Gradient Descent

- how are we going to find the solution for
n

arg min Z £(b+w'x,y,)
B i
- e.g., Lasso, Logistic Regression do not have closed form solution for

YV, Lb,w) =0
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Running example: linear regression

. Givendata: {(z;,v;)}~; x; ¢ R? y; € R

= Learning model parameters:

s i , fonw)
Wi g = arg min “y — XW”2 100
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e Although we know the optimal solution 25
in a closed form, we will use this as 0
a running example to understand GD
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)
Taylor series approximation: Jwp)
For w very close to w, we have

d
fowg + v =g L]

dw lw Wy
is very close to f(w)
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1-dimensional gradient descent jt(w)f > ()(w“’/y‘)

Let w, be an initial guess. How can we improve this solution?

Jw)

Taylor series approximation: Jf(wy)
For w very close to w we have

df w)

W=WwWq

is very close to f(w)
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Thus, for very s >0 Wy Wy = arg min f(w)
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

d
Fowg) + (w — wgy L)

W Iw=w,

is very close to f(w)

df(w)

dw

I
Wy = arg min f(w)
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Thus, for very small 7 > 0, Wo Wp=Wwy—
df(w)

dw

then
w=w Gradient descent

df(w) 2
_ For k=0,1,2,3,...
W 1150
J(wo) I/]( dw ""’ZW()) df(w)

Wi 1 =W, —
is very close to () < f(wy) s g aw ey,




1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

d
Fowg) + (w — wg) L

W Iw=w,

is very close to f(w)

I 0
Thus, for very smalln > 0, Wy W; W, Wy = arg min f(w)
w

if then
Gradient descent

For k=0,1,2,3,...

df(w)
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

d
Fowg) + (w — wg) L

W Iw=w,

is very close to f(w)
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Thus, for very smalln > 0, Wo W; W, Wj Wy = arg min f(w)
w

if then
Gradient descent
For k=0,1,2,3,...
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is very close to < fwp) s g aw =y,
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: sy Note that as k = oo we have — 0
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Running example: linear regression

. Givendata: {(z;,v;)}~; x; ¢ R? y; € R

= Learning model parameters:

Wi g = arg min I|y — XW||2 PN e
weR? :

fw)
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= Gradient descent:

e Initialize: wy = 0
e For t=0,1,2,...
Wi W —H wa(wz)



Price $ (in 1000s)
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Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?
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Gradient descent for linear regression

e [n this example of linear regression,
we can derive exactly the gradient For linear regression, we have

descent trajectory A X
e Initialize: wy = 0 WLs = argvf}rél[é}j ly — W“z

eFort=0,1,2,... fw)
w., < w—n-V,f(w)
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Gradient descent for linear regression

e [n this example of linear regression, |
we can derive exactly the gradient For linear regression, we have
descent trajectory
e Initialize: wy = 0
eFort=0,1,2,... fw)
s —w—n Vo foey ] WY i
oy (JeITN
Com SOt
ST 7 J[FV

Wpg = arg min ||y — XW||2
wE[Rd

-
AR S e




u

Gradient descent for linear regression

e Initialize: wy = 0 For linear regression, we have
eFort=0,1,2,...
w,_ < w,—n-V, fw) Wis = afgvf}lél[élal ly — XW||2
Jw)

Viw) = —2X"(y — Xw)
wir = w 12Xy = Xw) = I-27X"X)w, + 2pX"y

Let the least-squares solution be w* = (XTX)_lXTy

wo—wk = (I=2nX"X)w, + 2nX"y — w*
= (I-2nX"X)(w, — w*) + 2nXTy — 25X  Xw*
= (I-2nX'X)(w, — w*)



How do you choose step size?

Let w, be an initial guess. How can we improve this solution?

Jw)
Taylor series approximation: Jwp)
For w very close to w, we have

d
Fowg) + (w — wg) L

W Iw=w,

is very close to f(w)

I
Wy Wy = arg min f(w)

If # too big, does not converge!
If  too small, converges very, very slowly.

In practice: choose the largest value of # that converges (guess and check)



Gradient descent for Ridge regression

e Initialize: wy = 0
eFort=0,1,2,...

w, < w—n-V,fw)

For Ridge we have

A . 2 4 2
WRidge = arg min Sy = Xwliz +ZlIwll3
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Gradient descent for Ridge regression
- ¥ ( A %Q X /
e Initialize: wy = 0 VY
eFort=0,1,2,...
Wy < w,—n-V, f(w)

For Ridge we have

Wrigge = arg min = [ly — Xw|13 +2[|wll3

weR?
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Vilw,) = — X (y - Xw,) + Aw,
N
Wi = (1w, + nX'(y — Xw,)
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Gradient descent for Lasso regression
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Gradient descent for Lasso regression

e Initialize: wy = 0
eFort=0,1,2,...
Wy < w,—1n-V, f(w)

For Lasso we have

o\ ° 1 2
Wiasso = arg min Sy = Xwll3 + Allwll,
w

~

Jw)

Vilw,) = — XT(y — Xw,) + Asign(w,)

wo = w,+nX (y — Xw,) — Asign(w,)



