Gradient Descent

- how are we going to find the solution for

n
arg min Z £(b+w'x, ;)
bw “
i=1
- e.g., Lasso, Logistic Regression do not have closed form solution for

VL (b, w) =0
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Running example: linear regression

. Givendata: {(z;,v;)}"; 1z, ¢ R? y; € R

= Learning model parameters:

f(”ﬁ’”b)j<“m,ﬁj__H“Aﬁm

‘;‘\)LS = arg min ”y _ XW”% 100

- v J 75

Jw)

50-.

e Although we know the optimal solution 25
in a closed form, we will use this as 0
a running example to understand GD

W 20 -20 W,



1-dimensional gradient descent

Let w,, be an initial guess. How can we improve this solution?

Jw)

Derivative tells rate of change at a point fwp)

2 fw)
ow v

W=W

I
Wy ws = arg min f(w)

Idea: If the function is convex, then stepping the opposite direction of the derivative
gets us closer to minimizing the function



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)
Jwp)

I
Wy ws = arg min f(w)



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)
Jwp)

I
Wy ws = arg min f(w)

Gradient descent
For k=0,1,2,3,...

B df(w)
Wiel =W —H— — i




1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

I
Wy Wwp W ws = arg min f(w)
w

Gradient descent
For k=0,1,2,3,...

Wir1 = Wi —N——




1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Wy Wy W, Wy ws = arg min f(w)
w

Gradient descent
For k=0,1,2,3,...

Wir1 = Wi —N——




1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

1 1 | | | i I 1 i I .
Wy Wy W, Wy ws = arg min f(w)
w

Gradient descent
For k=0,1,2,3,...

Wyi = Wy —1 df(w)
k+1 k “dw -~
df(w) :
Note that as k — oo we have ™ — 0 (assuming small enough 1)

W=wy



Running example: Linear Regression

. Givendata: {(z;,v;)}"; 1z, ¢ R? y; € R

= Learning model parameters:

Fwi, wa)
Wi = argmin |ly —Xwll3 w0
weR? |

75

= Gradient descent:
e Initialize: wy = 0
*Fort=0,1,2,...

oW, < W —1n"- VWf(Wt)
—



ewy = (900, — 0.1)
e For t=0,1,2,...

{2, y;) )T *Wirt = W =1V f(W)
LiyYi) fi=1
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Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?



ew, = (900, — 0.1)
eFort=0,1,2,...
W1 < W—n- wa(wt)

700 0.5
ool 0.4
0.3
—~ 500"
2 0.2
S 400 0-1
g wl2] o
& 300
.qg) '0.1'
& 200 -0.2f
0.3+
1007 Training data
— Current hypothesis 0.4
O | 1 I ! 1
0.5 ‘ ' |
1000 2000 3000 4000 1000 -500 0 500 1000 1500 2000

Size (feetz) .
wl[1]

Evolution of the predictor GD dynamics in the Parameter space



Price $ (in 1000s)
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(@]

oW, = (900, — 0.1)
e For t=0,1,2,...
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Price $ (in 1000s)
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Price $ (in 1000s)
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Gradient Descent Practicalities

Practicalities Grag:li.en_t Descent Algorithm
e Initialize: wy
e How to initialize wy? e For t=0,1,2,...
e Usually pick something at random oW, < w—n-V, fw)

e or if you have a good guess start there
e How to choose #?

e Step size matters!
e What happens if it is too small?
e What happens if it is too large?
e How to choose?
e Special case: Solve for optimal
e General case: Hyperparameter tuning (another one???)
e When to stop?
e Stop when convergence is reached

* Or stop after some fixed number of iterations (also hyperparameter &)



Gradient descent for Ridge regression

V< (6746 -—Z%T)(w +WTKT>(¢O

e Initialize: wy = 0

\ ' W
eFor t=0,1,2,... ) X
-
W =WV fon) | 8 -247x0,
For Ridge we have w7 [ KT+ N [RYP,

" \

A 1 2 A 2
WRidge = I8 Hél[éld 3||y—XW||2 +3||W||2
w

Jw)
Viow) = =W uXR) & *dy
Wi = ‘U.L { ')’L XT(%'X‘“@) v’)Z}\(«){.

pene > (L0 r XX oy




Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW < w,—1n-V, f(w)

For Ridge we have

A 1 2 A 2
WRidge = 418 MU, Sy = Xwll5 +ZlIwll3
w

Jw)

Viw,) = — XT(y — Xw,) + Aw,

wep = (1 —ﬁ)wr + X (y — Xw,)



