5rTvGAb1k</latexit>

P [Y = 1|X = x,w] = �(wTx) =
1

1 + exp(�wTx)

<latexit sha1_base64="d3t2wWttewzewJt3cJRpR3qfets=">AAACjXicdVFdT9swFHWysbHCRjce92KtQioCqgSNfSBASDzAY5EoFDVZ5bg3rYXzIftmUHn5N/tFvPFvcNqKb65k6fice2zf4yiXQqPn3Tjum7dz797Pf6gtLH78tFT//OVUZ4Xi0OGZzFQ3YhqkSKGDAiV0cwUsiSScRRcHlX72F5QWWXqC4xzChA1TEQvO0FL9+v8gYTiKItMuaSAhxh493/XoPzrlY9Mt6e7d5qpcv8OX1q DEcIShbfA3aKDFMGHNe/nPyQPfanVKrBg3AVzlzQ0TRDGteibA6qXx116T+vWG1/ImRZ8DfwYaZFbtfv06GGS8SCBFLpnWPd/LMTRMoeASylpQaMgZv2BD6FmYsgR0aCZplnTFMgMaZ8quFOmEfegwLNF6nES2sxpPP9Uq8iWtV2D8KzQizQuElE8vigtJMaPV19CBUMBRji1gXAn7VspHzGaG9gNrNgT/6cjPwelmy//R2jr+3tjfnMUxT76Sb6RJfPKT7JMj0iYdwp2a4zm/nW13yd1yd9y9aavrzDzL5FG5h7dGPMTs</latexit>

P [Y = 0|X = x,w] = 1� �(wTx) =
exp(�wTx)

1 + exp(�wTx)

<latexit sha1_base64="ginTRnMfclCyRvmYuvn6+k+4A7Y=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkJJireNUHDjskJv0NQymU7aoZNJmJloS8gLuPFV3LhQxK17d76N0zQLrf4w8PGfczhzfjdkVCrL+jJyC4tLyyv51cLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO7qa1lt3REga8LqahKTrowGnHsVIaatnHlxCxxMIx3YS28cOGYel2HE9eJ/c1lMYJ0dJzyxaZSsV/At2BkWQqdYzP51+gCOfcIUZkrJjW6HqxkgoihlJCk4kSYjwCA1IRyNHPpHdOL0mgYfa6UMvEPpxBVP350SMfCknvqs7faSGcr42Nf+rdSLlXXRjysNIEY5ni7yIQRXAaTSwTwXBik00ICyo/ivEQ6TDUTrAgg7Bnj/5LzQrZfusfHpzUqxWsjjyYA/sgxKwwTmogmtQAw2AwQN4Ai/g1Xg0no03433WmjOymV3wS8bHNyGmmvI=</latexit>

=
1

1 + exp(wTx)

<latexit sha1_base64="Vpw4UTyHAElT6xy9YhyZJTQUdyc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VIEUsivjZCwY3LCvYBTSiT6aQdOnkwMxHbkLUbf8WNC0Xc+gXu/BsnbRbaeuDC4Zx7ufceN2JUSNP81goLi0vLK8XV0tr6xuaWvr3TFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13eJ35rXvCBQ2DOzmKiOOjfkA9ipFUUlfftwXt+8gYV+AVtD2OcGKliXVkk4fIOB5X0lJXL5tVcwI4T6yclEGOelf/snshjn0SSMyQEB3LjKSTIC4pZiQt2bEgEcJD1CcdRQPkE+Ekk1dSeKiUHvRCriqQcKL+nkiQL8TId1Wnj+RAzHqZ+J/XiaV36SQ0iGJJAjxd5MUMyhBmucAe5QRLNlIEYU7VrRAPkMpDqvSyEKzZl+dJ86RqnVfPbk/LNSOPowj2wAEwgAUuQA3cgDpoAAwewTN4BW/ak/aivWsf09aCls/sgj/QPn8AZXqYug==</latexit>

�(z) =
1

1 + exp(�z)

