Gradient Descent

- how are we going to find the solution for

n
arg min Z £(b+w'x,y)

bw o1
- e.g., Lasso, Logistic Regression do not have closed form solution for
Vb,wff(b, w)=0

UNIVERSITY of WASHINGTON




Running example: linear regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

f(wﬁ,wb)j,ﬂw,ﬁ@,,w~~v,

WLS = arg min ly — XW”% 100~
weR? |

fw)

50

e Although we know the optimal solution 25
in a closed form, we will use this as 9
a running example to understand GD

W, 20 -20 W,



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)

Derivative tells rate of change at a point fwy)

Ly
ow v

W=Wq

! I
W ws = arg min f(w)

Idea: If the function is convex, then stepping the opposite direction of the derivative
gets us closer to minimizing the function



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

df(w)

dw

I
ws = arg min f(w)

W=W w

WO w 1 — W/"() —n



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)
Jwp)

I
W ws = arg min f(w)

Gradient descent
For k=0,1,2,3,...




1-dimensional gradient descent
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

T I I I T i i 1 i [ .
Wy Wy W, W ws = arg min f(w)
w

Gradient descent
For k=0,1,2,3,...

W= — df(w)
k+1 k s -
df(w) .
Note that as k — co we have ™ — 0 (assuming small enough 7)

W=w,



Running example: Linear Regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

WLS = arg min ly — XW”% 100\3---

weR® j 75e

= Gradient descent:
e Initialize: wy = 0
e For t=0,1,2,...

oW W, — 1 wa(wz)



ew, = (900, — 0.1)
eFort=0,1,2,...

{( : ) n Wiy < W, =1V, f(W)
LiyYi) fi=1
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w

Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?
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Price $ (in 1000s)

1007 < Training data '

— Current hypothesis |

1000 2000 3000 4000
Size (feetz)

Evolution of the predictor

oW, = (900, — 0.1)
eFort=0,1,2,...
oW, < w—n-V, fw)

02!
0.3
0.4

- .5 1 1 1 1
(-)1000 -500 0 500 1000 1500 2000

w[1]

GD dynamics in the Parameter space



Price $ (in 1000s)

1007 < Training data ' .
— Current hypothesis

1000 2000 3000 4000
Size (feetz)

Evolution of the predictor

oW, = (900, — 0.1)
eFort=0,1,2,...
oW, < w—n-V, fw)

02!
0.3
0.4

- .5 1 1 1 1
(-)1000 -500 0 500 1000 1500 2000

w[1]

GD dynamics in the Parameter space



Price $ (in 1000s)
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Price $ (in 1000s)
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Gradient Descent Practicalities

Practicalities Gradient Descent Algorithm
e Initialize: wy,
e How to initialize w;? e For t=0,1,2,...
e Usually pick something at random ew. 1< w—n-V, fw)

e or if you have a good guess start there
e How to choose 7?
e Step size matters!
e What happens if it is too small?
e What happens if it is too large?
e How to choose?
e Special case: Solve for optimal
e General case: Hyperparameter tuning (another one???)
e When to stop?
e Stop when convergence is reached

* Or stop after some fixed number of iterations (also hyperparameter &)



Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...

oW, < w—n-V, fw)

For Ridge we have

A o1 2, A 2
Wrigge = arg min, [y = Xwil; +3 1wl
w

Jw)

Viw,)

Wil =



Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW, < w—n-V, fw)

For Ridge we have

A o1 2, A 2
Wrigge = arg min, [y = Xwil; +3 1wl
w

Jw)

Viw,) = — X (y - Xw,) + Aw,

wep = (I =2Dw, + nX'(y — Xw,)



Gradient descent for Lasso regression

e Initialize: wy = 0
eFor t=0,1,2,...

oW, < w—n-V, fw)

For Lasso we have

A o 1 2
Wlasso = aIg nél[R{ld Elly_XWHQ‘l'/l”W“l
w

Jw)

Viw,)

Wil =



Gradient descent for Lasso regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW, < w—n-V, fw)

For Lasso we have

A o 1 2
Wlasso = aIg nél[R{ld Elly_XWHQ‘l'/l”W“l
w

Jw)

Vilw,) = — X (y - Xw,) + Asign(w,)

W, = w,+ X (y — Xw,) — Asign(w,)



Gradient Descent Demo
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Stochastic Gradient Descent

W
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Machine Learning Problems

» Given data:
{(zs,y)Hiew € RY yi € R

n
= Learning a model’s parameters: Z i (w)
1=1

Gradient Descent: | o
Wiyl = W — N (n Z (w)) I

=1



Machine Learning Problems

= Given data:
(@i, yi) Fien Ti € R y; € R

= Learning a model’s parameters: Z Ci(w

Gradient Descent: n
o7 2|
w — W —
t+1 t n 2 4i( _—

Stochastic Gradient Descent:

I; drawn uniform at
W=y random from {1,...,n}

Wil = Wy — NVl (w)‘

E[VEr, (w)] =



Machine Learning Problems
= Learning a model’s parameters: Z i(w)
1=1

Stochastic Gradient Descent:

I; drawn uniform at

Wiyl — Wt — nvwfft (UJ) |w:wt random from {1, “. ,n}

E[V{r, (w)] = VI(w)



Stochastic Gradient Descent

Theorem
let w1 = wr — VL, (w)‘w_w I{; fjﬁﬁnf;ﬁf?f“ | sothat
—w,  random from {1,...,
E[Ver, (w Z Vi (w)

If le — w()Hg < R and SUpm?XHV&-(w)Hg < (G then

_ R nG RG R
i) — ) < i+ < J BT =/

T

w = 121075

t=1
(In practice use last iterate)

~ |



Stochastic Gradient Descent

Proof

Efl|wesr — will3] = Elllwe — nVer, (we) — w|[3]



Stochastic Gradient Descent

Proof

Efl|wesr — will3] = Elllwe — nVer, (we) — w|[3]

= E[|lwy — w.|[3] — 20E[V 41, (wy) T (we — w,)] + n°E[| |V, (we)]|3]

< E[|we — w.[3] — 20E[¢(w,) — £(w.)] + G

E[V/{, (we) ! (wy — wy)] = E[E[Vﬁjt (we) (wy — wi)| L1, w1, ..., Ti—1, wt_lﬂ

=E [Vl (w)" (0 — w,)]
> B [((w) — C(w.)]

(E [lwe = w.] = E [Jlwess — wal3] +n°G)



Stochastic Gradient Descent

S E[ew) — b)) < 3 o (B [lhwr — wZ] ~ B [t — w.l2] +°G)

(B [lwr — wall3) = E [llwri — wall3] + Tn*G)

Jensen’s inequality:
For any random Z € R% and convex function ¢ : R — R, ¢(E[Z]) < E[¢(Z)]




Stochastic Gradient Descent

Theorem
let w1 = wr — VL, (w)‘w_w I{; fjﬁﬁnf;ﬁf?f“ | sothat
—w,  random from {1,...,
E[Ver, (w Z Vi (w)

If le — w()Hg < R and SUpm?XHV&-(w)Hg < (G then

_ R nG RG R
i) — ) < i+ < J BT =/

T

w = 121075

t=1
(In practice use last iterate)

~ |



Mini-batch SGD

e Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of 1/\/§

- Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
If you have regularizer, — 2 Z(w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



