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Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than the optimal predictor ) 

• Bias  of our predictor, , is large 

• Variance of our predictor, , is small 
• If we have more samples, then 

• Bias   
• Variance 
• Because Variance is already small, overall test error 

η(x)
2 ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 4



Recap: Bias-variance tradeoff with simple model

• When model complexity is high (higher than the optimal predictor ) 

• Bias of our predictor, , is small 

• Variance of our predictor, , is large 
• If we have more samples, then 

• Bias 
• Variance 
• Because Variance is dominating, overall test error

η(x)
( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 20



• let us first fix sample size N=30, collect one dataset of size N i.i.d. from a 
distribution, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of p 
that we are interested in

Strain Stest
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• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT



• let us now repeat the process changing the sample size to N=40 , 
and see how the curves change
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• The threshold, , moves right


• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time to 
the training set, but keeping a large enough test set fixed


• then we plot the computed MSEs for all values of train sample size 
Ntrain that we are interested in

• There is a threshold, , below which training error is zero (extreme overfit)


• Below this threshold, test error is meaningless, as we are overfitting and there are 
multiple predictors with zero training error some of which have very large test error


• Test error tends to decrease

• Training error tends to increase

N*p

error
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train sample size Ntrain
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Test error ℒtest

Training error ℒtrain

lecture2_polynomialfit.ipynb

N*p = p + 1 = 31

OVERFIT UNDERFIT



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy =

=
η(x) = 𝔼Y|X[Y |X = x] =

̂f𝒟(x) = xT ̂w MLE =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy = (XTX)−1XT(Xw* + ϵ)

= w* + (XTX)−1XTϵ
η(x) = 𝔼Y|X[Y |X = x] = xTw*

̂f𝒟(x) = xT ̂w MLE = xTw* + xT(XTX)−1XTϵ

• Irreducible error:  

• Bias squared:  
(is independent of the sample size!)

𝔼X,Y[(Y − η(x))2 |X = x] =

( η(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

𝔼𝒟[xT(XTX)−1XTϵϵTX(XTX)−1x]
= σ2 𝔼𝒟[xT(XTX)−1XTX(XTX)−1x]
= σ2 xT𝔼𝒟[(XTX)−1]x

• To analyze this, let’s assume that  and number of samples, , is large 

enough such that  with high probability and , then 

• Variance is , and decreases with increasing sample size 

Xi ∼ 𝒩(0,I) n

XTX = nI 𝔼[(XTX)−1] ≃
1
n

I
σ2xT x

n
n



Regularization



Recap: bias-variance tradeoff
• Consider 100 training examples and 100 test examples  

i.i.d.drawn from degree-5 polynomial features 
, ,  

 
xi ∼ Uniform[−1,1] yi ∼ fw*(xi) + ϵi ϵi ∼ 𝒩(0,σ2)

fw(xi) = b* + w*1 xi + w*2 (xi)2 + w*3 (xi)3 + w*4 (xi)4 + w*5 (xi)5

This is a linear model with features 
h(xi) = (xi, (xi)2, (xi)3, (xi)4, (xi)5)

x

y



Recap: bias-variance tradeoff

̂fŵLS
(x) ̂fŵLS

(x)

xx

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit

Ground truth f (x)

𝔼[ fŵLS
(x)]

fŵLS
(x)



Sensitivity: how to detect overfitting

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Ridge Regression

■ (Original) Least squares objective:  

■ Ridge Regression objective: 

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Minimizing the Ridge Regression Objective

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

• When  this gives the least squares model  
• This defines a family of models hyper-parametrized by  
• Large  means more regularization and simpler model 
• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2



training MSE
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<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

log10(�)
<latexit sha1_base64="6xgAPo93WKN2uQVBvdIVatI4UoA=">AAAB/XicbVC7TsMwFHV4lvIKj43FokUqS5WUAcYKFsYi0YfURJHjOK1Vx45sB6lEFb/CwgBCrPwHG3+D22aAliNZOjrnHt3rE6aMKu0439bK6tr6xmZpq7y9s7u3bx8cdpTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0c3U7z4Qqajg93qcEj9BA05jipE2UmAfVz0mBkHuOpOax0wuQufVwK44dWcGuEzcglRAgVZgf3mRwFlCuMYMKdV3nVT7OZKaYkYmZS9TJEV4hAakbyhHCVF+Prt+As+MEsFYSPO4hjP1dyJHiVLjJDSTCdJDtehNxf+8fqbjKz+nPM004Xi+KM4Y1AJOq4ARlQRrNjYEYUnNrRAPkURYm8LKpgR38cvLpNOouxf1xl2j0rwu6iiBE3AKasAFl6AJbkELtAEGj+AZvII368l6sd6tj/noilVkjsAfWJ8/xkaUIQ==</latexit>

wi’s
<latexit sha1_base64="xhDj4cmB5p1VaVOBU9OfgOgnTaA=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIxityB0WWhJtLDGRjwQuZG/Zgw17e5fdOQ0h/AgbC42x9ffY+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7e2vrG5ld8u7Ozu7R8UD4+aJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7cxvPXJtRKwecJxwP6IDJULBKFqpVX7qifK56RVLbsWdg6wSLyMlyFDvFb+6/ZilEVfIJDWm47kJ+hOqUTDJp4VuanhC2YgOeMdSRSNu/Mn83Ck5s0qfhLG2pZDM1d8TExoZM44C2xlRHJplbyb+53VSDK/9iVBJilyxxaIwlQRjMvud9IXmDOXYEsq0sLcSNqSaMrQJFWwI3vLLq6RZrXiXlep9tVS7yeLIwwmcwgV4cAU1uIM6NIDBCJ7hFd6cxHlx3p2PRWvOyWaO4Q+czx9PDo7j</latexit>

test MSE
<latexit sha1_base64="Ah5EKURToUD74zbDd+jAc9AU8xw=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKezGgx6DIngRIpoHJEuYnXSSIbOz60yvEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxBLYdB1v53cyura+kZ+s7C1vbO7V9w/aJgo0RzqPJKRbgXMgBQK6ihQQivWwMJAQjMYXU395hNoIyL1gOMY/JANlOgLztBKLQSD9Pb+ulssuWV3BrpMvIyUSIZat/jV6UU8CUEhl8yYtufG6KdMo+ASJoVOYiBmfMQG0LZUsRCMn87undATq/RoP9K2FNKZ+nsiZaEx4zCwnSHDoVn0puJ/XjvB/oWfChUnCIrPF/UTSTGi0+dpT2jgKMeWMK6FvZXyIdOMo42oYEPwFl9eJo1K2TsrV+4qpeplFkeeHJFjcko8ck6q5IbUSJ1wIskzeSVvzqPz4rw7H/PWnJPNHJI/cD5/AHEyj5E=</latexit>

• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

       
       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall:  

■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model:  

■ The true error at a sample with feature  is  
 

        

       

ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

Learning ErrorIrreducible Error