<latexit sha1_base64="JVe6RNu4dQRTlSV0jyfKzbRCGSU=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBHqpiTia1lw47KCfUAaymQ6aYfOZMLMRKihn+HGhSJu/Rp3/o2TNgttPXDhcM693HtPmHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwrWWqCG0RyaXqhlhTzmLaMsxw2k0UxSLktBOOb3O/80iVZjJ+MJOEBgIPYxYxgo2V/J5mQ4FrT2eo3K9U3bo7A1omXkGqUKDZr3z1BpKkgsaGcKy177mJCTKsDCOcTsu9VNMEkzEeUt/SGAuqg2x28hSdWmWAIqlsxQbN1N8TGRZaT0RoOwU2I73o5eJ/np+a6CbIWJykhsZkvihKOTIS5f+jAVOUGD6xBBPF7K2IjLDCxNiU8hC8xZeXSfu87l3VL+8vqo1aEUcJjuEEauDBNTTgDprQAgISnuEV3hzjvDjvzse8dcUpZo7gD5zPH9KakDo=</latexit>

�(z)

<latexit sha1_base64="Wjemmh4UQZL2TsWz0WrRYIJD/Jw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaNryOJF4+QyCOBDZkdemFkdnYzM2uChC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3HlFpHst7M07Qj+hA8pAzaqxUf+oVS27FnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzfOKd1W5rF+UquUsjjycwCmUwYNrqMId1KABDBCe4RXenAfnxXl3PhatOSebOYY/cD5/AOSvjO4=</latexit>z

Recall linear regression: 

We assumed that for any , we have:   

Given data we then computed the MLE for . 

x p(Y = y |X = x) = 1

2π
e−

1
2 (y−wT x)2

{(xi, yi)}n
i=1 w



Logistic Regression

Logistic regression uses a model specialized for classification:
<latexit sha1_base64="aBraSrFOInqzORe8M8XMzqx+VeE=">AAACdHicbVHLThsxFPVMH0BoSyiLLtqFaYQUBEQziD42kZDYdBkkAqky08jj3EmseB6y79BEZr6gf9cdn8GGNZ4kAgq9kqXjc8+Rfc+Ncik0et614754+er1yupabf3N23cb9c335zorFIcuz2SmehHTIEUKXRQooZcrYEkk4SKanFT9i0tQWmTpGc5yCBM2SkUsOENLDep/goThOIpMp6SBhBj79Gfbp1d0wcemV9L2/WVa7t /j39agxGiMYSXQYpSw5kPv19kj026liBXjxi+NvxfANG8emCCKaSWcAysqB/WG1/LmRZ8DfwkaZFmdQf1vMMx4kUCKXDKt+76XY2iYQsEllLWg0JAzPmEj6FuYsgR0aOahlXTHMkMaZ8qeFOmcfewwLNF6lkRWWQ2in/Yq8n+9foHx99CINC8QUr54KC4kxYxWG6BDoYCjnFnAuBL2r5SPmU0H7Z5qNgT/6cjPwflhy//a+nJ61Dg+XMaxSj6Sz6RJfPKNHJMfpEO6hJMb54NDnW3n1v3kNtydhdR1lp4t8k+5rTvGAb1k</latexit>

P [Y = 1|X = x,w] = �(wTx) =
1

1 + exp(�wTx)

<latexit sha1_base64="d3t2wWttewzewJt3cJRpR3qfets=">AAACjXicdVFdT9swFHWysbHCRjce92KtQioCqgSNfSBASDzAY5EoFDVZ5bg3rYXzIftmUHn5N/tFvPFvcNqKb65k6fice2zf4yiXQqPn3Tjum7dz797Pf6gtLH78tFT//OVUZ4Xi0OGZzFQ3YhqkSKGDAiV0cwUsiSScRRcHlX72F5QWWXqC4xzChA1TEQvO0FL9+v8gYTiKItMuaSAhxh493/XoPzrlY9Mt6e7d5qpcv8OX1q DEcIShbfA3aKDFMGHNe/nPyQPfanVKrBg3AVzlzQ0TRDGteibA6qXx116T+vWG1/ImRZ8DfwYaZFbtfv06GGS8SCBFLpnWPd/LMTRMoeASylpQaMgZv2BD6FmYsgR0aCZplnTFMgMaZ8quFOmEfegwLNF6nES2sxpPP9Uq8iWtV2D8KzQizQuElE8vigtJMaPV19CBUMBRji1gXAn7VspHzGaG9gNrNgT/6cjPwelmy//R2jr+3tjfnMUxT76Sb6RJfPKT7JMj0iYdwp2a4zm/nW13yd1yd9y9aavrzDzL5FG5h7dGPMTs</latexit>

