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Maximum Likelihood Estimation

Observe X1, Xs,...,X,, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0)= H f(Xy;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) é’\MLE = arg max L,, (0)
0

Under benign assumptions, as the number of observations n — co we have 0,  — 0

The MLE is a “recipe” that begins with a model for data f(x; 0)



Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: %% R
; €ER

o
best linear fit 4

S . . Hypothesis/Model: linear

(a1 ..

= o’ Yi = TiW+ € € b N(0,07)
(0p)]

# square feet


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

d
Trainine Data: % €R
raini g ata R

= 200 {(xz’ yz) ?:1 "
Sale price B> | . Hypothesis/Model: linear
0 =zl wt e eiZZdN(OU)
r—100
. -.  ~200
#b:?\_ -2 -1 0 1 2 H=

athroorns # square feet
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Sale price

R —

L0 T

[ —200

1o 4

-2 -1 0 1
athrooms

# square feet

#b

Training Data: Z: €R

; €ER
o L@ayi)biey

100 Hypothesis/Model: linear

eiZZdN(O o?)

inCU,L-‘UJ—FGi

=100
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Maximizing log-likelihood

n
~ . T 2 )
WpLE — arginin E (yz — I, w) Set derivate=0, solve for w
w
1=1
I




el
The regression problem in matrix notation

mn

@MLE:argming (yi—x;w

w

i=1
Y1 ﬁ
y=1:] X=|:

T
| Yn | L _

)2

d : # of features
n : # of examples/datapoints

y = Xw + €




The regression problem in matrix notation

n

A~ . T .3\2
WM LE = arg mu%n E (yz — Ly w)
1=1
_yl_ _ale_ d : # of features
. # of les/datapoints
y = X — . n : # of examples/ P
| Yn _Jjg_
yz’:wwarei y = Xw + €

. _ no 2 _ /T
£, norm: ||z||, = \/Zizlzi =Vzz

s = argmin ||y — Xwl|;

= arg min(y — Xw)! (y — Xw)

Wrs = WMLE = (XTX)_l X'y




Intercepts
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The regression problem in matrix notation

wrs = argmin ||y — Xwl||3 g A
_ (XTX)_ley
K tY
s KW
What about an offset? (6 ‘
Wrs,brs = argmin (ys — (] w+ b))2
w,b 1 —_—————

= argmin [ly — (Xuw + 10)|



XN X

Dealing with an offset 7 .~ .. "
XK X 1]
1 1rK 1‘-1 ~ L
E —
1:' [ f 1 Wrs,brs = argrgigl ly — (Xw + 1b)|[3

XTX”&}LS —I—/b\LsXT]_ — XTy
11X @ +br5111 =11y
n¥del ey sl

MERR N

5 Xw'l'b: QJ
o :{bl




Dealing with an offset

wrs,brs = arg migl ly — (Xw + 10)]3
w, Oa

XTX ;6 4+ brgXT1 =Xy
1%55 +br5171 =17y

If| X711 = O](i.e., if each feature is mean-zero) then

Bp :(XTX)_I X 7Ty
~ 1 —
brs = ﬁ ;yz

Cou/\ a\wuys clerca(I\ '\-Vq(/li-rlj detfa




Make Predictions

A new house is about to be listed. What should it sell for?

~ T A 2
Unew = ThewWLS + 0Ls

;\\%,r domens X, W TRAINING  meg vy




Process

Decide on a model for the likelihood function f(x; 0)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



Polynomial Features
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Recap: Linear Regression

label
’ f(x) =400 x
O
NS — f(x) = 100,000 + 200 x
O T00 4 “g “ 0 o
oS OOO
/ S
input x

 In general high-dimensions, we fit a linear model with intercept
viwlx.+b, or equwalently vi=wlx,+b+e
with model parameters (w € R% b € R) that minimizes fz-loss

ZL(w,b) = Z<y,—<wx+b>>2 OLS

GI’FOI’ €;




Quadratic regression in 1-dimension

Data: X = , Y=

e Linear model with parameter (b, w)):

