
Linear Regression, 
continued



= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

What about an offset  
(a.k.a intercept)?

The regression problem in matrix notation
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<latexit sha1_base64="q6f+xCFdcV7E1/9KfICEq4D5+M4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQRBKIopuhKIblxX6gjaGyXTSDp08mJmoIXTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOUNr8d+654KyaKwrtKYOgHuh8xnBCstueZe6rLLR5fd1R/QMerSWDKudeaaZatiTYDmiZ2TMuSoueZXtxeRJKChIhxL2bGtWDkZFooRTkelbiJpjMkQ92lH0xAHVDrZ5IEROtRKD/mR0BUqNFF/T2Q4kDINPN0ZYDWQs95Y/M/rJMq/cDIWxomiIZku8hOOVITGaaAeE5QonmqCiWD6VkQGWGCidGYlHYI9+/I8aZ5U7LOKdXtarl7lcRRhHw7gCGw4hyrcQA0aQGAEz/AKb8aT8WK8Gx/T1oKRz+zCHxifP/3SlgU=</latexit>

yi = xT
i w + ✏iLinear model:

Least squares solution:



= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

= argmin
w,b

||y � (Xw + 1b)||22

The regression problem in matrix notation

©2018 Kevin Jamieson

<latexit sha1_base64="q6f+xCFdcV7E1/9KfICEq4D5+M4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQRBKIopuhKIblxX6gjaGyXTSDp08mJmoIXTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOUNr8d+654KyaKwrtKYOgHuh8xnBCstueZe6rLLR5fd1R/QMerSWDKudeaaZatiTYDmiZ2TMuSoueZXtxeRJKChIhxL2bGtWDkZFooRTkelbiJpjMkQ92lH0xAHVDrZ5IEROtRKD/mR0BUqNFF/T2Q4kDINPN0ZYDWQs95Y/M/rJMq/cDIWxomiIZku8hOOVITGaaAeE5QonmqCiWD6VkQGWGCidGYlHYI9+/I8aZ5U7LOKdXtarl7lcRRhHw7gCGw4hyrcQA0aQGAEz/AKb8aT8WK8Gx/T1oKRz+zCHxifP/3SlgU=</latexit>

yi = xT
i w + ✏iLinear model:

Least squares solution:

Affine model:
<latexit sha1_base64="486nGDaeRfpP+6neopkBLNkEQ58=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSSi6EYounFZoS9oY5hMb9qhkwczEzWELtz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfd4MWdSWda3sbC4tLyyWlgrrm9sbm2bO7tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9Dyxtejf3WHQjJorCu0hicgPRD5jNKlJZcs5S67OLBZbf1e3yEPV1diCXj2mOuWbYq1gR4ntg5KaMcNdf86vYimgQQKsqJlB3bipWTEaEY5TAqdhMJMaFD0oeOpiEJQDrZ5IkRPtBKD/uR0BUqPFF/T2QkkDINPN0ZEDWQs95Y/M/rJMo/dzIWxomCkE4X+QnHKsLjRHCPCaCKp5oQKpi+FdMBEYQqnVtRh2DPvjxPmscV+7Ri3ZyUq5d5HAVUQvvoENnoDFXRNaqhBqLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucP5EeW+g==</latexit>

yi = xT
i w + b+ ✏i

Least squares solution:

©2018 Kevin Jamieson



Dealing with an offset

Set gradient w.r.t.  and  to zero to find the minima:w b

̂w LS, ̂b LS = arg min
w∈ℝd,b∈ℝ

∥y − (Xw + 1b)∥2
2

= arg min
w∈ℝd,b∈ℝ

(y − (Xw + 1b))T(y − (Xw + 1b))

ℒ(w,b)

A reminder on vector calculus 
 f (γ) = (Ωγ + β )T(Ωγ + β ) ⟹ ∇γ f (γ) = 2ΩT(Ωγ + β )