P [Y = 0|X = x,w] = 1� �(wTx) =
exp(�wTx)

1 + exp(�wTx)

<latexit sha1_base64="ginTRnMfclCyRvmYuvn6+k+4A7Y=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkJJireNUHDjskJv0NQymU7aoZNJmJloS8gLuPFV3LhQxK17d76N0zQLrf4w8PGfczhzfjdkVCrL+jJyC4tLyyv51cLa+sbmlrm905RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO7qa1lt3REga8LqahKTrowGnHsVIaatnHlxCxxMIx3YS28cOGYel2HE9eJ/c1lMYJ0dJzyxaZSsV/At2BkWQqdYzP51+gCOfcIUZkrJjW6HqxkgoihlJCk4kSYjwCA1IRyNHPpHdOL0mgYfa6UMvEPpxBVP350SMfCknvqs7faSGcr42Nf+rdSLlXXRjysNIEY5ni7yIQRXAaTSwTwXBik00ICyo/ivEQ6TDUTrAgg7Bnj/5LzQrZfusfHpzUqxWsjjyYA/sgxKwwTmogmtQAw2AwQN4Ai/g1Xg0no03433WmjOymV3wS8bHNyGmmvI=</latexit>

=
1

1 + exp(wTx)

<latexit sha1_base64="Vpw4UTyHAElT6xy9YhyZJTQUdyc=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VIEUsivjZCwY3LCvYBTSiT6aQdOnkwMxHbkLUbf8WNC0Xc+gXu/BsnbRbaeuDC4Zx7ufceN2JUSNP81goLi0vLK8XV0tr6xuaWvr3TFGHMMWngkIW87SJBGA1IQ1LJSDviBPkuIy13eJ35rXvCBQ2DOzmKiOOjfkA9ipFUUlfftwXt+8gYV+AVtD2OcGKliXVkk4fIOB5X0lJXL5tVcwI4T6yclEGOelf/snshjn0SSMyQEB3LjKSTIC4pZiQt2bEgEcJD1CcdRQPkE+Ekk1dSeKiUHvRCriqQcKL+nkiQL8TId1Wnj+RAzHqZ+J/XiaV36SQ0iGJJAjxd5MUMyhBmucAe5QRLNlIEYU7VrRAPkMpDqvSyEKzZl+dJ86RqnVfPbk/LNSOPowj2wAEwgAUuQA3cgDpoAAwewTN4BW/ak/aivWsf09aCls/sgj/QPn8AZXqYug==</latexit>

�(z) =
1

1 + exp(�z)

<latexit sha1_base64="JVe6RNu4dQRTlSV0jyfKzbRCGSU=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBHqpiTia1lw47KCfUAaymQ6aYfOZMLMRKihn+HGhSJu/Rp3/o2TNgttPXDhcM693HtPmHCmjet+Oyura+sbm6Wt8vbO7t5+5eCwrWWqCG0RyaXqhlhTzmLaMsxw2k0UxSLktBOOb3O/80iVZjJ+MJOEBgIPYxYxgo2V/J5mQ4FrT2eo3K9U3bo7A1omXkGqUKDZr3z1BpKkgsaGcKy177mJCTKsDCOcTsu9VNMEkzEeUt/SGAuqg2x28hSdWmWAIqlsxQbN1N8TGRZaT0RoOwU2I73o5eJ/np+a6CbIWJykhsZkvihKOTIS5f+jAVOUGD6xBBPF7K2IjLDCxNiU8hC8xZeXSfu87l3VL+8vqo1aEUcJjuEEauDBNTTgDprQAgISnuEV3hzjvDjvzse8dcUpZo7gD5zPH9KakDo=</latexit>

�(z)

<latexit sha1_base64="Wjemmh4UQZL2TsWz0WrRYIJD/Jw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaNryOJF4+QyCOBDZkdemFkdnYzM2uChC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3HlFpHst7M07Qj+hA8pAzaqxUf+oVS27FnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzfOKd1W5rF+UquUsjjycwCmUwYNrqMId1KABDBCe4RXenAfnxXl3PhatOSebOYY/cD5/AOSvjO4=</latexit>z

Features can be discrete or continuous!

