
Bias-Variance
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Features Train MSE Test MSE

All 2640 3224

S5 and BMI 3004 3453

S5 3869 4227

BMI 3540 4277

S4 and S3 4251 5302

S4 4278 5409

S3 4607 5419

None 5524 6352

• test MSE is the primary criteria for model selection 
• Using only 2 features (S5 and BMI), one can get very close to the prediction 

performance of using all features

• Combining S3 and S4 does not give any performance gain



What does the bias-variance theory tell us?

• Train error (random variable, randomness from ) 

• Use  to find 


• Train error: 


• recall the test error is an unbiased estimator of the true error 

• True error (random variable, randomness from ) 

• True error:  

• Test error (random variable, randomness from ) 

• Use 


• Test error: 


• theory explains true error, and hence expected behavior of the (random) 
test error

𝒟
𝒟 = {(xi, yi)}n

i=1 ∼ PX,Y ̂w

ℒtrain( ̂w LS) =
1

|𝒟 | ∑
(xi,yi)∈𝒟

(yi − ̂w T xi)2

𝒟
ℒtrue( ̂w ) = 𝔼(x,y)∼PX,Y

[(y − ̂w T x)2]

𝒟 and 𝒯
𝒯 = {(xi, yi)}m

i=1 ∼ PX,Y

ℒtest( ̂w ) =
1

|𝒯 | ∑
(xi,yi)∈𝒯

(yi − ̂w T xi)2



What does bias-variance theory tell us?
• Train error is optimistically biased (i.e. smaller) because the trained 

model is minimizing the train error

• Test error is unbiased estimate of the true error, if test data is never 

used in training a model or selecting the model complexity


• Each line is an i.i.d. instance of  and 𝒟 𝒯

Train error

Test error 

model complexity

error



Train/test error vs. complexity

• Model complexity e.g., degree  of the polynomial 
model, number of features used in diabetes example


• Related to the dimension of the model parameter

• Train error monotonically decreases with model 

complexity

• Test error has a U shape

p

Error

degree  of the polynomial regressionp

x

y

y

y

x



Statistical learning

Where we used the chain rule:  𝔼X,Y[ f (X, Y )] = 𝔼X[ 𝔼Y|X[ f (x, Y ) |X = x] ]

Typical notation:  
 denotes a random variable

 denotes a deterministic instance

X
x

• Suppose data is generated from a statistical model 


• and assume we know    (just for now to explain statistical learning)


• learning aims to find a predictor  that minimizes 


• expected error 


• think of random  as a new sample you will encounter when you deployed 
your learned model, and we care about its average performance


• We assume the function  could be anything


•  it can take any value for each 


• So the optimization can be done separately for each 


•  

                                 


        Or for discrete ,         

(X, Y ) ∼ PX,Y

PX,Y

η : ℝd → ℝ
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2]

(X, Y )

η(x)
X = x

X = x
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2] = 𝔼X∼PX[𝔼Y∼PY|X
[(Y − η(x))2 |X = x] ]

= ∫ 𝔼Y∼PY|X
[(Y − η(x))2 |X = x] PX(x) dx

X = ∑
x

PX(x) 𝔼Y∼PY|X
[(Y − η(x))2 |X = x]



Statistical learning
• The optimal predictor sets its value for each  separately 


• 


• The optimal solution is ,  
which is the best prediction in -loss/Mean Squared Error


• Claim: 


• Proof:  


• Can’t implement optimal statistical estimator  


• as we do not know  in practice 


• This is only for the purpose of conceptual understanding

X = x
η(x) = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼Y∼PY|X
[Y |X = x]

ℓ2

𝔼Y∼PY|X
[Y |X = x] = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼[Y |X = x]
PX,Y



Statistical Learning

x

PXY (X = x, Y = y)

x0 x1

PXY (Y = y|X = x0)

PXY (Y = y|X = x1)

Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x0) = 𝔼[Y |X = x0]

y = 0

y = 1

y = 0

y = 0 y = 1

y = 1

η(x1) = 𝔼[Y |X = x1]



Statistical Learning

x

y

PXY (X = x, Y = y) Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x) = 𝔼Y|X[Y |X = x]

But we do not know  

We only have samples. 