If XT1 = 0 (i.e., if each feature is mean-zero) then

XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

, if the features have zero mean,

̂b LS = (1T1)−11Ty =
1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

<latexit sha1_base64="q5mJdZP7QHxIxpU9mtL5h5kShAg=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2AriJQyUxBdFt3orkJv0NaSSc+0oZnMmGSUMvQd3Pgqblwo4taNO9/G9LLQ1h8CH/85h5PzexFnSjvOt5VaWl5ZXUuvZzY2t7Z37N29mgpjSaFKQx7KhkcUcCagqpnm0IgkkMDjUPcGl+N6/R6kYqGo6GEE7YD0BPMZJdpYHfvkWuAeCJCE5/FDHwTOJS3Px43RbWUC7qgl4A47uXzHzjoFZyK8CO4Msmimcsf+anVDGgcgNOVEqabrRLqdEKkZ5TDKtGIFEaED0oOmQUECUO1kctMIHxmni/1Qmic0nri/JxISKDUMPNMZEN1X87Wx+V+tGWv/vJ0wEcUaBJ0u8mOOdYjHAeEuk0A1HxogVDLzV0z7RBKqTYwZE4I7f/Ii1IoF97Tg3BSzpYtZHGl0gA7RMXLRGSqhK1RGVUTRI3pGr+jNerJerHfrY9qasmYz++iPrM8f2ymcOw==</latexit>

In general, when XT1 6= 0,
<latexit sha1_base64="SZkBfqR5y+KfUUq5NKlmoWu7Pp0=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZwISUp+NgIBTe6q9AXtLVMppN26GQSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/EizpR2nG9rZXVtfWMzt5Xf3tnd27cPDpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sY3U7/1SKVioajrJKK9AA8F8xnB2kh9u3Dno1La9XzUfqgjd3LtnJX6dtEpOzOgZeJmpAgZan37qz sISRxQoQnHSnVcJ9K9FEvNCKeTfDdWNMJkjIe0Y6jAAVW9dHb8BJ0YZYD8UJoSGs3U3xMpDpRKAs90BliP1KI3Ff/zOrH2r3opE1GsqSDzRX7MkQ7RNAk0YJISzRNDMJHM3IrICEtMtMkrb0JwF19eJs1K2T0vO/eVYvUiiyMHR3AMp+DCJVThFmrQAAIJPMMrvFlP1ov1bn3MW1esbKYAf2B9/gBx/5Km</latexit>

If XT1 = 0,

̂b LS =
1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

<latexit sha1_base64="q5mJdZP7QHxIxpU9mtL5h5kShAg=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2AriJQyUxBdFt3orkJv0NaSSc+0oZnMmGSUMvQd3Pgqblwo4taNO9/G9LLQ1h8CH/85h5PzexFnSjvOt5VaWl5ZXUuvZzY2t7Z37N29mgpjSaFKQx7KhkcUcCagqpnm0IgkkMDjUPcGl+N6/R6kYqGo6GEE7YD0BPMZJdpYHfvkWuAeCJCE5/FDHwTOJS3Px43RbWUC7qgl4A47uXzHzjoFZyK8CO4Msmimcsf+anVDGgcgNOVEqabrRLqdEKkZ5TDKtGIFEaED0oOmQUECUO1kctMIHxmni/1Qmic0nri/JxISKDUMPNMZEN1X87Wx+V+tGWv/vJ0wEcUaBJ0u8mOOdYjHAeEuk0A1HxogVDLzV0z7RBKqTYwZE4I7f/Ii1IoF97Tg3BSzpYtZHGl0gA7RMXLRGSqhK1RGVUTRI3pGr+jNerJerHfrY9qasmYz++iPrM8f2ymcOw==</latexit>