Recall linear regression: 

We assumed that for any , we have:   

Given data we then computed the MLE for . 

x p(Y = y |X = x) = 1

2π
e−

1
2 (y−wT x)2

{(xi, yi)}n
i=1 w



Understanding the sigmoid
<latexit sha1_base64="80irNVPw+bJNTBe2yrWT4HMLL1o="></latexit>

�
⇣
w0 +

dX

k=1

wkxk

⌘
=

1

1 + e�(w0+
P

k wkxk)

w0 = − 2, w1 = 1 w0 = 0, w1 = 1 w0 = 0, w1 = 0.5



Sigmoid for binary classes

<latexit sha1_base64="WSHk9oLaGYQFAqpCO7Un5T5b00s="></latexit>

P [Y = 0|X = x] =
exp(�wTx� w0)

1 + exp(�wTx� w0)

<latexit sha1_base64="BAVakgxhfeVtP6NNfFlkjszwWoM="></latexit>

P [Y = 1|X = x] =
1

1 + exp(�wTx� w0)

<latexit sha1_base64="YOWDAcK7G8iE2N0vzxPNTGoBV1s="></latexit>

P [Y = 1|X = x]

P [Y = 0|X = x]
=



Sigmoid for binary classes

Linear Decision Rule!

<latexit sha1_base64="WSHk9oLaGYQFAqpCO7Un5T5b00s="></latexit>

P [Y = 0|X = x] =
exp(�wTx� w0)

1 + exp(�wTx� w0)

<latexit sha1_base64="BAVakgxhfeVtP6NNfFlkjszwWoM="></latexit>

P [Y = 1|X = x] =
1

1 + exp(�wTx� w0)

<latexit sha1_base64="VlOufZV1C/ozHoqB6uiocoNO578="></latexit>

log
P [Y = 1|X = x]

P [Y = 0|X = x]
= w0 +

dX

k=1

wkxk

<latexit sha1_base64="Ayva8xPiQoBZfN5uRq83eYSx6k0="></latexit>

P [Y = 1|X = x]

P [Y = 0|X = x]
= exp(w0 +wTx) = exp(w0 +

dX

k=1

wkxk)



Logistic Regression – A Linear Classifier
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<latexit sha1_base64="VlOufZV1C/ozHoqB6uiocoNO578="></latexit>

log
P [Y = 1|X = x]

P [Y = 0|X = x]
= w0 +

dX

k=1

wkxk



{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

■ This is equivalent to:

■ So we can compute the maximum likelihood estimator:

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood

<latexit sha1_base64="Y2bol5nvF0KFDKAtUPLBvrPvFXA="></latexit>

P (Y = �1|x,w) = 1

1 + exp(wTx)

P (Y = 1|x,w) = 1

1 + exp(�wTx)



{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

Logistic Loss: `i(w) = log(1 + exp(�yi xT
i w))

Squared error Loss: `i(w) = (yi � xT
i w)

2

(MLE for Gaussian noise)

■ Have a bunch of iid data:

Loss function: Conditional Likelihood



Logistic regression for binary classification

• Data 

• Model: 

• Loss function: logistic loss 
• Optimization: solve for  

             

• As this is a smooth convex optimization,  
it can be solved efficiently  
using gradient descent 

• Prediction: 

𝒟 = {(xi ∈ ℝd, yi ∈ {−1, + 1})}n
i=1

P (Y = y |x, w) = 1
1 + exp(−y(wT x + b))

ℓ(w, b) = log(1 + e−yi(wT x+b))

( ̂b , ̂w ) = arg min
b,w

n

∑
i=1

log(1 + e−yi(wT x+b))

sign(wT x + b)

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

decision boundary at 
wT x + b = 0



Example: adding more polynomial features

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear on polynomial features

21

2

66666664

h0(x) = 1
h1(x) = x[1]
h2(x) = x[2]
h3(x) = x[1]2

h4(x) = x[2]2

...

3

77777775

<latexit sha1_base64="R8lT9YrTLdjF0zIJVePceYxnBEw="></latexit>

Polynomial

features

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



Learned decision boundary

22

decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient 
learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>



Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex23

Feature Value Coefficient 
 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted



Adding higher degree polynomial features

24

Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large

• Overfitting leads to very large values of
f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
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Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

What does J(w) look like? Is it convex?

■ Have a bunch of iid data:



Loss function: Conditional Likelihood

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))= J(w)

■ Have a bunch of iid data:

Good news: J(w) is convex function of w, no local optima problems

Bad news: no closed-form solution to maximize J(w)

Good news: convex functions easy to optimize



One other concern… overfitting.