PX,Y



Statistical Learning

x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

⌘(x) = EY |X [Y |X = x]

⌘(x) = EY |X [Y |X = x]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

So we need to restrict our 
predictor to a function class (e.g., 
linear, degree-  polynomial) to 
avoid overfitting: 

p

We care about how our predictor performs on future unseen data   
                           True Error of  : ̂f 𝔼X,Y[(Y − ̂f(X))2]



Future prediction error  is random  
because  is random (whose randomness comes from training data )

𝔼X,Y[(Y − ̂f(X))2]
̂f 𝒟

x

y

PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

Notation:  
I use predictor/model/estimate,  
interchangeably

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• We are interested in the True Error of a (random) learned predictor:   
                                         


• But the analysis can be done for each  separately, so we analyze  
the conditional true error:  
                                         


• And we care about the average conditional true error, averaged over training data:             
                                  
written compactly as       

𝔼X,Y[(Y − ̂f𝒟(X ))2]
X = x

𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x]

𝔼𝒟[ 𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x] ]
= 𝔼[(Y − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
            


                                                    
𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
            


 

(this follows from independence of  and  and  
)


                   

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]
= 𝔼𝒟,Y|x[ (Y − η(x))2 + 2(Y − η(x))(η(x) − ̂f𝒟(x)) + (η(x) − ̂f𝒟(x))2 ]
= 𝔼Y|x[(Y − η(x))2] + 2𝔼𝒟,Y|x[(Y − η(x))

=0

(η(x) − ̂f𝒟(x))] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

𝒟 (X, Y )
𝔼Y|x[Y − η(x)] = 𝔼[Y |X = x] − η(x) = 0

= 𝔼Y|x[(Y − η(x))2] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

Irreducible error

(a) Caused by stochastic 


label noise in  
(b) cannot be reduced

PY|X=x

Average learning error

Caused by  

(a) either using too “simple” of a model or  
(b) not enough data to learn the model accurately



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            

 𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]
= ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]
= ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

biased squared variance



Bias-variance tradeoff

biased squared variance

irreducible error

+ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼Y|x[ (Y − η(x))2 ]
• Average conditional true error:            

• Bias squared:  
measures how the  
predictor is mismatched with 
the best predictor in 
expectation 

• variance: 
measures how the predictor  
varies each time with a new  
training datasets



Questions?



Test error vs.  
model complexity

Error

degree  of the polynomial regressionp

x

y p = 1

p = 2

p = 3

p = 4

p = 5

p = 10

p = 15

p = 20

Test Error
Train Error

Optimal predictor   
is degree-5 polynomial

η(x)

Simple model:

Model complexity is below  
the complexity of η(x)

Complex model:


demo4_tradeoff.ipynb



Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than the optimal predictor )


• Bias  of our predictor, , is large


• Variance of our predictor, , is small

• If we have more samples, then


• Bias  

• Variance

• Because Variance is already small, overall test error 

η(x)
2 ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 4



Recap: Bias-variance tradeoff with simple model

• When model complexity is high (higher than the optimal predictor )


• Bias of our predictor, , is small


• Variance of our predictor, , is large

• If we have more samples, then


• Bias

• Variance

• Because Variance is dominating, overall test error

η(x)
( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 20



• let us first fix sample size N=30, collect one dataset of size N i.i.d. from a 
distribution, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of p 
that we are interested in

Strain Stest

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT



• let us now repeat the process changing the sample size to N=40 , 
and see how the curves change

error
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true model complexity
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p⇤24
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p⇤32
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• The threshold, , moves right


• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time to 
the training set, but keeping a large enough test set fixed


• then we plot the computed MSEs for all values of train sample size 
Ntrain that we are interested in

• There is a threshold, , below which training error is zero (extreme overfit)


• Below this threshold, test error is meaningless, as we are overfitting and there are 
multiple predictors with zero training error some of which have very large test error


• Test error tends to decrease

• Training error tends to increase

N*p

error
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train sample size Ntrain
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Test error ℒtest

Training error ℒtrain

lecture2_polynomialfit.ipynb

N*p = p + 1 = 31

OVERFIT UNDERFIT



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy =

=
η(x) = 𝔼Y|X[Y |X = x] =

̂f𝒟(x) = xT ̂w MLE =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy = (XTX)−1XT(Xw* + ϵ)

= w* + (XTX)−1XTϵ
η(x) = 𝔼Y|X[Y |X = x] = xTw*

̂f𝒟(x) = xT ̂w MLE = xTw* + xT(XTX)−1XTϵ

• Irreducible error: 


• Bias squared:  
(is independent of the sample size!)

