Bias-variance tradeoff for linear models
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- To analyze this, let's assume that X; ~ ./ (0,I) and number of samples, #, is large

1
enough such that X7 X = nI with high probability and E[(X”X)~!] ~ —I, then
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Regularization




Recap: bias-variance tradeoff

« Consider 100 training examples and 100 test examples

l.i.d.drawn from degree-5 polynomial features

.xl' ~ Uniform[— 1,1], Y; wa*(xi) + €i’ €i ~ /V(O,Gz)

Fu@) = b* + wikx, + wi () + win) + wi () + wixy)
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This is a linear model with features

h(xi) = (x,-, (xi)za (xi)3, (xi)4, (xi)S)



Recap: bias-variance tradeoff

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit
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Sensitivity: how to detect overfitting

* For a linear model,
y =~ b + Wl.xl + W2X2 + ce + ded
if | w;|is large then the prediction is sensitive to small changes in x;

- Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

. Note that b is a constant and hence there is no sensitivity for the offset b

. In Ridge Regression, we use a regularizer ||w||% to measure and control
the sensitivity of the predictor

+ And optimize for small loss and small sensitivity, by adding a regularizer in
the objective (assume no offset for now)

n
~ . 2
Wridge — arg muljnz (yz — x’{w) + )\Hng
1=1



Ridge Regression

= (Original) Least squares objective: n

= Ridge Regression obJectlve
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Minimizing the Ridge Regression Objective




Shrinkage Properties

n

~ . 2

Wridge — al'g mu%nz (yz — LIZ';F”UJ) + )‘kug
1=1

= (XX + M) "' X'y

e When A = 0, this gives the least squares model

e This defines a family of models hyper-parametrized by 4

e Large A means more regularization and simpler model

e Small A means less regularization and more complex model



Ridge regression: minimize 2 (wal- — yl-)2 + illwll%
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e Left plot: leftmost training error is with no regularization: 0.1093
e Left plot: rightmost training error is variance of the training data: 0.9991
e Right plot: called regularization path



Ridge regression: minimize 2 (wal- — yl-)2 + illwll%
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e this gain in test MSE comes from
shrinking w’s to get a less sensitive
predictor
(which in turn reduces the variance)
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Bias-Variance Properties

« Recall: Wjgee = X'X 4+ D)Xy

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y = Xw +¢, € ~ 4(0,6%1)

«» The true error at a sample with feature x is

T~ 2
[Ey7@train|x[(y_x erdge) |x]
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BiaS'Variance Properties Suppose X X = nl, then

R n 1
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Bias-Variance Properties

mn
» Ridge regressor:  W;q,e = arg minz (yi — $;Fw)2 + A|w]|3
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