In general, when XT1 6= 0,<latexit sha1_base64="SZkBfqR5y+KfUUq5NKlmoWu7Pp0=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZwISUp+NgIBTe6q9AXtLVMppN26GQSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/EizpR2nG9rZXVtfWMzt5Xf3tnd27cPDpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sY3U7/1SKVioajrJKK9AA8F8xnB2kh9u3Dno1La9XzUfqgjd3LtnJX6dtEpOzOgZeJmpAgZan37qz sISRxQoQnHSnVcJ9K9FEvNCKeTfDdWNMJkjIe0Y6jAAVW9dHb8BJ0YZYD8UJoSGs3U3xMpDpRKAs90BliP1KI3Ff/zOrH2r3opE1GsqSDzRX7MkQ7RNAk0YJISzRNDMJHM3IrICEtMtMkrb0JwF19eJs1K2T0vO/eVYvUiiyMHR3AMp+DCJVThFmrQAAIJPMMrvFlP1ov1bn3MW1esbKYAf2B9/gBx/5Km</latexit>

If XT1 = 0,
<latexit sha1_base64="DMA6LUwO/rbr+OkM+WPNZ4ZOfQ8="></latexit>

µ =
1

n
XT1

eX = X� 1µT

bwLS = (eXT eX)�1 eXTy
<latexit sha1_base64="tEVry/bSvHGbwabO33X/+t33TaA="></latexit>

bbLS =
1

n

nX

i=1

yi � µT bwLS

̂b LS =
1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



Process for linear regression with intercept
Collect data:   
 
Decide on a model:   

Choose a loss function - least squares 
Pick the function which minimizes loss on data 

Use function to make prediction on new examples 

𝒟 = {(xi, yi)}n
i=1

xnew

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

ŷnew = xT
newŵLS + b̂LS

<latexit sha1_base64="OBCTZ1ysswu78fvh4ENNelplGmk="></latexit>

<latexit sha1_base64="486nGDaeRfpP+6neopkBLNkEQ58=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSSi6EYounFZoS9oY5hMb9qhkwczEzWELtz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfd4MWdSWda3sbC4tLyyWlgrrm9sbm2bO7tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9Dyxtejf3WHQjJorCu0hicgPRD5jNKlJZcs5S67OLBZbf1e3yEPV1diCXj2mOuWbYq1gR4ntg5KaMcNdf86vYimgQQKsqJlB3bipWTEaEY5TAqdhMJMaFD0oeOpiEJQDrZ5IkRPtBKD/uR0BUqPFF/T2QkkDINPN0ZEDWQs95Y/M/rJMo/dzIWxomCkE4X+QnHKsLjRHCPCaCKp5oQKpi+FdMBEYQqnVtRh2DPvjxPmscV+7Ri3ZyUq5d5HAVUQvvoENnoDFXRNaqhBqLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucP5EeW+g==</latexit>

yi = xT
i w + b+ ✏i



bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Another way of dealing with an offset

<latexit sha1_base64="HNhQFwCOHBrzCMmKClxWyySPZDo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSk4ANEKLhxWcE+oAllMp20QyeTMDNRSsgXuPFX3LhQxK1rd/6Nkzagth4YOJxzLnfu8SJGpbKsL6OwtLyyulZcL21sbm3vmLt7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl446vM79wRIWnIb9UkIm6Ahpz6FCOlpb5ZrUAn1IFsPnE8H3ZT6Bz/SPepc3FZ6Ztlq2ZNAReJnZ MyyNHsm5/OIMRxQLjCDEnZs61IuQkSimJG0pITSxIhPEZD0tOUo4BIN5mek8KqVgbQD4V+XMGp+nsiQYGUk8DTyQCpkZz3MvE/rxcr/9xNKI9iRTieLfJjBlUIs27ggAqCFZtogrCg+q8Qj5BAWOkGS7oEe/7kRdKu1+yTmnVTLzdO8zqK4AAcgiNggzPQANegCVoAgwfwBF7Aq/FoPBtvxvssWjDymX3wB8bHNx6Xm3o=</latexit>