« ¥, =b+wx

Y1
Y2

Yn

label y

_—

input x



Quadratic regression in 1-dimension

X1 Y1 el

X aocl y
Data: X = :2 , Y= y.2

xi’l yi’l

e Linear model with parameter (b, w)):
« ¥, =b+wx

. Quadratic model with parameter (b, w =

Wy / input x
L

. /y\i=b+w1xi+w2‘)_c.f



Quadratic regression in 1-dimension

X1 Y1 bl

X aocl y
Data: X = :2 , Y= y.2

xi’l yi’l

e Linear model with parameter (b, w)):
« ¥, =b+wx

Wy input x
, Quadratic model with parameter (b, w = W ):
2
e V., =b+wx;+ wle.z

Degree-p polynomial model with parameter (b,w = | : |):

e Vi=b+wix+wyx + . +w,xP




Quadratic regression in 1-dimension

K i label

X abel y
Data: X = :2 , Y= y.2

xi’l yi’l

Linear model with parameter (b, w)):
« ¥, =b+wx

w
Quadratic model with parameter (b, w = [Wll ):

(

. /y\i=b+w1xi+w2xi2 / o h(Xt\Z L_;“»I
1
W

W
Degree-p polynomial model with parameter (b,w = | : |): w2\ 1
* w Wy
L p_
e Vi=b+wix+wyx + . +w,xP
0
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R?

—_— ——




Quadratic regression in 1-dimension

1 i label
X y abel y
Data: X = ,2 , Y= .2
_xn_ _yn_ /
",
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

Note: h can be arbitrary non-linear functions!

§
h(x) = |log(x), x, sin(x), \/}] Zip code’?



Quadratic regression in 1-dimension

X1 Y1
X y label y
Data: X = .2 , Y= .2
_xn_ _yn_ /
",
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

How do we learn w?



Quadratic regression in 1-dimension

X1 Y1 el
X abel y
Data: X = :2 , Y= y.2
/
w1
General p-features with parameter w = | :
* w
d P
e V.= (w,h(x))where h : R - R?
How do we learn w?
) ] W = argmin |[Hw — y||3
— —h(x)" — - w
H= : € R™P For a new test point x, predict
I = (W, h(x))




Which p should we choose?

e First instance of class of models with different
representation power = model complexity

label y

degree 3
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0.10 1

0.05 1

0.00 1

-0.05 A

-0.10 -

-0.15 1

-0.20

degree 20 overfits

-1.00 -0.75 -0.50 -0.25 000 025
mput x

« How do we determine which is better model?
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Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

 the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

e we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data



Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

 the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

e we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data

o
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e train a cubic predictor on 32 (in-sample) white circles: Mean Squared Error (MSE) 174
e predict label y for 30 (out-of-sample) blue circles: MSE 192

e conclude this predictor/model generalizes, as in-sample MSE ~ out-of-sample MSE



Split the data into training and testing

e away to mimic how the predictor performs on unseen data
 given asingle dataset S = {(x;, y,) }'_,
e we split the dataset into two: training set and test set (e.g., 90/10)

* training set used to train the model

Y Gi—xfw? e

IeS

train

minimize Z,;,(Ww) =
* | Straln |

e test set usedto evaluate the model

Zest(W) = 2 (v, — X; Tw)?

| Stest | ZEStest

e this assumes that test set is similar to unseen data




degree 3

m - y @

Train/test error vs. complexity | :

0.05 o
0.00
Error 005 |
0.0035 1 N, ~e~— train error =010 1

‘ ®— test { @
00030 - est error 015
~ . -0201 o
0.0025 - -100 -0.75 -050 -025 000 025 050 075 100
degree 5
0.0020 A y 0.10 -
0.05
0.0015 A 000 |
0.0010 - 0%
-0.10 4
—®
0.0005 T T T T T T T T -0.15 4
25 50 15 10.0 125 }5.0 17.5 20;0
degree p of the polynomial regression e
-1.00 -0.75 -050 -025 000 025 050 075 100
Ove ( [ ;{vl—\v degree 20 overfits

L] [ [] [ ] [ ] 010.
- Degree p = 5, since it achieves minimum |
test error 000
 Train error monotonically decreases with model 005 |
complexity 010
» Test error has a U shape 015 |
-0.20 A

test set should never be used in training or picking degree

-100 -0.75 -0.50 -0.25 000} 025 050 075 100




Cross-Validation




> How do we pick the number of basis functions...