𝔼X,Y[(Y − η(x))2 |X = x] =

( η(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

𝔼𝒟[xT(XTX)−1XTϵϵTX(XTX)−1x]
= σ2 𝔼𝒟[xT(XTX)−1XTX(XTX)−1x]
= σ2 xT𝔼𝒟[(XTX)−1]x

• To analyze this, let’s assume that  and number of samples, , is large 

enough such that  with high probability and , then


• Variance is , and decreases with increasing sample size 

Xi ∼ 𝒩(0,I) n

XTX = nI 𝔼[(XTX)−1] ≃
1
n

I
σ2xT x

n
n



Regularization



Recap: bias-variance tradeoff
• Consider 100 training examples and 100 test examples  

i.i.d.drawn from degree-5 polynomial features 
, ,  

 
xi ∼ Uniform[−1,1] yi ∼ fw*(xi) + ϵi ϵi ∼ 𝒩(0,σ2)

fw(xi) = b* + w*1 xi + w*2 (xi)2 + w*3 (xi)3 + w*4 (xi)4 + w*5 (xi)5

This is a linear model with features 
h(xi) = (xi, (xi)2, (xi)3, (xi)4, (xi)5)

x

y



Recap: bias-variance tradeoff

̂fŵLS
(x) ̂fŵLS

(x)

xx

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit

Ground truth f (x)

𝔼[ fŵLS
(x)]

fŵLS
(x)



Sensitivity: how to detect overfitting

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Ridge Regression

■ (Original) Least squares objective: 


■ Ridge Regression objective:


+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Minimizing the Ridge Regression Objective

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

• When  this gives the least squares model 

• This defines a family of models hyper-parametrized by 

• Large  means more regularization and simpler model

• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2



training MSE
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• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

       
      


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

      


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

Learning ErrorIrreducible Error



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

       


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

       


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

       


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

Bias-squared VarianceIrreduc. Error

Suppose , then  

                                                           

XTX = nI ŵridge = (XTX + λI)−1XT(Xw + ϵ)

=
n

n + λ
w +

1
n + λ

XTϵ



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

       





ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

= 𝔼y|x[(y − xTw)2 |x] + 𝔼𝒟train
[(xTw − xTŵridge)2 |x]

= σ2 + (xTw − 𝔼𝒟train
[xTŵridge |x])2 + 𝔼𝒟train

[(𝔼𝒟̃train
[xTŵridge |x] − xTŵridge)2 |x]

= σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared VarianceIrreduc. Error

Suppose , then 


 

XTX = nI

ŵridge =
n

n + λ
w +

1
n + λ

XTϵ

(verify at home)



Bias-Variance Properties

■ Ridge regressor: 

■ True error 

𝔼y,𝒟train|x[(y − xTŵridge)2 |x] = σ2 +
λ2

(n + λ)2
(wT x)2 +

σ2n
(n + λ)2

∥x∥2
2

Bias-squared Variance

d=10, n=20, ,σ2 = 3.0 ∥w∥2
2 = 10

λ

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

as λ 0,

ŵridge → ŵLS

as λ ∞

ŵridge → 0



What you need to know…

> Regularization
– Penalizes complex models towards preferred, 

simpler models
> Ridge regression
– L2 penalized least-squares regression
– Regularization parameter trades off model 

complexity with training error
– Never regularize the offset!



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

-0.75 -0.2 0 0.4 0.8

h1(x)

x

x-0.75 -0.2 0 0.4 0.8

h2(x)

x-0.75 -0.2 0 0.4 0.8

h3(x)



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions 

 

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

h(x) =

h1(x)
h2(x)
h3(x)
h4(x)
h5(x)

=

x
[x + 0.75]+

[x + 0.2]+

[x − 0.4]+

[x − 0.8]+

[a]+ ≜ max{a,0}

y = b + h(x)Tw

x

the weights capture the change in the slopes

slope:    w1

 w1 + w2

 w1 + w2 + w3

 w1 + w2 + w3 + w4

 w1 + w2 + w3 + w4 + w5

-0.75 -0.2 0.4 0.8



Example: piecewise linear fit
• we fit a linear model: 



• with a specific choice of features using piecewise linear functions

f(x) = b + w1h1(x) + w2h2(x) + w3h3(x) + w4h4(x) + w5h5(x)

x

y



Example: piecewise linear fit (ridge regression)

� = 0.005
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We do not observe overfitting, as d=5 and n=100



Piecewise linear with  and n=11 samplesw ∈ ℝ10

Test MSE

Train MSE

log10(λ) log10(λ)

’swi



Model selection 
using Cross-validation



How… How… How???????

