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Bias-variance tradeoff for least squares
If Y; = X'w* + ¢;and ¢; ~ H(0,6%)
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- To analyze this, let's assume that X; ~ ./ (0,I) and number of samples, #, is large
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Bias-Variance Properties of Ridge regression

« Recall: Wjgee = XTX 4+ 2D~ Xy

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y = Xw +¢, € ~ 4(0,6%1)

« The true error at a sample with feature x is
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Bias-Variance Properties of Ridge regression
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Suppose XX = nl, then Wridge = XIX + A XTI (Xw + ¢)
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BiaS'Variance Properties Suppose X X = nl, then

R n 1
Weidoe = w +
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« Recall: Wjgee = XX + D)~ X'y
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Bias-Variance Properties of Ridge regression

n
: ~ : 2
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What you need to know...

> Regularization

- Penalizes complex models towards preferred,
simpler models

> Ridge regression
- L, penalized least-squares regression

- Regularization parameter trades off model
complexity with training error

- Never regularize the offset!



Example: piecewise linear fit

e we fit a linear model:
fx) = b+ wihi(x) + wyhy(x) + wihs(x) + wihy(x) + wshs(x)
e with a specific choice of features using piecewise linear functions
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Example: piecewise linear fit

e we fit a linear model:
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Example: piecewise linear fit (ridge regression)
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We do not observe overfitting, as d=5 and n=100



Piecewise linear with w € RV and n=11 samples
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Model selection
using Cross-validation




> Ridge regression:
How do we pick the regularization constant A...

> Polynomial features:
How do we pick the number of basis functions...

> We could use the test data, but...

Test MSE

Train MISE

log5(1)



> Ridge regression:
How do we pick the regularization constant A...

> Polynomial features:
How do we pick the number of basis functions...

> We could use the test data, but...

= Never ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever ever ever ever ever ever ever
ever ever ever ever ever train on the test data

= Use test data only for reporting the test error
(once in the end)



(LOO) Leave-one-out cross validation

> (Consider a validation set with 1 example:

- 9 :training data

~ D\ J : training data with j-th data point (xj, yj) moved to validation set
> Learn model fg ; with &\ j dataset

> The squared error on predicting y;: (yj - f@\ j(xj))2

IS an unbiased estimate of the true error
2
ertor e (fon ) = Eqeypep [V = fi @)1

but, variance of (yj - fg\ j(xj))z is too large
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(LOO) Leave-one-out cross validation

> Consider a validation set with 1 example:

- 9 :training data

~ )\ J : training data with j-th data point (X, ¥;) moved to validation set
> Learn model fg ; with &\ j dataset
> The squared error on predicting (yj —f@\j(xj))2

is an unbiased estimate of the true error

errOryye(fon ) = Eqryymr, [V = fo\ )]
but variance of (yj - fg\ j(x]-))2 is too large, so instead

> LOO cross validation: Average over all data points j:

- Train n times:
for each data point you leave out, learn a new classifier fg\ i

- Estimate the true error as: 1 n

erroryoo = E Z(yg — fD\j(CUj))Z

j=1



LOO cross validation is (almost) unbiased estimate!

> When computing LOOCYV error, we only use n — ldata points to train
- So it’s not estimate of true error of learning with 7 data points

- Usually pessimistic — learning with less data typically gives worse answer.
(Leads to an over estimation of the error)

> LOO is almost unbiased! Use LOO error for model selection!!!
- E.g., picking A
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Computational cost of LOO

> Suppose you have 100,000 data points

> say, you implemented a fast version of your learning
algorithm

- Learns in only 1 second
> Computing LOO will take about 1 day!!



