
Bias-Variance
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Features Train MSE Test MSE

All 2640 3224

S5 and BMI 3004 3453

S5 3869 4227

BMI 3540 4277

S4 and S3 4251 5302

S4 4278 5409

S3 4607 5419

None 5524 6352

• test MSE is the primary criteria for model selection 
• Using only 2 features (S5 and BMI), one can get very close to the prediction 

performance of using all features

• Combining S3 and S4 does not give any performance gain



What does the bias-variance theory tell us?

• Train error (random variable, randomness from ) 

• Use  to find 


• Train error: 


• recall the test error is an unbiased estimator of the true error 

• True error (random variable, randomness from ) 

• True error:  

• Test error (random variable, randomness from ) 

• Use 


• Test error: 


• theory explains true error, and hence expected behavior of the (random) 
test error

𝒟
𝒟 = {(xi, yi)}n

i=1 ∼ PX,Y ̂w

ℒtrain( ̂w LS) =
1

|𝒟 | ∑
(xi,yi)∈𝒟

(yi − ̂w T xi)2

𝒟
ℒtrue( ̂w ) = 𝔼(x,y)∼PX,Y

[(y − ̂w T x)2]

𝒟 and 𝒯
𝒯 = {(xi, yi)}m

i=1 ∼ PX,Y

ℒtest( ̂w ) =
1

|𝒯 | ∑
(xi,yi)∈𝒯

(yi − ̂w T xi)2



What does bias-variance theory tell us?
• Train error is optimistically biased (i.e. smaller) because the trained 

model is minimizing the train error

• Test error is unbiased estimate of the true error, if test data is never 

used in training a model or selecting the model complexity


• Each line is an i.i.d. instance of  and 𝒟 𝒯

Train error

Test error 

model complexity

error



Train/test error vs. complexity

• Model complexity e.g., degree  of the polynomial 
model, number of features used in diabetes example


• Related to the dimension of the model parameter

• Train error monotonically decreases with model 

complexity

• Test error has a U shape

p

Error

degree  of the polynomial regressionp

x

y

y

y

x



Statistical learning

Where we used the chain rule:  𝔼X,Y[ f (X, Y )] = 𝔼X[ 𝔼Y|X[ f (x, Y ) |X = x] ]

Typical notation:  
 denotes a random variable

 denotes a deterministic instance

X
x

• Suppose data is generated from a statistical model 


• and assume we know    (just for now to explain statistical learning)


• learning aims to find a predictor  that minimizes 


• expected error 


• think of random  as a new sample you will encounter when you deployed 
your learned model, and we care about its average performance


• We assume the function  could be anything


•  it can take any value for each 


• So the optimization can be done separately for each 


•  

                                 


        Or for discrete ,         

(X, Y ) ∼ PX,Y

PX,Y

η : ℝd → ℝ
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2]

(X, Y )

η(x)
X = x

X = x
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2] = 𝔼X∼PX[𝔼Y∼PY|X
[(Y − η(x))2 |X = x] ]

= ∫ 𝔼Y∼PY|X
[(Y − η(x))2 |X = x] PX(x) dx

X = ∑
x

PX(x) 𝔼Y∼PY|X
[(Y − η(x))2 |X = x]



Statistical learning
• The optimal predictor sets its value for each  separately 


• 


• The optimal solution is ,  
which is the best prediction in -loss/Mean Squared Error


• Claim: 


• Proof:  


• Can’t implement optimal statistical estimator  


• as we do not know  in practice 


• This is only for the purpose of conceptual understanding

X = x
η(x) = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼Y∼PY|X
[Y |X = x]

ℓ2

𝔼Y∼PY|X
[Y |X = x] = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼[Y |X = x]
PX,Y



Statistical Learning

x

PXY (X = x, Y = y)

x0 x1

PXY (Y = y|X = x0)

PXY (Y = y|X = x1)

Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x0) = 𝔼[Y |X = x0]

y = 0

y = 1

y = 0

y = 0 y = 1

y = 1

η(x1) = 𝔼[Y |X = x1]



Statistical Learning

x

y

PXY (X = x, Y = y) Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x) = 𝔼Y|X[Y |X = x]

But we do not know  

We only have samples. 