> We could use the test data, but...



> How do we pick the number of basis functions...

> We could use the test data, but...

= Never ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever train on the test data



Validation Set

> Simplest approach is to add another dataset partition called
the validation set

Train Test
FO [o ! O
Train Validation | Test

> Each set has its own role
> Train: Used to train a model of each model complexity

> Validation: Used as a hold-out to evaluate each model.
Generally choose model complexity with lowest validation
error.

> Test: Once the model is chosen, can get an estimate of
future error by test



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data
- D\j —training data with j th data point (x; ,y;) moved to
validation set
> Learn classifier fj,; with D\j dataset

> Estimate true error as squared error on predicting y;:

- Unbiased estimate of error,,.(fp;)!



(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:
- D - training data

- D\j —training data with j th data point (x; ,y;) moved to
validation set
Learn classifier fy; with D\j dataset

Estimate true error as squared error on predicting y;:
- Unbiased estimate of error,,.(fp;)!

> LOO cross validation: Average over all data points j:
- For each data point you leave out, learn a new classifier fp,

- Estimate error as:
1 mn
erroryoo = E Z(yj — fD\J(CC]))Z

g=1



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use N-71 data points
- So it’s not estimate of true error of learning with N data points

- Usually pessimistic, though — learning with less data typically
gives worse answer

> LOO is almost unbiased! Use LOO error for model selection!!!
- E.g., picking degree



Computational cost of LOO

> Suppose you have 100,000 data points

> You implemented a great version of your learning
algorithm

- Learns in only 1 second
> Computing LOO will take about 1 day!!!



Use k-fold cross validation

> Randomly divide training data into k equal parts
- D1,---,Dk
> For each i

1 2

Train Train

Validation

Train

- Learn classifier fj,; using data point not in D;
- Estimate error of f,; on validation set D;:

1 Y (i — fovo,(x))

| D;|
(xj 7yj)€Di

erTorp, =




>

>

>

>

Use k-fold cross validation

Randomly divide training data into k equal parts
B D1,.-.,Dk 1 2 3 4 5

For each i
- Learn classifier f,,,; using data point not in D,

Train Train Validation Train

- Estimate error of f,; on validation set D;:

1
EeITorp, = W Z (yj — fD\Di (%))2
’ (xjayj)ep’i
k-fold cross validation error is average over data splits:
1 .k
e"“?“()rk—fold — E Z 6?“7“07“1)@.
i=1

k-fold cross validation properties:
- Much faster to compute than LOO
- More (pessimistically) biased — using much less data, only n(k-1)/k
- Usually, k=10



Recap

> Given a dataset, begin by splitting into

TRAIN TEST

> Model selection: Use k-fold cross-validation on TRAIN to
train predictor and choose magic parameters such as degree

TRAIN-1 VAL-1

TRAIN TRAIN-2 VAL-2 TRAIN-2

> Model assessment: Use TEST to assess the accuracy of the
model you output

= Never ever ever ever ever train or choose
parameters based on the test data



Example 1

> You wish to predict the stock price of zoom.us given
historical stock price data

> You use all daily stock price up to Jan 1, 2020 as
TRAIN and Jan 2, 2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?



http://zoom.us

Example 2

> Given 10,000-dimensional data and n examples, we pick
a subset of 50 dimensions that have the highest
correlation with labels In the entire dataset:

| Z?:l i 5Yil

Z?zl x? j
> After picking our 50 features, we then break data into
train and test dataset.

> We train linear regression on these selected features on
the training set. We compute the test error and report it

> What’s wrong with this procedure?

50 indices j that have largest



Recap

> Learning is...
- Collect some data

> E.g., housing info and sale price
- Randomly split dataset into TRAIN, VAL, and TEST

> E.g., 80%, 10%, and 10%, respectively
- Choose a hypothesis class or model

> E.g., linear with non-linear transformations
- Choose a loss function

> E.g., least squares on TRAIN
- Choose an optimization procedure

> E.g., set derivative to zero to obtain estimator, cross-
validation on VAL to pick hum. features

> Justifying the accuracy of the estimate
> E.g., report TEST error