> Ridge regression:  
How do we pick the regularization constant λ…

> Polynomial features:  
How do we pick the number of basis functions…

> We could use the test data, but… 

Test MSE

Train MSE

log10(λ)



How… How… How???????

> Ridge regression:  
How do we pick the regularization constant λ…

> Polynomial features:  
How do we pick the number of basis functions…

> We could use the test data, but… 
■ Never ever ever ever ever ever ever ever ever ever ever 

ever ever ever ever ever ever ever ever ever ever ever 
ever ever ever ever ever train on the test data  

■ Use test data only for reporting the test error  
(once in the end)



> Consider a validation set with 1 example:
–      : training data

–  : training data with -th data point  moved to validation set

> Learn model  with  dataset

> The squared error on predicting :              
 
is an unbiased estimate of the true error  
                
but, variance of  is too large  
 

𝒟
𝒟∖ j j (xj, yj)

f𝒟∖ j 𝒟∖ j
yj (yj − f𝒟∖ j(xj))2

errortrue( f𝒟∖ j) = 𝔼(x,y)∼Px,y
[(y − f𝒟∖ j(x))2]

(yj − f𝒟∖ j(xj))2

(LOO) Leave-one-out cross validation



(LOO) Leave-one-out cross validation
> Consider a validation set with 1 example:

–      : training data

–  : training data with -th data point  moved to validation set

> Learn model  with  dataset

> The squared error on predicting :              
is an unbiased estimate of the true error  
                
but variance of  is too large, so instead  

> LOO cross validation: Average over all data points j:


– Train  times:    
for each data point you leave out, learn a new classifier 


– Estimate the true error as: 

𝒟
𝒟∖ j j (xj, yj)

f𝒟∖ j 𝒟∖ j
yj (yj − f𝒟∖ j(xj))2

errortrue( f𝒟∖ j) = 𝔼(x,y)∼Px,y
[(y − f𝒟∖ j(x))2]

(yj − f𝒟∖ j(xj))2

n
f𝒟∖ j

errorLOO =
1

n

nX

j=1

(yj � fD\j(xj))
2



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCV error, we only use data points to train

– So it’s not estimate of true error of learning with  data points
– Usually pessimistic – learning with less data typically gives worse answer. 

(Leads to an over estimation of the error)

> LOO is almost unbiased! Use LOO error for model selection!!!

– E.g., picking λ

n − 1
n

errorLOO

errortrain

log10(λ)



Computational cost of LOO

> Suppose you have 100,000 data points
> say, you implemented a fast version of your learning 

algorithm
– Learns in only 1 second 

> Computing LOO will take about 1 day!!



 Use k-fold cross validation
> Randomly divide training data into k equal parts


– D1,…,Dk


> For each i

– Learn model  using data point not in 


– Estimate error of  on validation set : 
 

> k-fold cross validation error is average over data splits: 
 

> k-fold cross validation properties:

– Much faster to compute than LOO as 
– More (pessimistically) biased – using much less data, only n(k-1)/k
– Usually, k = 10

f𝒟∖𝒟i
𝒟i

f𝒟∖𝒟i
𝒟i

k ≪ n

errorDi =
1

|Di|
X

(xj ,yj)2Di

(yj � fD\Di
(xj))

2

𝒟 = 𝒟1 𝒟2 𝒟3 𝒟4 𝒟5

f𝒟∖𝒟3

errork−fold =
1
k

k

∑
i=1

error𝒟i



 Use k-fold cross validation
> Randomly divide training data into k equal parts


– D1,…,Dk


> For each i

– Learn model  using data point not in 


– Estimate error of  on validation set : 
 

> k-fold cross validation error is average over data splits: 
 

> k-fold cross validation properties:

– Much faster to compute than LOO as 

– More (pessimistically) biased – using much less data, only  

– Usually, k = 10

f𝒟∖𝒟i
𝒟i

f𝒟∖𝒟i
𝒟i

k ≪ n
n −

n
k

errorDi =
1

|Di|
X

(xj ,yj)2Di

(yj � fD\Di
(xj))