PX,Y



Statistical Learning

x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

⌘(x) = EY |X [Y |X = x]

⌘(x) = EY |X [Y |X = x]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

So we need to restrict our 
predictor to a function class (e.g., 
linear, degree-  polynomial) to 
avoid overfitting: 

p

We care about how our predictor performs on future unseen data   
                           True Error of  : ̂f 𝔼X,Y[(Y − ̂f(X))2]



Future prediction error  is random  
because  is random (whose randomness comes from training data )

𝔼X,Y[(Y − ̂f(X))2]
̂f 𝒟

x

y

PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

Notation:  
I use predictor/model/estimate,  
interchangeably

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• We are interested in the True Error of a (random) learned predictor:   
                                         


• But the analysis can be done for each  separately, so we analyze  
the conditional true error:  
                                         


• And we care about the average conditional true error, averaged over training data:             
                                  
written compactly as       

𝔼X,Y[(Y − ̂f𝒟(X ))2]
X = x

𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x]

𝔼𝒟[ 𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x] ]
= 𝔼[(Y − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
            


                                                    
𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
            


 

(this follows from independence of  and  and  
)


                   

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]
= 𝔼𝒟,Y|x[ (Y − η(x))2 + 2(Y − η(x))(η(x) − ̂f𝒟(x)) + (η(x) − ̂f𝒟(x))2 ]
= 𝔼Y|x[(Y − η(x))2] + 2𝔼𝒟,Y|x[(Y − η(x))

=0

(η(x) − ̂f𝒟(x))] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

𝒟 (X, Y )
𝔼Y|x[Y − η(x)] = 𝔼[Y |X = x] − η(x) = 0

= 𝔼Y|x[(Y − η(x))2] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

Irreducible error

(a) Caused by stochastic 


label noise in  
(b) cannot be reduced

PY|X=x

Average learning error

Caused by  

(a) either using too “simple” of a model or  
(b) not enough data to learn the model accurately



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            

 𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]
= ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:            
𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

                  +(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]
= ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

biased squared variance



Bias-variance tradeoff

biased squared variance

irreducible error

+ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼Y|x[ (Y − η(x))2 ]
• Average conditional true error:            

• Bias squared:  
measures how the  
predictor is mismatched with 
the best predictor in 
expectation 

• variance: 
measures how the predictor  
varies each time with a new  
training datasets



Questions?



Test error vs.  
model complexity

Error

degree  of the polynomial regressionp

x

y p = 1

p = 2

p = 3

p = 4

p = 5

p = 10

p = 15

p = 20

Test Error
Train Error

Optimal predictor   
is degree-5 polynomial

η(x)

Simple model:

Model complexity is below  
the complexity of η(x)

Complex model:


demo4_tradeoff.ipynb



Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than the optimal predictor )


• Bias  of our predictor, , is large


• Variance of our predictor, , is small

• If we have more samples, then


• Bias  

• Variance

• Because Variance is already small, overall test error 

η(x)
2 ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 4



Recap: Bias-variance tradeoff with simple model

• When model complexity is high (higher than the optimal predictor )


• Bias of our predictor, , is small


• Variance of our predictor, , is large

• If we have more samples, then


• Bias

• Variance

• Because Variance is dominating, overall test error

η(x)
( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 20



• let us first fix sample size N=30, collect one dataset of size N i.i.d. from a 
distribution, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of p 
that we are interested in

Strain Stest

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT



• let us now repeat the process changing the sample size to N=40 , 
and see how the curves change

error
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true model complexity
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p⇤24
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p⇤32
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• The threshold, , moves right


• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time to 
the training set, but keeping a large enough test set fixed


• then we plot the computed MSEs for all values of train sample size 
Ntrain that we are interested in

• There is a threshold, , below which training error is zero (extreme overfit)


• Below this threshold, test error is meaningless, as we are overfitting and there are 
multiple predictors with zero training error some of which have very large test error


• Test error tends to decrease

• Training error tends to increase

N*p

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

train sample size Ntrain
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Test error ℒtest

Training error ℒtrain

lecture2_polynomialfit.ipynb

N*p = p + 1 = 31

OVERFIT UNDERFIT



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy =

=
η(x) = 𝔼Y|X[Y |X = x] =

̂f𝒟(x) = xT ̂w MLE =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy = (XTX)−1XT(Xw* + ϵ)

= w* + (XTX)−1XTϵ
η(x) = 𝔼Y|X[Y |X = x] = xTw*

̂f𝒟(x) = xT ̂w MLE = xTw* + xT(XTX)−1XTϵ

• Irreducible error: 


• Bias squared:  
(is independent of the sample size!)

