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> How do we pick the number of basis functions...

> We could use the test data, but...



How... How... How???7????
> How do we pick the number of basis functions...

> We could use the test data, but...

= Never ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever train on the test data



Validation Set

> Simplest approach is to add another dataset partition called
the validation set

Train Test

Train Validation | Test

> Each set has its own role
> Train: Used to train a model of each model complexity

> Validation: Used as a hold-out to evaluate each model.
Generally choose model complexity with lowest validation
error.

> Test: Once the model is chosen, can get an estimate of
future error by test



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j —training data with j th data point (x; ,y;) moved to
validation set
> Learn classifier fy; with D\ dataset

> Estimate true error as squared error on predicting y;:

- Unbiased estimate of error,,,.(fp)!



(LOO) Leave-one-out cross validation

>

Consider a validation set with 1 example:

- D - training data

- D\j —training data with j th data point (x; ,y;) moved to
validation set

Learn classifier fy; with D\j dataset

Estimate true error as squared error on predicting y;:

- Unbiased estimate of error,,,.(fp)!

LOO cross validation: Average over all data points j:
- For each data point you leave out, learn a new classifier fp,

- Estimate error as:
mn

1
erroryoo = E Z(yg — fD\j(xj))2

g=1



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use N-71 data points
- So it’s not estimate of true error of learning with N data points

- Usually pessimistic, though — learning with less data typically
gives worse answer

> LOO is almost unbiased! Use LOO error for model selection!!!
- E.g., picking degree



Computational cost of LOO

> Suppose you have 100,000 data points

> You implemented a great version of your learning
algorithm

- Learns in only 1 second
> Computing LOO will take about 1 day!!!



Use k-fold cross validation

> Randomly divide training data into k equal parts

- Dy;...,Dy
> Foreach i
- Learn classifier fj,,; using data point not in D,

Train

- Estimate error of f,; on validation set D;:

1
errorp, = W E (Y5 — fD\D,; (%‘))2
! (z5,y5)€D;
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Use k-fold cross validation

Randomly divide training data into k equal parts
B D1,...,Dk 1 2 3 4 5

For each i
- Learn classifier fj,,; using data point not in D,

Train

- Estimate error of f,; on validation set D;:

1
errorp, = W E (Y5 — fD\D,; (%‘))2
! (z5,y5)€D;

k-fold cross validation error is average over data splits:
1 k
ETTOTE— fold — E Zl ETTOTD;,
1=

k-fold cross validation properties:
- Much faster to compute than LOO
- More (pessimistically) biased — using much less data, only n(k-1)/k
- Usually, k=10



Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose magic parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never ever ever ever ever train or choose
parameters based on the test data



Example 1

> You wish to predict the stock price of zoom.us given
historical stock price data

> You use all daily stock price up to Jan 1, 2020 as
TRAIN and Jan 2, 2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?


http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick
a subset of 50 dimensions that have the highest
correlation with labels in the entire dataset:

| 2?21 T4, Yil

D i1 TF
> After picking our 50 features, we then break data into
train and test dataset.

> We train linear regression on these selected features on
the training set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest



Recap

> Learning is...
- Collect some data

> E.g., housing info and sale price
- Randomly split dataset into TRAIN, VAL, and TEST

> E.g., 80%, 10%, and 10%, respectively
- Choose a hypothesis class or model

> E.g., linear with non-linear transformations
- Choose a loss function

> E.g., least squares on TRAIN
- Choose an optimization procedure

> E.g., set derivative to zero to obtain estimator, cross-
validation on VAL to pick num. features

> Justifying the accuracy of the estimate
> E.g., report TEST error
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Optimal Prediction

Goal: Predict Y ¢ R given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])



Optimal Prediction

Goal: Predict Y ¢ R given X € R? if (X,Y) ~ Pxy

Find function n that minimizes

Exy[(Y = n(X))*) = Ex |Ey x[(Y - n(2))?X = 2]

(Hint: for any z, n(x) = ¢, where ¢, minimizes Ey|x[(Y — ¢;)?| X = ])

d
d

= Eyx[-—(Y — )| X = 1]

x

Squared Error Optimal Predictor: n(z) = Ey | x[Y|X = 2]




Statistical Learning
Exy[(Y —n(X))?]

ny(X :QZ‘,Y:y)




Statistical Learning
Exy[(Y —n(X))’

PXy(X :ﬂj,Y:y)

PXy(Y — y‘X — .CCQ)

/,’l
.........................................................



