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Test error vs Simple model: Complex model:

Model complexity is below

model complexity the complexity of 7(x)
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Recap: Bias-variance tradeoff with simple model
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« When model complexity is low (lower than the optimal predictor 77(x))
A 2
. Bias? of our predictor,( n(x) — [Egz[f@(x)]) , is large

- Variance of our predictor, [E@[ (E@[ﬁ@(.x,-)] —f@(x))z], is small

* If we have more samples, then
* Bias
* Variance
» Because Variance is already small, overall test error
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Recap: Bias-variance tradeoff with simple model
7(x) p =20

(Conceptual) bias variance tradeoff

—— bias?
—— variance
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« When model complexity is high (higher than the optimal predictor 77(x))

. Bias of our predictor,( n(x) — [Eg[fg(x)])z, is small

. Variance of our predictor, [E@[ (E@[ﬁ@(.x,')] —f@(x))z], is large

« If we have more samples, then
» Bias
» Variance

» Because Variance is dominating, overall test error



let us first fix sample size N=30, collect one dataset of size N i.i.d. from a
distribution, and fix one training set S,;, and test set S, via 80/20 split

then we run multiple validations and plot the computed MSEs for all values of p

that we are interested in
true model complexity
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Model complexity ( = deg_ree of the polynomial)

. Given sample size N there is a threshold, p;‘\;, where training error is zero

* Training error is always monotonically non-increasing
* Test error has a trend of going down and then up, but fluctuates



* |et us now repeat the process changing the sample size to N=40 ,
and see how the curves change

true model complexity
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Model complexity ( = degree of the polynomial)
The threshold, p;’\j, moves right

Training error tends to increase, because more points need to fit
Test error tends to decrease, because Variance decreases



* et us now fix predictor model complexity p=30, collect multiple
datasets by starting with 3 samples and adding one sample at a time to
the training set, but keeping a large enough test set fixed

e then we plot the computed MSEs for all values of train sample size
Ntrain that we are interested in
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e There is a threshold, Nl;“, below which training error is zero (extreme overfit)

e Below this threshold, test error is meaningless, as we are overfitting and there are
multiple predictors with zero training error some of which have very large test error

e Test error tends to decrease
e Training error tends to increase lecture2_polynomialfit.ipynb



Bias-variance tradeoff for linear models

If Y, = X w* + ¢;and ¢; ~ N (0,6%)

y = Xw* +¢€
Wy = XIX) Xy =

n(x) = Ey|x[Y|X = x| =

. .
fo(X) =x"Wyg =



Bias-variance tradeoff for linear models
If Y, = X w* + ¢;and ¢; ~ N (0,6%)
y =Xw*+e€
WME = X'X) X'y = XTX)"IXT(Xw* + ¢)
= w* + (XTX) ' X’e
nx) = EyxlY[X =x] = xTw*

f@(x) = xT Wy = xIw* + xI(XITX)" X e

+ Irreducible error: [Ey [(Y — n(x))?*| X =x] =

A 2
. Bias squared: (n(x) — Eglfoe>x)] ) =
(is independent of the sample size!)



Bias-variance tradeoff for linear models
If Y, = X w* + ¢;and ¢; ~ N (0,6%)
Warg = w¥ + (XTX)"!1XTe

n(x) = x'

fo() = xTw* + xT(XTX)"'XTe

. Variance: [EQZ[ (f@(x) — E@[f@()(:)] )2] =

W>X<



Bias-variance tradeoff for linear models
If Y, = X w* + ¢;and ¢; ~ N (0,6%)
W =w* + XTX)"1XTe
n(x) = x'
forx) = xTw* + xT(XTX)"1XTe
. Variance: Eg, [ (f5(0) — Eglfo)]1 )] = Eolt”(XTX) X e X(X"X)x]

= 67 Eo[xT (XTX)"IXTX(XTX) " x]
= o> xTE,[(XTX) ' ]x

W>X<

- To analyze this, let's assume that X; ~ 4/(0,I) and number of samples, n, is large

1
enough such that X7 X = nI with high probability and E[(X?X)™!'] ~ —I, then

n

GZ.XTX

. Variance is , and decreases with increasing sample size n

n



Regularization




Recap: bias-variance tradeoff

« Consider 100 training examples and 100 test examples

i.i.d.drawn from degree-5 polynomial features

x; ~ Uniform[—1,1], y; ~ £, «(x;)) + €, €; ~ N (0,6%)

Fu@) = D% + wix, + wi () + wiFon) +wi () + wiFxn)
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This is a linear model with features

h(xi) = (xl-, (xi)z, (xl-)3, (xl-)4, (xl_)S)



Recap: bias-variance tradeoff

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit
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Sensitivity: how to detect overfitting

« For a linear model,
y =~ b + Wlxl + W2X2 + °e + ded
if | w;|is large then the prediction is sensitive to small changes in x;

- Large sensitivity leads to overfitting and poor generalization, and
equivalently models that overfit tend to have large weights

. Note that b is a constant and hence there is no sensitivity for the offset b

. In Ridge Regression, we use a regularizer ||w||% to measure and control
the sensitivity of the predictor

- And optimize for small loss and small sensitivity, by adding a regularizer in
the objective (assume no offset for now)

n
~ . 2
Wyridge — al'g mru%nz (yz — ZE;FUJ) T )‘HwH%
1=1



Ridge Regression

= (Original) Least squares objective: n

= Ridge Regression obJectlve .

2
wrzdge — arg mlnz — &y ”UJ) T )‘”w”%
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Minimizing the Ridge Regression Objective

n
o~ . 2
Wridge — Al mu%nz (yz — ZB?U)) + )\HUJH%
1=1



Shrinkage Properties

n

—~ . 2

Wridge — AI'g mul,nz (yz - CE‘;F”(U) + )\H’UJH%
1=1

= (XIX + X)Xy

e When A = 0, this gives the least squares model

e This defines a family of models hyper-parametrized by A

e Large A means more regularization and simpler model

e Small A means less regularization and more complex model



n

Ridge regression: minimize Z (wal- — yi)2 + /’t||w||§

L i=1
. 1 o Tpd 2
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e Left plot: leftmost training error is with no regularization: 0.1093
e Left plot: rightmost training error is variance of the training data: 0.9991
e Right plot: called regularization path



Ridge regression: minimize Z (wal- — yl-)2 + /’t||w||§
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 this gain in test MSE comes from
shrinking w’s to get a less sensitive
predictor
(which in turn reduces the variance)
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Bias-Variance Properties

. Recall: g, = X' X+ 2D~ X"y

= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y=Xw+e€, € ~ N(0,6°1)

» The true error at a sample with feature x is

T~ 2
ﬂzy’@trainpc[(y_x erdge) |x]



Bias-Variance Properties

. Recall: g, = X' X+ 2D~ X"y
= To analyze bias-variance tradeoff, we need to assume probabilistic
generative model: x; ~ Py, y = Xw +¢, € ~ 4(0,6°])
» The true error at a sample with feature x is
[Ey,gtram| Ay —x a7 rldge)2 | x]
(v — EDy [xD)? [ x] + Eg,  [(ELy[x] = x Wiq00)° | 4]

ylx train
Irreducible Error Learning Error




