Gradient Descent

- how are we going to find the solution for
n

arg min 2 £(b+wlx,y,)
A
- e.g., Lasso, Logistic Regression do not have closed form solution for

YV, Lb,w) =0
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Running example: linear regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

wig = argmin |y — Xw|[5 100
weRY ‘ |

e Although we know the optimal 50|ution25€_.ﬁ-.
in a closed form, we will use this as 0o

10
a running example to understand GD

w, 20 -20 W,



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

d
Fowg) + (w = wy L)

w WwW=wy
is very close to f(w)

f(wp)

Jw)

I
ws = arg min f(w)
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have
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Running example: linear regression

. Givendata: {(z;,y;)}"~; x; € R? y; € R

= Learning model parameters:

weR? ‘ :

fw)

= Gradient descent:
e Initialize: wy = 0
e For t=0,1,2,...
Wy < w,—n-V,f(w)




ow, = (900, — 0.1)
eFort=0,1,2,...

. — .
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Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?
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Gradient descent for linear regression

e [n this example of linear regression,
we can derive exactly the gradient For linear regression, we have

descent trajectory b« = argmin ||y — X “2
e Initialize: wy = 0 YLs = gweRd Y e
eFor t=0,1,2,... flw)
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Gradient descent for linear regression

e Initialize: wy = 0 For linear regression, we have
eFor t=0,1,2,...
w,_ < w,—n-V, f(w) WLs = al’gvalélﬂ% ly - XW||2
Jfw)

Viw) =—2XT(y — Xw,)
wo = w+mX(y—Xw) = I-27X"X)w, + 27Xy

Let the least-squares solution be w* = (X7X)™' X’y

wo —wt = I=2nX"X)w, + 2nX"y — w*
= (I -2pX"X)(w, — w*) + 2nX"y — 2 X" Xw*
= (I-2nX"X)(w, — w*)



How do you choose step size?

Let w, be an initial guess. How can we improve this solution?

Jw)

Taylor series approximation: Jwp)
For w very close to w, we have

d
Fowg) + (w = wy L)

w WwW=wy

is very close to f(w)

I
W ws = arg min f(w)

If  too big, does not converge!
If # too small, converges very, very slowly.

In practice: choose the largest value of  that converges (guess and check)



Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW < w,—n-V, fw)

For Ridge we have

WRidge = aIg Irélﬂg —IIy XWI|2+ w|3
w
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Gradient descent for Ridge regression

e Initialize: wy = 0
eFor t=0,1,2,...
oW < w,—n-V, fw)

For Ridge we have

WRidge = aIg Irélﬂg —IIy XWI|2+ w|3
w

Jw)

Vilw,) = — X (y — Xw,) + Aw,
wep = (=Dw, + nX!(y — Xw,)



Gradient descent for Lasso regression

e Initialize: wy = 0
eFort=0,1,2,...

Wy & W, —H- wa(wt)

For Lasso we have

A . 1 2
Weasso = aIg nélqui Elly_xwllz"l'/lllwlll
w
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Gradient descent for Lasso regression

e Initialize: wy = 0
eFor t=0,1,2,...
Wy < W=V, f(w)

For Lasso we have

A . 1 2
Weasso = aIg nélqui Elly_xwllz"l'/lllwlll
w

Jw)

Vilw,) = — X (y — Xw,) + Asign(w,)

we = w,+ X (y — Xw,) — Asign(w,)