Statistical Learning
Exy[(Y —n(X))’

Pus(l =3,V =g Ideally, we want to find:
u n(z) =By x[Y|X = ]

PXy(Y — y‘X — J?Q)

I”l
.........................................................



Statistical Learning
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n(z) =By x[Y|X = ]
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Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(:Ui,yi) Z.Z\.Jd' PXY for ¢ = 1,...,n

and are restricted to a

function class (e.g., linear)
SO we compute:

f = arg min 2 > (i — flx))?

feF N “
1=1




Statistical Learning

Pus(l =3,V =g Ideally, we want to find:
n(z) =By x[Y|X = ]

But we only have samples:
(@, 8) . Pxy fori=1,...,n
and are restricted to a
function class (e.g., linear)
SO we compute:

P i o=

f=argmin— > (y; — f(;))’

Fn
X - i=1

AN

We care about future predictions: Exy [(Y — f(X))?]




Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
n(x) =Ey | x|[Y|X = 7

But we only have samples:

(ﬂji,yz)zzdpxy forizl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

F=argmin - 3 (v — f(2,)?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different 13



Statistical Learning

Pivi( =a,V =g Ideally, we want to find:
n(x) =Ey | x|[Y|X = 7

But we only have samples:

(ﬂji,yz)zzdpxy forz'zl,...,n

and are restricted to a
function class (e.g., linear)
SO we compute:

~ 1

f=argmin — 3y — f(a:))?

Fn
X fe 1=1

Each draw D = {(x;,y;)}I, results in different F



Bias-Variance Tradeoff

o il o
77(5’7) b IE:YIX[Y‘X = x] J = ang ;rggg Py ;(yi — f(z:))’

Ey | x[Ep[(Y — fp(x))2”X = 1]



Bias-Variance Tradeoff

n(z) = By x[Y|X = 2] F=argmin= 3 (g — f(x:))?

fern
=i

AN

Evix[Ep[(Y — fo(2)?]|X = 1] = Byjx[Ep[(Y —n(z) + n(x) — fo(2)?]|X =]



Bias-Variance Tradeoff

n

1

n(z) = IE:YIX[Y‘X = 1 J?— g ;rggg 5 zzl(yi — Pl
Eyx[Ep|(Y — fo(2)?]|X = 2] = Eyjx [Ep[(Y — n(z) +n(x) — fo(2))?]|X = ]

~Ey x [Epl(Y — n@))? + 2(Y — n(@)(n(x) - fp( )

+ (n(z) — Fol@))|X =2
=By x[(Y = n(2))*| X = a] + Ep|(n(z) - fo(x))’]

irreducible error learning error
Caused by stochastic Caused by either using too
label noise “simple” of a model or not

enough data to learn the model
accurately



Bias-Variance Tradeoff

o il o
77(5’7) b IE"YIX[Y‘X = x] J = ang ;rggg Py ;(yi — f(z:))’

AN AN AN

Ep((n(z) — fp(2))*] = Epl(n(z) — Ep[fp(2)] + Ep[fp(z)] - fo(z))’]




Bias-Variance Tradeoff

o il o
77(5’7) b IE"YIX[Y‘X = x] J = ang ggggg Py ;(yi — f(z:))’

AN

Ep((n(z) — fp(2))*] = Epl(n(z) — Ep[fp(2)] + Ep[fp(z)] - fo(z))’]

=Ep[(n(x) — ED[fD( 2 +2(n(z) — Ep[fp(2)])(Ep[fo(2)] — fo(z))
+ (Ep[fp(z)] — fo(x))?]