{(xi, yi)}ni=1 xi 2 Rd, yi 2 {�1, 1}

P (Y = y|x,w) = 1

1 + exp(�y wTx)

bwMLE = argmax
w

nY

i=1

P (yi|xi, w)

= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w))

■ Have a bunch of iid data:

Does anyone see a situation when this minimization might overfit?



= argmin
w

nX

i=1

log(1 + exp(�yi x
T
i w)) When is this loss small?

©Kevin Jamieson 2018

Overfitting and Linear Separability



Large parameters → Overfitting

When data is linearly separable, weights  ⇒ ∞

Overfitting

Penalize high weights to prevent overfitting?



Regularized Conditional Log Likelihood

argmin
w,b

nX

i=1

log
�
1 + exp(�yi (x

T
i w + b))

�
+ �||w||22

Be sure to not regularize the o↵set b!

Add a penalty to avoid high weights/overfitting?:



How do we encode categorical data y?
• so far, we considered Binary case where there are two categories


• encoding  is simple: {+1,-1}


• multi-class classification predicts categorial  

• taking values in  

• ’s are called classes or labels


• examples:


• a k-class classifier predicts  given 

y

y
C = {c1, …, ck}

cj

y x

Country of birth
(Argentina, Brazil, USA,...)

Zipcode
(10005, 98195,...)

All English words



Embedding ’s in real valuescj
• for optimization we need to embed raw categorical ’s into real 

valued vectors

• there are many ways to embed categorial data


• True->1, False->-1

• Yes->1, Maybe->0, No->-1

• Yes->(1,0), Maybe->(0,0), No->(0,1)

• Apple->(1,0,0), Orange->(0,1,0), Banana->(0,0,1)

• Ordered sequence:  

        (Horse 3, Horse 1, Horse 2) -> (3,1,2)

• we use one-hot embedding (a.k.a. one-hot encoding)


• each class is a standard basis vector in dimension

cj

k−

32

Country of birth
(Argentina, Brazil, USA,...)

x =

196 categories

1-hot 
encoding x h1(x) h2(x) … h195(x) h196(x)

Brazil
Zimbabwe

196 features

1
1



Multi-class logistic regression

33

• data: categorical  in  with  categories 

 we use one-hot encoding, s.t.  implies that 


• model: linear vector-function makes a linear prediction  
 

 
 
with model parameter matrix  and sample  
 

  

 
 

y {c1, …, ck} k

y =

1
0
0
0
0

y = c1

̂y ∈ ℝk

̂yi = f(xi) = WT xi ∈ ℝk

W ∈ ℝd×k xi ∈ ℝd

f(xi) =

f1(xi)
f2(xi)

⋮
fk(xi)

=

w1,0 w1,1 w1,2 ⋯
w2,0 w2,1 w2,2 ⋯

⋮
wk,0 wk,1 wk,2 ⋯

WT

1
xi[1]

⋮
xi[d]

xi

=

w1,0 + w1,1xi[1] + w1,2xi[2] + ⋯
w2,0 + w2,1xi[1] + w2,2xi[2] + ⋯

⋮
wk,0 + wk,1xi[1] + wk,2xi[2] + ⋯

W = [w[: ,1] w[: ,2] ⋯ w[: , k]]



• Logistic regression

2 classes k classes

Maximum Likelihood Estimator
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ℙ(yi = − 1 |xi) =
1

1 + ewT xi

ℙ(yi = + 1 |xi) =
1

1 + e−wT xi
=

ewT xi

1 + ewT xi

maximizew∈ℝd
1
n

n

∑
i=1

log( 1
1 + e−yiwT xi )

maximizew
1
n

n

∑
i=1

log(ℙ(yi |xi))

ℙ(yi = c1 |xi) =
ew[:,1]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

ℙ(yi = ck |xi) =
ew[:,k]T xi

ew[:,1]T xi + ⋯ + ew[:,k]T xi

⋮

maximizeW∈ℝd×k
1
n

n

∑
i=1

k

∑
j=1

I{yi = cj}log( ew[:, j]T xi

∑k
j′￼=1 ew[:, j′￼]T xi

)

 is an indicator that is one only if I{yi = j} yi = j

Without loss of generality setting w[:,1]=0 when 
 recovers the original binary class casek = 2