Xw =

<latexit sha1_base64="Wx5+OmfJ/3OGaAbkx4Y0YbOKSOg=">AAACZHicbVHPS9xAFJ6krdqttbHSU0Ee3RU8lCURqr0IQi89WnB1YROWmcnL7uBkJsxM1G3IP+nNYy/9Ozq7BrHqg4GP773v/fiGVVJYF8d3Qfjq9Zu19Y23vXeb77c+RNsfz62uDccR11KbMaMWpVA4csJJHFcGackkXrDLH8v8xRUaK7Q6c4sKs5LOlCgEp85T06gxWFFDS3RG/EZwc4TKaK8ugVoYpNqLl72blBUwbo8nHY CvsEJJmw2Aqvxx6XULx5AynAnVsJL6zjctXKcpgxRV/kANplE/HsargOcg6UCfdHE6jW7TXPO6ROW4pNZOkrhyWUONE1xi20tr66/hl3SGEw+VP8tmzcqkFvY8k0OhjX/KwYp9rGhoae2iZL7SLzi3T3NL8qXcpHbF96wRqqodKn4/qKglOA1LxyEXBrmTCw8oN8LvCnzuPefO/0vPm5A8Pfk5OD8YJt+G8a+D/slhZ8cG+Uy+kH2SkCNyQn6SUzIinPwJ1oMo2A7+hpvhTvjpvjQMOs0O+S/C3X+TQrd/</latexit>

reparametrize the problem as X = [X,1] and w =


w
b

�



Why do we use least squares (i.e. -loss)?ℓ2

= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

<latexit sha1_base64="OKICsrtaQuzu5ZHrDDTuGHC0M1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSiKJQhKIblxXsA5oQJtNJO3QmCTMTNYS68VfcuFDErX/hzr9x+lho64ELh3Pu5d57/JhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4Grkt+6IkDQKb1UaE5ejXkgDipHSkmfu1UupR6sPHi3flx1JexwdOdULp+qZRatijQHniT0lRTBF3TO/nG6EE05ChRmSsmNbsXIzJBTFjAwLTiJJjPAA9UhH0xBxIt1s/MEQHmqlC4NI6AoVHKu/JzLEpUy5rzs5Un05643E/7xOooJzN6NhnCgS4smiIGFQRXAUB+xSQbBiqSYIC6pvhbiPBMJKh1bQIdizL8+T5nHFPq1YNyfF2uU0jjzYBwegBGxwBmrgGtRBA2DwCJ7BK3gznowX4934mLTmjOnMLvgD4/MHgsmVow==</latexit>

P (yi;xi, w,�) =

<latexit sha1_base64="82MBHCD3m4tKyKgr22M5JPvy3v8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBVUkKPsBNwY0LFxXsA5pSJtNJOnQyE2YmSghdufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd77/FjRpV2nG+rsLS8srpWXC9tbG5t79i7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3Q18dv3RCoq+J1OY9KLUMhpQDHSRurbhxXvRvBQ0nCokZTiwbuEaZ9CT9EIVvp22ak6U8BF4uakDHI0+vaXNxA4iQjXmCGluq4T616GpKaYkXHJSxSJER6hkHQN5SgiqpdN3xjDY6MMYCCkKa7hVP09kaFIqTTyTWeE9FDNexPxP6+b6OCil1EeJ5pwPFsUJAxqASeZwAGVBGuWGoKwpOZWiIdIIqxNciUTgjv/8iJp1aruadW5rZXrZ3kcRXAAjsAJcME5qINr0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w/7gZgd</latexit>