=(n(x) — Ep|fp(«))* + Ep[(Ep|fp(2)] — fo(2))*]

biased squared variance




Statistical Learning

Ep[(n(z) — fp(x))*] =(n(z) — Eo[fp(«)])* + Ep[(Ep[fp(x)] — fn())’

learning error = biased squared

> r\

«—

+ variance

FaS

f = arg gcréi]r_; % ;(y — f(z:))

AN

ol f()]

n(z) = Ey | x|[Y|X = ]




Bias-Variance Tradeoff

Ey x[Ep[(Y — fp(2))?]|X = 2] = By x[(Y — n(z))?|X = 2]

irreducible error

+(n(x) — Ep[fp(2)))” + Ep|(Ep[fo(x)] — fo(x))?]

biased squared variance

—— bias?
—— variance
— total

error

complexity
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In [1]:

Bias-variance tradeoff

we consider degree-5 polynomial model (for ground truth) with additive Gaussian noise

import numpy as np e ® train dataset
import matplotlib.pyplot as plt ® test dataset
0.05 4 P ° : = True E[Y|X=x]

# ground truth is 5-th order polynomial and we add Gaussian noise to it
eta = lambda x: (x-.99)%(x-.4)%(x=.25)%(x+.6)%(x+.8)

noise_sigma = 0.03 0.00 1
# generate training data
n = 40 # sample size
x = np.random.uniform(-1,1,n) #sample input data —0.051
X = np.sort(x)
x[0]=-1
x[n-1]=1 -0.10 A
y = eta(x) + noise_sigmaxnp.random.randn(n)
# generate test data 015
n_ = 100
X_ = np.random.uniform(-1,1,n_)
y_ = eta(x_) + noise_sigma*np.random.randn(n_)

-0.20

# plot the samples and grounstruth
t = np.linspace(-1,1,100)

yo = eta(t) —0.25 4
fig=plt.figure(figsize=(9, 8), dpi= 80, facecolor='w', edgecolor='k")
plt.plot(x,y, 'mo',label="'train dataset')
plt.plot(x_,y_,'co',label="test dataset')

plt- plot(t,y@, ‘r-' y linewidth=2, label='True E[Y |X=X] ! ) _1-00 _0‘75 _0I50 _0‘25 060 0‘25 0‘50 0"]5
plt.legend()
plt.show()

In typical scenarios, we only have one set of samples, which we separate into Sies; and Siain

e it is critical that those two sets do not overlap and the sets are chosen randomly to ensure that the test error is independent of the training error, and
also the test samples are coming frmo the same distribution as the new samples that will come in the future

However, in order to understand how the test error behaves (theoretically), we consider the expected test error, and call it true error: i.e. Lye = E[Liest]

« test error is an unbiased estimate of the true error

e true error is unobservable (we canot copmute it, given finite samples)
¢ but we care the most about the true error

* so we use test error as a surrogate or an approximation

In order to compute the true error, we simulate a process where we get many fresh samples, and train new predictor each time with the fresh set of
samples. It is important to understand that the resulting predictor f Steain () is a random function, where the randomness coems from the fresh random
training data set S}, . We will draw many such random functions, and plot them AND see how test, train, true errors behave.

100




In [2]:

num_runs = 100

yhat_simple = np.zeros((num_runs,len(t)))
yhat_complex = np.zeros((num_runs,len(t)))
yhat_justright = np.zeros((num_runs,len(t)))

run=0
while run < num_runs:

def

fig=
plt.

n = 40 # sample size

x = np.random.uniform(-1,1,n) #sample input data
x[0]=-1

x[n-1]=1

y = eta(x) + .03xnp.random.randn(n)

legree-3 polynomial linear regression

np.vstack( [np.ones(len(x)),x,x**2,x**3]).T
np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)
T_ = np.vstack([np.ones(len(t)),t, t+*2,txx3]).T
yhat_simple[int(run)] = np.matmul(T_,w)