𝔼X,Y[(Y − η(x))2 |X = x] =

( η(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

𝔼𝒟[xT(XTX)−1XTϵϵTX(XTX)−1x]
= σ2 𝔼𝒟[xT(XTX)−1XTX(XTX)−1x]
= σ2 xT𝔼𝒟[(XTX)−1]x

• To analyze this, let’s assume that  and number of samples, , is large 

enough such that  with high probability and , then


• Variance is , and decreases with increasing sample size 

Xi ∼ 𝒩(0,I) n

XTX = nI 𝔼[(XTX)−1] ≃
1
n

I
σ2xT x

n
n



Regularization



Recap: bias-variance tradeoff
• Consider 100 training examples and 100 test examples  

i.i.d.drawn from degree-5 polynomial features 
, ,  

 
xi ∼ Uniform[−1,1] yi ∼ fw*(xi) + ϵi ϵi ∼ 𝒩(0,σ2)

fw(xi) = b* + w*1 xi + w*2 (xi)2 + w*3 (xi)3 + w*4 (xi)4 + w*5 (xi)5

This is a linear model with features 
h(xi) = (xi, (xi)2, (xi)3, (xi)4, (xi)5)

x

y



Recap: bias-variance tradeoff

̂fŵLS
(x) ̂fŵLS

(x)

xx

With degree-3 polynomials, we underfit With degree-20 polynomials, we overfit

Ground truth f (x)

𝔼[ fŵLS
(x)]

fŵLS
(x)



Sensitivity: how to detect overfitting

• For a linear model,  
    
if is large then the prediction is sensitive to small changes in 

• Large sensitivity leads to overfitting and poor generalization, and 
equivalently models that overfit tend to have large weights 

• Note that  is a constant and hence there is no sensitivity for the offset 

• In Ridge Regression, we use a regularizer   to measure and control 
the sensitivity of the predictor

• And optimize for small loss and small sensitivity, by adding a regularizer in 
the objective (assume no offset for now)

y ≃ b + w1x1 + w2x2 + ⋯ + wdxd
|wj | xj

b b

∥w∥2
2

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Ridge Regression

■ (Original) Least squares objective: 


■ Ridge Regression objective:


+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

+ + + =...

+f1(w) f2(w) + . . . + =
TX

t=1

ft(w)fT (w)

�

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Minimizing the Ridge Regression Objective

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22



Shrinkage Properties

bwridge = (XTX+ �I)�1XTy

bwridge = argmin
w

nX

i=1

�
yi � xT

i w
�2

+ �||w||22

• When  this gives the least squares model 

• This defines a family of models hyper-parametrized by 

• Large  means more regularization and simpler model

• Small  means less regularization and more complex model

λ = 0,
λ

λ
λ



Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2

training MSE
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log10(�)
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area of living space

• Left plot: leftmost training error is with no regularization: 0.1093

• Left plot: rightmost training error is variance of the training data: 0.9991

• Right plot: called regularization path

1
n

n

∑
i=1

(yi − xT
i ŵ(λ)

ridge)
2



training MSE
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• this gain in test MSE comes from 
shrinking w’s to get a less sensitive 
predictor 
(which in turn reduces the variance)

Ridge regression: minimize
n

∑
i=1

(wT xi − yi)2 + λ∥w∥2
2



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

       
      


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]



Bias-Variance Properties

■ Recall: 


■ To analyze bias-variance tradeoff, we need to assume probabilistic 
generative model: 


■ The true error at a sample with feature  is  
 

        

      


ŵridge = (XTX + λI)−1XTy

xi ∼ PX, y = Xw + ϵ, ϵ ∼ 𝒩(0,σ2I)
x

𝔼y,𝒟train|x[(y − xTŵridge)2 |x]

= 𝔼y|x[(y − 𝔼[y |x])2 |x] + 𝔼𝒟train
[(𝔼[y |x] − xTŵridge)2 |x]

Learning ErrorIrreducible Error