2

𝒟 = 𝒟1 𝒟2 𝒟3 𝒟4 𝒟5

f𝒟∖𝒟3

errork−fold =
1
k

k

∑
i=1

error𝒟i



Recap

> Given a dataset, begin by splitting into  
 

> Model selection: Use k-fold cross-validation on TRAIN to 
train predictor and choose hyper-parameters such as λ 
 
 
 
 
 

> Model assessment: Use TEST to assess the accuracy of the 
model you output
■ Never ever ever ever ever train or choose 

parameters based on the test data

TESTTRAIN

TRAIN

TRAIN-1 VAL-1

TRAIN-3VAL-3

TRAIN-2VAL-2TRAIN-2



Model selection using cross validation

> For 
> For  
>  

>

λ ∈ {0.001,0.01,0.1,1,10}
j ∈ {1,…, k}

ŵλ,Train−j ← arg min
w ∑

i∈Train−j

(yi − wT xi)2 + λ∥w∥2
2

̂λ ← arg min
λ

1
k

k

∑
j=1

∑
i∈Val−j

(yi − ŵT
λ,Train−jxi)2



Example 1
> You wish to predict the stock price of zoom.us given 

historical stock price data ’s (for each -th day) and  
the historical news articles ’s 

> You use all daily stock price up to Jan 1, 2020 as TRAIN 
and Jan 2, 2020 - April 13, 2020 as TEST

> What’s wrong with this procedure?

yi i
xi

http://zoom.us


Example 2
> Given 10,000-dimensional data and n examples, we pick 

a subset of 50 dimensions that have the highest 
correlation with labels in the training set: 
 
 

> After picking our 50 features, we then use CV with the 
training set to train ridge regression with regularization λ 

> What’s wrong with this procedure?

50 indices j that have largest 
|
Pn

i=1 xi,jyi|qPn
i=1 x

2
i,j



Recap
> Learning is…

– Collect some data
> E.g., housing info and sale price

– Randomly split dataset into TRAIN, VAL, and TEST
> E.g., 80%, 10%, and 10%, respectively

– Choose a hypothesis class or model
> E.g., linear with non-linear transformations

– Choose a loss function
> E.g., least squares with ridge regression penalty on TRAIN

– Choose an optimization procedure
> E.g., set derivative to zero to obtain estimator, cross-

validation on VAL to pick num. features and amount of 
regularization

– Justifying the accuracy of the estimate
> E.g., report TEST error



Simple variable selection:  
LASSO for sparse regression



Sparsity

■ Vector  is sparse, if many entries are zerow

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2



Sparsity

■ Vector  is sparse, if many entries are zero
– Efficiency:  If size( ) = 100 Billion, each prediction  is expensive:


■ If  is sparse, prediction computation only depends on number of non-zeros in 

w
w wT x

w w

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

=
X

ŵj 6=0

ŷi =     ŵj hj(xi)byi = bw>
LSxi =

dX

j=1

xi[j] bwLS [j]



Sparsity

■ Vector  is sparse, if many entries are zero
– Interpretability:  What are the  

relevant features to make a  
prediction?

w

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

■ How do we find “best” subset of 
features useful in predicting the 
price among all possible 
combinations?

$ ?

Lot	size
Single	Family
Year built
Last	sold	price
Last	sale	price/sqft
Finished	sqft
Unfinished	sqft
Finished	basement	sqft
#	floors
Flooring	 types
Parking	type
Parking	amount
Cooling
Heating
Exterior	materials
Roof	type
Structure	style

Dishwasher
Garbage	disposal
Microwave
Range	/	Oven
Refrigerator
Washer
Dryer
Laundry location
Heating	type
Jetted	Tub
Deck
Fenced	Yard
Lawn
Garden
Sprinkler	System



Finding best subset: Exhaustive
> Try all subsets of size 1, 2, 3, … and one that minimizes 

validation error
> Problem?



Finding best subset: Greedy
Forward stepwise:
Starting from simple model and iteratively add features most useful 
to fit

Backward stepwise:
Start with full model and iteratively remove features least useful to fit

Combining forward and backward steps:
In forward algorithm, insert steps to remove features no longer as 
important

Lots of other variants, too.