Gradient descent for Lasso regressmn
Nl =B b | [l ] o2 8 - L

e Initialize: wy = 0 awb - -5/ DM;
eFort=0,1,2,... / L )
oW1 < W, —H- wa(wt) \ \ /
> | /
For Lasso we have —_—
W

WLasso = arg ml[Rrgld Elly XW”2+/1”W”1

Jw)
Vi) = ~X (4-Xw) + Xs5iqa ()

= Gl - )

C‘/Ql&y\"[' dnrinlh, Wk i




Gradient descent for Lasso regression

e Initialize: wy = 0
eFort=0,1,2,...
oW, < w—n-V,f(w)

For Lasso we have

A . 1 2
Wlasso — I8 nélngd Elly_XWHQ‘l'/I”W”l
w

Jw)

Vilw,) = — Xy - Xw,) + Asign(w,)

we = w,+ X (y — Xw,) — isign(w,)



Gradient Descent Demo
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Stochastic Gradient Descent

W
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Machine Learning Problems -
0oz (8:-x )
= Given data:

{(ws,y0)}imy @ € R y; € R

= Learning a model’s parameters Z li(w)

LU= }" Li()

Gradient Descent:
W41 — Wt — ( Zé > ‘



Machine Learning Problems

» Given data:
{(ws,y0)}imy @ € R y; € R

= Learning a model’s parameters: Z li(w

Gradient Descent: .
Wit1 = Wy — NV (

” zn: gi(“’)) ‘w:wt

=1

Stochastic Gradient Descent:

I; drawn uniform at
Ww=w, random from {1,...,n}

B[V, (w)] = P(le AVAME -‘" & VLl - TR\

Wiyl = Wi — vaflt (’w)‘




Machine Learning Problems
= Learning a model’s parameters: Z i (w)
1=1

Stochastic Gradient Descent:

I; drawn uniform at

Wig] = We — nvwéh (w) ‘w:wt random from {1, - ,n}

E[V(r, (w)] = VE(w)



Stochastic Gradient Descent |, _avgni [(w)
We =77,

Theorem
S =wt—nvw€u<w>\w_w o oy %0
= t 0 SEERAMERE AR LY 0
E[Vr, (w Zw (w)

If Hw _’CU()H2<R and sup max ||V4;(w)]s < G then
K 2 1P

t=1
(In practice use last iterate)



Stochastic Gradient Descent

Efl|wer1 — wil3] = E[Jwr — 0V, (we) — w.] 3]



Stochastic Gradient Descent
Conve v’l\y

. (o) 2 £ + VG ()

Ell|wit1 — wsl[3]) = Ef|Jwr — nV 7, (wy) — wy[3]

= E[||w; — w.|3] — 2nE[V L, (we) " (wr — w,)] + n’E[|[V {1, (wy)|[3]

< E[|lwe — w|[3] = 2nE[f(w;) — £(ws)] +n°G

E[Ver (w)! (wy — wy)] = E[E[Vﬁg (we) ! (we — w11, wr, ..y i1, wt_lﬂ

= E[Vﬁ(wt)T(wt — w*)]
> B[ l(wy) — £(wy)]

1

E [f(w,) — £(w.)] < 5

(B [llwe = wall3] = E [lwiss — wa3] +7°G)



. . Etzt X = Keay = X = Xm
Stochastic Gradient Descent *
e‘escaan W)

T T
1

> E[f(w,) - 22—( (e = w[13] = E [[lwesr = wall}] +n°G)
t=1 t=1

1 2 2 2

%( (s = w.ll3] = E [Jwrs — w.l3] + To*G)

R TnG

2

Jensen’s inequality:
For any random Z € R? and convex function ¢ : R? — R, ¢(E[Z]) < E[¢p(Z))]




Stochastic Gradient Descent

Theorem
e e =wt—nvwfft<w>\w=wt oy S0
E[Ver, (w ZW (w)
_ 2 supmax ||V (w)|ls < G  then
it ||lwi —wplls < R and P [V (w)l2 <
R 77G RG R
. < _ [ Av
Elf(w) — (wy)] < 2T - — 5 cg W aT
; . C‘/ D( — -2 T
V<V st yn - 0['6 (~ ¢ - 1
023w
T lvab-S [0 =l

OU‘V/([( Téyégf.;a/cnce use last iterate)
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Mini-batch SGD

* Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of % 1/

 Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
_ If you have regularizer, — Z £ (w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



