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Ridge Regression




Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg minz (yz B ZU,LT”LU)Q
w
i=1
— arg min(y — Xw)? (y — Xw)

when (X7 X) 7! exists.... = (XTX)" X'y
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Regularization in Linear Regression
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(1 —2fw)? + (y2 — 23 w)* + - + (Yo — 2 w)> = > (3 — ] w)?
1=1

What if 2; € R? and d > n?
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Regularization in Linear Regression

n
Recall Least Squares: wr ¢ = arg m@gnz (yz B ZE;pr)z
1=1

When z; € R? and d > n the objective function is flat in some directions:
Implies optimal solution is not unique and unstable ’
due to lack of curvature: /
e small changes in training data result in large

changes in solution

e often the magnitudes of w are “very large”

Regularization imposes “simpler” solutions by a
“complexity” penalty



Ridge Regression

= Old Least squares objective: n

= Ridge Regression obJectlve .

2
wrzdge — arg mlnz — &y ”UJ) T )‘”w”%
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Minimizing the Ridge Regression Objective

n

~ . 2

Wridge — al'g mu%nz (yz — ZL‘;T’UJ) + )‘HwH%
1=1



Shrinkage Properties

n

~ . 2

Wridge — Al mu%nz (yz — .CU;FUJ) + )‘HwH%
1=1

= (X'X+ )" X"y



Ridge Regression: Effect of Regularizatio

n

~ . 2

Wridge — al'g mu%nz (yz — ZL‘;T’UJ) + )‘HwH%
1=1

= Solution is indexed by the regularization parameter A

= lLarger A
= Smaller A
= AsA—> O, wridge —

. Ash e, Wridge 7



Bias-Variance Properties

Wridge = (XTX + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If z € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)*| X = 2]?



Bias-Variance Properties

Wridge = (XTX + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If z € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)*| X = 2]?

Ey x,p[(Y — 2" @rigge)’| X = 2]
=Ey|x[(Y — Eyx[Y]X = 2])*|X = 2] + Ep[(Eyx [Y|X = 2] — 2" @riage)’]

Irreducible Error Learning Error




Bias-Variance Properties

Wridge = (XTX + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If z € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)*| X = 2]?

Ey|x,p[(Y — 2" @riage)’| X = 7]
= Ey x[(Y —Eyx[Y]X = 2])?|X = 2] + Ep[(Ey | x [V X = 2] — 2" Brigge)’]
= By x[(Y —2"w)*|X = 2] + Ep|[(@"w — 27 Drigge)?]

222 + (7w — Ep[r! Wriage))? + Ep[(Ep[z! Wridgge] — 2" Wridge)

Irreduc. Error Bias-squared Variance
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Bias-Variance Properties

Wridge = (XTX + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If z € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)*| X = 2]?

Ey x,p[(Y — 2" @rigge)’| X = 2]
=Ey x[(Y = Ey|x[Y]X = 2])*|X = 2] + Ep[(Ey|x[Y|X = 2] — 2" Driage)”]
= Eyx[(Y — 2" w)?’|X = 2] + Ep[(z" w — 2" @rigge )]

ZLQ -+ (CUT'w — ED [33'7#7177”@'dge])2 -+ ED[(ED [IT{Dridge] — xTU/}ridge)2]

Irreduc. Error Bias-squared Variance
Wridge = (XTX 4+ X)X (Xw + €)
n 1
= Xt
nt A i ntA s C




Bias-Variance Properties

Wridge = (XTX + M) X'y
. Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If z € R and Y ~ N (2w, 0?), what is Ey |4 train[(Y — 21 Wriage)*| X = 2]?

Ey x,p[(Y — 2" @rigge)’| X = 2]
=Ey|x[(Y — Eyx[V]X = 2])*|X = 2] + Ep|[(Ey x[Y|X = 2] — 2" @riage)’]

=Bl - r"w)?| X = 2] + Ep[(z"w — 2" Briage)°]

= U + (ZUTw ED [33 wmdge]) + ED[(ED [33 wmdge] — xTU/}ridge)2]
\2 o’n
2 T \2 2
= 0"+ (w”z)” + |3
(n+ A)? (n+A)? (verify at home)

Irreduc. Error Bias-squared Variance




Bias-Variance Properties
Wridge = (XTX + )\I)_lXTy
« Assume: X' X = nland y = Xw + € € ~ N(O, 021)

If r € R and Y ~ N (2Tw, 0?), what is Ey |z train[ (Y — 2T Wrigge )2 | X = )7

Ey x,p[(Y — 2" @rigge)’| X = 2]

2 \° T N2 o’n 2
__0 T (n+4+ )2 (w” )" + (n+ A)? =1l (verify at home)

Irreduc. Error Bias-squared Variance
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Ridge Regression: Effect of Regularization

1.1.d.

D it pyy TRAIN error:

AN b 1 1 w

2 e = g min D (T ) e N 7] S— Z (i — xfwgiid )’
(z;,y:)ED ‘ | (:1: y')ED 3 g

TRUE error:
~(\
E[(Y — X7 40.)7

TEST error:
ii.d.
T g PXY
1
m Z (yi — x’LTﬁ}(DA,)ridge)Z

Important: DNT = ()




Ridge Regression: Effect of Regularization

1.1.d.
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Ridge regression: minimize Z wix;+b—y)* + w5
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n
Ridge regression: minimize ) (w’x; + b — y)* + Al|w]|3
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Example: piecewise linear fit

e we fit a linear model for x € [—1,1]:
f&x) = b+ wih(x) + wyhy(x) + wihsy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions )

_hl(x)_ ] X )
ho(x) [x +0.75]F
h(x) = |y | = | x+0.2]7 —— > x
hy(x) [x —0.4]"
hs(x) | [x - 0.8]" _
[a]® £ max{a,0)
-0.75 -0.2 0 04 0.8 > X
h3(x)
> X

-0.75 -0.2 0 0.4 0.8



Example: piecewise linear fit

e we fit a linear model:

fx) = b+ wih(x) + wohy(x) + wihy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions

h(x) =

[a]®

£ max{a,0)}

h (X)_
hy(x)
h3(x)
hy(x)

h5(x)_

X
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[x +0.2]"
[x —0.4]F

| [x - 0.8]F _

y=>b+h(x)'w

| | | |
-0.75 -02 04 0.8

the weights capture the change in the slopes



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wih(x) + wohy(x) + wihy(x) + wyhy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions
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Example: piecewise linear fit (ridge regression)
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A=1 A =0.005 A = 0.000001

We do not observe overfitting, as d=5 and n=100



Can avoid overfitting even w & R0 and n=11 samples

7
w/'s
204
Test MSE
es 151
0.035 1
104
0.030 1
0.025 0517
0.020 - 0.0
0.015 1 —-0.5
0.010 104
0.005 _/—__/@___S_ -1.54
0.000 1
T T T T T —20 = T T T T T
-4 -2 0 2 -4 -2 0 2 4
\loglo(ﬂ) log;(4)
0.10 0.10
® train data ® train data ® train data
0.2 — ground truth —— ground truth — ground truth
— predictor —— predictor —— predictor
0.05 4 0.05 4
0.1 4
0.004 0.00 /\ /
o
—0.05 + -0.05 4
0.0 4
)
-0.10 4 -0.10 4
-0.1 4
-0.15 4 -0.15 4
0.2 1 —0.20 4 1; -0.20 J'

-1.00 -0.75 —0.50 —0.25 0.00 025 050 075 100 -100 —0.75 050 -0.25 000 025 050 075 100 -100 —0.75 050 —0.25 0.00 025 050 075 100



What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
- L, penalized least-squares regression

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