# d
p=3
X =
W =

yh = np.matmul(X,w)

X_ = np.vstack( [np.ones(len(x_)),x_,x_#*2,x_%*3]).T

y_h= np.matmul(X_,w)

wW_ =W

# degree-5 polynomial linear regression

p=5

X = np.vstack([np.ones(len(x)),x,x# k2, x**3,x* %4, x**k5]) . T

w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)

T_ = np.vstack([np.ones(len(t)),t, tsk2, k3, thokd, tk51) . T
yhat_justright[int(run)] = np.matmul(T_,w)

yh = np.matmul(X,w)

X_ = np.vstack( [np.ones(len(x_)),x_,X_#%2,X_#*3,X_**4,X_*x5]).T
y_h= np.matmul(X_,w)

W_=w

# degree-15 polynomial linear regression

p=15

X = np.vstack([np.ones(len(x)),x,xkk2,xkk3, Xkkd , X*kk5 , X*k6 , Xokk7 , Xkk8 , Xk, Xokk 10, Xk 11, Xk*12 , X*k* 13, X*k*14 , X**15] ) . T
w = np.array(p+1)

w = np.matmul(np.matmul(np.linalg.inv(np.matmul(X.T,X)),X.T),y)

T_ = np.vstack([np.ones(len(t)),t, t+xx2, tk*3, tkxd, txk5, thk6, tkx7, thk8, thk9, tx10, thk1l, t+x12, th+13, txk14, t+x15]).
yhat_complex [int(run)] = np.matmul(T_,w)

yh1l = np.matmul(X,w)

X_ = np.vstack( [np.ones(len(x_)),x_,X_#*2,X_%*3, X_%*4, X_**5, X_**6 , X_**7 , X_**8, X_**9, X_**k10,X_kk11,x_kx12,x_k*13
y_hl= np.matmul(X_,w)

run=run+1

build_plot(yhat, title):
ave_fit = np.zeros(np.size(t))
for irun in range(1, num_runs):
plt.plot(t,yhat[int(irun)], color='tab:orange',alpha=0.3)
ave_fit = ave_fit + yhat[int(irun)]
plt.plot(t,yhat[@], 'tab:orange',alpha=0.3,label="'Individual fits')
plt.plot(t,y0, 'r-', linewidth=2, label='Truth')
plt.plot(t, (1/float(num_runs))*ave_fit, color='teal', linewidth=2,label='Average fit')
plt.legend()
plt.title(title)
axes = plt.gca()
axes.set_ylim([-0.4,0.2])

plt.figure(figsize=(12, 6), dpi= 80, facecolor='w', edgecolor='k')
subplot(1,3,1)

build_plot(yhat_simple, 'Degree 3')

plt.

subplot(1,3,2)

build_plot(yhat_justright, ‘Degree 5')

plt.

subplot(1,3,3)

build_plot(yhat_complex, 'Degree 15')

plt.

show()



Degree 3 Degree 5 Degree 15

0.2 02 02
Individual fits Individual fits
= Truth = Truth
- Average fit - Average fit
0.1 0.1+
0.0 4
-0.1 4
-0.2 4
-0.3 4
Individual fits
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- Average fit
-04 T T T T T -04 T T T T T -04 T T T T
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Takeaways

« True function has degree 5, with additive noise

o Degree 3 fit has very high bias because the teal line, which is the average of the fits, is very different from true red line (because 3 < 5). Each individual
fit (orange) varies about the average fit (teal) moderately indicating moderate variance. The overall error (bias + variance) of each individual fit is high.

» Degree 15 has very low bias because the teal line is almost equal to the red (because 15 > 5). But each individual fit varies a lot about its average teal
line indicating high variance. The overall error (bias + variance) of each individual fit is high.

* Degree 5 has very low bias because the teal line is almost equal to the red (because 5 = 5). And each individual fit varies only a little about its average
teal line indicating small variance. The overall error (bias + variance) of each individual fit is low.