=) yi ⇠
<latexit sha1_base64="Swj/kJKR93qJhVx2dFHa+wee7Xg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KknBB7gpuHHhooJ9QBPKZDpJh05mwsxECaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtrayurW9slrbK2zu7e/v2wWFHiVRi0saCCdkLkCKMctLWVDPSSyRBccBINxhfT/3uA5GKCn6vs4T4MYo4DSlG2kgDu1LzbgWPJI1GGkkpHr2r2sCuOnVnBrhM3IJUQYHWwP7yhgKnMeEaM6RU33US7edIaooZmZS9VJEE4TGKSN9QjmKi/Hx2/ASeGGUIQyFNcQ1n6u+JHMVKZXFgOmOkR2rRm4r/ef1Uh5d+TnmSasLxfFGYMqgFnCYBh1QSrFlmCMKSmlshHiGJsDZ5lU0I7uLLy6TTqLtndeeuUW2eF3GUwBE4BqfABRegCW5AC7QBBhl4Bq/gzXqyXqx362PeumIVMxXwB9bnDznqlHM=</latexit>

=)



Why do we use least squares (i.e. -loss)?ℓ2

= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)

<latexit sha1_base64="OKICsrtaQuzu5ZHrDDTuGHC0M1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSiKJQhKIblxXsA5oQJtNJO3QmCTMTNYS68VfcuFDErX/hzr9x+lho64ELh3Pu5d57/JhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4Grkt+6IkDQKb1UaE5ejXkgDipHSkmfu1UupR6sPHi3flx1JexwdOdULp+qZRatijQHniT0lRTBF3TO/nG6EE05ChRmSsmNbsXIzJBTFjAwLTiJJjPAA9UhH0xBxIt1s/MEQHmqlC4NI6AoVHKu/JzLEpUy5rzs5Un05643E/7xOooJzN6NhnCgS4smiIGFQRXAUB+xSQbBiqSYIC6pvhbiPBMJKh1bQIdizL8+T5nHFPq1YNyfF2uU0jjzYBwegBGxwBmrgGtRBA2DwCJ7BK3gznowX4934mLTmjOnMLvgD4/MHgsmVow==</latexit>

P (yi;xi, w,�) =

<latexit sha1_base64="82MBHCD3m4tKyKgr22M5JPvy3v8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBVUkKPsBNwY0LFxXsA5pSJtNJOnQyE2YmSghdufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd77/FjRpV2nG+rsLS8srpWXC9tbG5t79i7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3Q18dv3RCoq+J1OY9KLUMhpQDHSRurbhxXvRvBQ0nCokZTiwbuEaZ9CT9EIVvp22ak6U8BF4uakDHI0+vaXNxA4iQjXmCGluq4T616GpKaYkXHJSxSJER6hkHQN5SgiqpdN3xjDY6MMYCCkKa7hVP09kaFIqTTyTWeE9FDNexPxP6+b6OCil1EeJ5pwPFsUJAxqASeZwAGVBGuWGoKwpOZWiIdIIqxNciUTgjv/8iJp1aruadW5rZXrZ3kcRXAAjsAJcME5qINr0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w/7gZgd</latexit>

=) yi ⇠
<latexit sha1_base64="Swj/kJKR93qJhVx2dFHa+wee7Xg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KknBB7gpuHHhooJ9QBPKZDpJh05mwsxECaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtrayurW9slrbK2zu7e/v2wWFHiVRi0saCCdkLkCKMctLWVDPSSyRBccBINxhfT/3uA5GKCn6vs4T4MYo4DSlG2kgDu1LzbgWPJI1GGkkpHr2r2sCuOnVnBrhM3IJUQYHWwP7yhgKnMeEaM6RU33US7edIaooZmZS9VJEE4TGKSN9QjmKi/Hx2/ASeGGUIQyFNcQ1n6u+JHMVKZXFgOmOkR2rRm4r/ef1Uh5d+TnmSasLxfFGYMqgFnCYBh1QSrFlmCMKSmlshHiGJsDZ5lU0I7uLLy6TTqLtndeeuUW2eF3GUwBE4BqfABRegCW5AC7QBBhl4Bq/gzXqyXqx362PeumIVMxXwB9bnDznqlHM=</latexit>

=)



Maximum Likelihood Estimator:

Why do we use least squares (i.e. -loss)?ℓ2

<latexit sha1_base64="jc6JH90BW2ghoKs2QSRBrIGz5L4="></latexit>

bwMLE = argmax
w

logP ({yi}ni=1; {xi}ni=1, w,�)
<latexit sha1_base64="TJkI3tyzSSRAG4Nf+DXxcsaOY8w="></latexit>

= argmax
w

�n log(�
p
2⇡) +

nX

i=1

� (yi � xT
i w)

2

2�2



Maximum Likelihood Estimator:

Why do we use least squares (i.e. -loss)?ℓ2

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

Recall:

bwLS = bwMLE = (XTX)�1XTY

<latexit sha1_base64="NHVJmu0ANeJDwTB/emAuXFy1sXg="></latexit>

bwMLE = argmax
w

logP ({yi}ni=1; {xi}ni=1, w,�)

= argmax
w

�n log(�
p
2⇡) +

nX

i=1

� (yi � xT
i w)

2

2�2

= argmin
w

nX

i=1

(yi � xT
i w)

2



Recap of linear regression
<latexit sha1_base64="/ZjYM6B/XXVcMIaE0L6+Oz/BNac=">AAACBXicbVDLSsNAFJ3UV62vqEtdDLZCBSlJwcdGKOjCZQX7gLaGyXTSDp1MwsxEDCEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPW7IqFSW9W3kFhaXllfyq4W19Y3NLXN7pymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q59lv3REga8FsVh6TnowGnHsVIackx96+QQrDUTcoPDj2OHXrUTZ2EXtjpHS85ZtGqWBPAeWJnpAgy1B3zq9sPcOQTrjBDUnZsK1S9BAlFMSNpoRtJEiI8QgPS0ZQjn8heMvkihYda6UMvELq4ghP190SCfClj39WdPlJDOeuNxf+8TqS8815CeRgpwvF0kRcxqAI4jgT2qSBYsVgThAXVt0I8RAJhpYMr6BDs2ZfnSbNasU8q1k21WDvN4siDPXAAysAGZ6AGrkEdNAAGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/grGXQw==</latexit>

Data {(xi, yi)}ni=1

Minimize the loss 
(Empirical Risk Minimization) 

Maximize the likelihood 
(MLE) 

Choose a loss 
 e.g., -loss: ℓ2 (yi − xT

i w)2
Choose a Hypothesis class 
e.g., yi = xT

i w + ϵi, ϵi ∼ 𝒩(0,σ2)

Solve ̂w LS = arg min
w

n

∑
i=1

(yi − xT
i w)2 Maximize the likelihood, 

̂w MLE = arg max
w {− n log(σ 2π) −

n

∑
i=1

(yi − xT
i w)2

2σ2 }



Analysis of Error under additive Gaussian noise

Maximum Likelihood Estimator is unbiased: 

Let’s suppose  and , then this can be written as yi = xT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

y = Xw* + ϵ

̂w MLE = (XTX)−1XTy
= (XTX)−1XT(Xw* + ϵ)
= w* + (XTX)−1XTϵ



Analysis of Error under additive Gaussian noise

Covariance is: 

Let’s suppose  and , then this can be written as yi = xT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

y = Xw* + ϵ

̂w MLE = (XTX)−1XTy
= (XTX)−1XT(Xw* + ϵ)
= w* + (XTX)−1XTϵ



Analysis of Error under additive Gaussian noise

,  𝔼[ŵMLE] = w* Cov(ŵMLE) = 𝔼[(ŵ − 𝔼[ŵ])(ŵ − 𝔼[ŵ])T] = σ2(XTX)−1

ŵMLE ∼ 𝒩(w*, σ2(XTX)−1 )

Let’s suppose  and , then this can be written as 
, and the MLE is
yi = xT

i w* + ϵi ϵi ∼ 𝒩(0,σ2)
y = Xw* + ϵ

̂w MLE = w* + (XTX)−1XTϵ
This random estimate has the following distribution: 

Interpretation: consider an example with X =

1 0
1 0

−1 0
−1 0
0 1
0 −1

The covariance of the MLE, , captures how each sample gives information 
about the unknown , but each sample gives information about for different  
(linear combination of) coordinates and of different quality/strength 

σ2(XTX)−1

w*



Questions?