Finding best subset: Regularize
Ridge regression makes coefficients small

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�



Finding best subset: Regularize
Ridge regression makes coefficients small

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

log10(�)
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area of living space



Thresholded Ridge Regression

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

Why don’t we just set small ridge coefficients to 0?



bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

Consider two related features (bathrooms, showers)

Thresholded Ridge Regression



bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

0

What if we didn’t include showers? Weight on bathrooms increases!

Thresholded Ridge Regression

Can another regularizer perform selection automatically? 



Recall Ridge Regression

■ Ridge Regression objective: 
 
 
 
 
 
 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

kwkp =

 
dX

i=1

|w|p
!1/p



Ridge vs. Lasso Regression

■ Ridge Regression objective: 
 
 
 
 
 
 

■ Lasso objective:


+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwlasso = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||1



Example: house price with 16 features

Lasso regression
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wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

log10 �
<latexit sha1_base64="DR0XXdRWEOLTydWJtSA+D8qm/SY=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqoshx3NaqE0e2g1Siil9hYQAhVv6Djb/BbTNAy5EsHZ1zj+71CVPOlHacb2tldW19Y7O0Vd7e2d3btw8O20pkktAWEVzIbogV5SyhLc00p91UUhyHnHbC0c3U7zxQqZhI7vU4pX6MBwnrM4K1kQL7uOpxMQhy15kgj5tchFE1sCtOzZkBLRO3IBUo0AzsLy8SJItpognHSvVcJ9V+jqVmhNNJ2csUTTEZ4QHtGZrgmCo/n10/QWdGiVBfSPMSjWbq70SOY6XGcWgmY6yHatGbiv95vUz3r/ycJWmmaULmi/oZR1qgaRUoYpISzceGYCKZuRWRIZaYaFNY2ZTgLn55mbTrNfeiVr+rVxrXRR0lOIFTOAcXLqEBt9CEFhB4hGd4hTfryXqx3q2P+eiKVWSO4A+szx+sMZQQ</latexit>

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

test error is red and train error is blue
<latexit sha1_base64="20DtvK+M0Pjl97it/M1I/j5EbCI=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSBoE3ZjoWXQxjKCeUASwuzs3WTI7Owyc1cIS77Bxl+xsVDE1srOv3HyADXxVIdz7uXec/xECoOu++XkVlbX1jfym4Wt7Z3dveL+QcPEqeZQ57GMdctnBqRQUEeBElqJBhb5Epr+8HriN+9BGxGrOxwl0I1YX4lQcIZW6hXPEAxS0DrWVBiqIaBMBRQ1E+pH9mUKvWLJLbtT0GXizUmJzFHrFT87QczTCBRyyYxpe26C3YxpFFzCuNBJDSSMD1kf2pYqFoHpZtNIY3pilYCG9nwYK6RT9fdGxiJjRpFvJyOGA7PoTcT/vHaK4WU3EypJERSfHQpTSTGmk35oIDRwlCNLGNfC/kr5gGnG0bZYsCV4i5GXSaNS9s7LldtKqXo1ryNPjsgxOSUeuSBVckNqpE44eSBP5IW8Oo/Os/PmvM9Gc85855D8gfPxDWEInUc=</latexit>



Lasso regression naturally gives sparse features
• feature selection with Lasso regression


1. choose  based on cross validation error

2. keep only those features with non-zero (or not-too-small)  

parameters in  at optimal 

3. retrain with the sparse model and 

λ

w λ
λ = 0



• We use Lasso on the piece-wise linear example


• de-biasing (via re-training) is critical!

Example: piecewise-linear fit
h0(x) = 1

hi(x) = [x+ 1.1� 0.1i]+
<latexit sha1_base64="bbltdX5+2ONTCGn5WQqgIVQs4UY=">AAACHnicbVDLSgMxFM34rPU16tJNsCiVYpmpikIRim5cVrAPmBmHTJp2QjMPkoy0lH6JG3/FjQtFBFf6N6btLGrrgXs5nHMvyT1ezKiQhvGjLSwuLa+sZtay6xubW9v6zm5dRAnHpIYjFvGmhwRhNCQ1SSUjzZgTFHiMNLzuzchvPBIuaBTey35MnAB1QtqmGEklufq57xr53jE8sstXdhma0LazvkunJKsHC9AsmvAEGqpT56EAXT1nFI0x4DwxU5IDKaqu/mW3IpwEJJSYISEs04ilM0BcUszIMGsngsQId1GHWIqGKCDCGYzPG8JDpbRgO+KqQgnH6vTGAAVC9ANPTQZI+mLWG4n/eVYi25fOgIZxIkmIJw+1EwZlBEdZwRblBEvWVwRhTtVfIfYRR1iqRLMqBHP25HlSLxXN02Lp7ixXuU7jyIB9cADywAQXoAJuQRXUAAZP4AW8gXftWXvVPrTPyeiClu7sgT/Qvn8B8ZObiA==</latexit>

� = 10�8
<latexit sha1_base64="GR6TMKQjJrXOJg5PrJWciCuXFGE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpJUwW6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOqx5GRNJqqkgi0VhypGO0awGFDBJieYTQzCRzNyKyBBLTLQpq2RKcJe/vEpa1Yp7Wak+XJXrt3kdRTiBUzgHF66hDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB40yShQ==</latexit>

� = 10�4
<latexit sha1_base64="awMTbVU0ksiJhoe0tjNl3qQmP3c=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpLUgm6EohuXFewD2lgmk0k7dDIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvHD/hTGnH+bYKa+sbm1vF7dLO7t7+gX141FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7qb+e0xlYrF4lFPEupFeCBYyAjWRurbdo+bcIBvkOs8ZRe1ad8uOxVnDrRK3JyUIUejb3/1gpikERWacKxU13US7WVYakY4nZZ6qaIJJiM8oF1DBY6o8rL55VN0ZpQAhbE0T2g0V39PZDhSahL5JhlhPVTL3kz8z+umOrz2MiaSVFNBFovClCMdo1kNKGCSEs0nhmAimbkVkSGWmGhTVsmU4C5/eZW0qhX3slJ9qJXrt3kdRTiBUzgHF66gDvfQgCYQGMMzvMKblVkv1rv1sYgWrHzmGP7A+vwB3TiSgQ==</latexit>

� = 2⇥ 10�4
<latexit sha1_base64="/RH6KMhlFJGJ3NwSP2Al7e+moKk=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSWtCNUHTjsoJ9QBPLZDJph04ezNwIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJYIrsKxvo7C0vLK6VlwvbWxube+Yu3stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBzdwShhbkj6EQ84JaClnnngCB32ySWuOsBDprBt3WentXHPLFsVawq8SOyclFGORs/8cvyYpiGLgAqiVNe2EnAzIoFTwcYlJ1UsIXRI+qyraUT0MjebXjDGx1rxcRBL/SLAU/X3REZCpUahp5MhgYGa9ybif143heDCzXiUpMAiOlsUpAJDjCd1YJ9LRkGMNCFUcv1XTAdEEgq6tJIuwZ4/eZG0qhX7rFK9rZXrV3kdRXSIjtAJstE5qqMb1EBNRNEjekav6M14Ml6Md+NjFi0Y+cw++gPj8weAhJWh</latexit>

� = 0
<latexit sha1_base64="cC5c9OizxYlg4VXj7jJqlLITW5w=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6EYounFZwT6wHUomc6cNzWSGJCOU0r9w40IRt/6NO//GtJ2Fth4IHM45l9x7glRwbVz321lZXVvf2CxsFbd3dvf2SweHTZ1kimGDJSJR7YBqFFxiw3AjsJ0qpHEgsBUMb6d+6wmV5ol8MKMU/Zj2JY84o8ZKj11hoyG9Jm6vVHYr7gxkmXg5KUOOeq/01Q0TlsUoDRNU647npsYfU2U4EzgpdjONKWVD2seOpZLGqP3xbOMJObVKSKJE2ScNmam/J8Y01noUBzYZUzPQi95U/M/rZCa68sdcpplByeYfRZkgJiHT80nIFTIjRpZQprjdlbABVZQZW1LRluAtnrxMmtWKd16p3l+Uazd5HQU4hhM4Aw8uoQZ3UIcGMJDwDK/w5mjnxXl3PubRFSefOYI/cD5/AIt9kCw=</latexit>

but only use selected features
<latexit sha1_base64="3hivhK+oV0gF0onoY/mKskG+f10=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSBYhd1YaBm0sYxgHpAsYXb2bjJkdnaZhxCWlDb+io2FIrZ+gp1/4yTZQhMvDBzOuY85J8w4U9rzvp2V1bX1jc3SVnl7Z3dv3z04bKnUSApNmvJUdkKigDMBTc00h04mgSQhh3Y4upnq7QeQiqXiXo8zCBIyECxmlGhL9d2T0GicCj7GRgHGdhFQDRGOgWgjQfXdilf1ZoWXgV+ACiqq0Xe/elFKTQJCU06U6vpepoOcSM0oh0m5Z+9khI7IALoWCpKACvKZkQk+s4y9nUr7hMYz9vdEThKlxkloOxOih2pRm5L/aV2j46sgZyIzGgSdH4oNxzrF01RwxKT1bVOIGKGS2b9iOiSS2CykKtsQ/EXLy6BVq/oX1dpdrVK/LuIooWN0is6Rjy5RHd2iBmoiih7RM3pFb86T8+K8Ox/z1hWnmDlCf8r5/AFObpmF</latexit>

minimizew ℒ(w) + λ∥w∥1 minimizew ℒ(w)

|wj |

Step 1: find optimal λ*

Step 2: select features

Step 3: retrain



Penalized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22 Lasso : r(w) = ||w||1



Penalized Least Squares

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �r(w)

Ridge : r(w) = ||w||22 Lasso : r(w) = ||w||1

bwr = argmin
w

nX

i=1

�
yi � xT

i w
�2 <latexit sha1_base64="h0TD1IAotZWMceBWc1XlcCDas60=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLZC3ZSkILosunFZwT6gCWUynbRjJ5M4D6WEght/xY0LRdz6E+78GydtF9p6YOBwzr3cOSdIGJXKcb6t3NLyyupafr2wsbm1vWPv7jVlrAUmDRyzWLQDJAmjnDQUVYy0E0FQFDDSCoaXmd+6J0LSmN+oUUL8CPU5DSlGykhd+0Dq4JZgBVUMS6L8cAI9Ru6gF+lS1y46FWcCuEjcGSmCGepd+8vrxVhHhCvMkJQd10mUnyKhKGZkXPC0JAnCQ9QnHUM5ioj000mGMTw2Sg+GsTCPKzhRf2+kKJJyFAVmMkJqIOe9TPzP62gVnvsp5YlWhOPpoVCzLHBWCOxRYfKzkSEIC2r+CvEACYSVqa1gSnDnIy+SZrXinlac62qxdjGrIw8OwREoAxecgRq4AnXQABg8gmfwCt6sJ+vFerc+pqM5a7azD/7A+vwB5jmWYg==</latexit>

subject to r(w)  µ

For any  for which  achieves the minimum, there exists a  such thatλ ≥ 0 ŵr μ ≥ 0



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• the level set of a function  is defined 
as the set of points  that have the same 
function value


• the level set of a quadratic function is an oval

• the center of the oval is the least squares 

solution 

ℒ(w1, w2)
(w1, w2)

ŵμ=∞ = ŵLS
ŵμ=∞



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

• as we decrease  from infinity, the feasible set 
becomes smaller


• the shape of the feasible set is what is known as  
 ball, which is a high dimensional diamond


• In 2-dimensions, it is a diamond 
               


• when  is large enough such that  , 
then the optimal solution does not change as the 
feasible set includes the un-regularized optimal 
solution

μ

L1

{(w1, w2) |w1 | + |w2 | ≤ μ}
μ ∥ŵμ=∞∥1 < μ

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}



Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

• As  decreases (which is equivalent to 
increasing regularization) the feasible set 
(blue diamond) shrinks


• The optimal solution of the above 
optimization is

μ



feasible set: {w ∈ ℝ2 | ∥w∥1 ≤ μ}

Why does Lasso give sparse solutions?

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

w1

w2

ŵμ=∞

• For small enough , the optimal solution 
becomes sparse 

• This is because the -ball is 
“pointy”,i.e., has sharp edges aligned 
with the axes

μ

L1



Penalized Least Squares

• Lasso regression finds sparse solutions, as -ball is “pointy”


• Ridge regression finds dense solutions, as -ball is “smooth”


L1

L2

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥1 ≤ μ

         

 
        

minimizew

n

∑
i=1

(wT xi − yi)2

subject to ∥w∥2
2 ≤ μ



Questions?