Polynomial regression
- How to fit more complex data?



Recap: Linear Regression

f(x) = 100,000 + 500 x

f(x) = 150,000 + 400 x

input x

label y

• In general high-dimensions, we fit a linear model with intercept 
        ,   or equivalently     
with model parameters  that minimizes -loss 

             

yi ≃ wT xi + b yi = wT xi + b + ϵi
(w ∈ ℝd, b ∈ ℝ) ℓ2

ℒ(w, b) =
n

∑
i=1

(yi − (wT xi + b)

error ϵi

)2



Recap: Linear Regression

• The least squares solution, i.e. the minimizer of the -loss can be 
written in a closed form as a function of data  and  as  

ℓ2
X y

<latexit sha1_base64="DMA6LUwO/rbr+OkM+WPNZ4ZOfQ8="></latexit>

µ =
1

n
XT1

eX = X� 1µT

bwLS = (eXT eX)�1 eXTy
<latexit sha1_base64="tEVry/bSvHGbwabO33X/+t33TaA="></latexit>

bbLS =
1

n

nX

i=1

yi � µT bwLS

or equivalently using  
straightforward linear algebra  
by setting the gradient to zero:

As we derived in class: 

[
̂w LS

̂b LS ] = ([XT

1T ] [X 1])
−1

[XT

1T ] y



Quadratic regression in 1-dimension

•
Data: X =

x1
x2
⋮
xn

, y =

y1
y2
⋮
yn

• Linear model with parameter :  
•  
•  

• Quadratic model with parameter :  

•  

• Define  such that  

•  

•
Treat  as new input features. Let . Replace  by  

•

(b, w1)
yi = b + w1 xi + ϵi
y = 1b + Xw1 + ϵ

(b, w = [w1
w2])

yi = b + w1 xi + w2 x2
i + ϵi

h : ℝ → ℝ2 x ↦ h(x) = [ x
x2]

yi = b + h(xi)Tw + ϵi

h(x) H =
h(x1)T

⋮
h(xn)T

xi [
xi

x2
i ]

y = 1b + Hw + ϵ

input x

label y



Degree-  polynomial regression in 1-dimensionp

•
Data: X =

x1
x2
⋮
xn

, y =

y1
y2
⋮
yn

• Linear model with parameter :  
•  
•  

• Degree-  model with parameter :  
•  

•
Define  such that  

•  

•
Treat  as new input features and let  

•

(b, w1)
yi = b + w1 xi + ϵi
y = 1b + Xw1 + ϵ

p (b, w ∈ ℝp)
yi = b + w1 xi + ⋯ + wp xp

i + ϵi

h : ℝ → ℝp x ↦ h(x) = [
x
⋮
xp]

yi = b + h(xi)Tw + ϵi

h(x) H =
h(x1)T

⋮
h(xn)T

y = 1b + Hw + ϵ

input x

label y



Degree-  polynomial regression in -dimensionp d

•
Data: X =

x11 x12 ⋯ x1d

xT
2
⋮
xT

n

, y =

y1
y2
⋮
yn

• Degree-  model with parameter :  

•
 , where  

•
Define  such that  

•  

•
Treat  as new input features and let  

•  
• In general, any feature  can be used, e.g., , etc.

p (b, w ∈ ℝdp)

yi = b + xT
i w1 + ⋯ + (xp

i )Twp + ϵi xP
i =

xp
i1
⋮
xp

id

h : ℝd → ℝdp x ↦ h(x) = [
x
⋮
xp] ∈ ℝdp

yi = b + h(xi)Tw + ϵi

h(x) H =
h(x1)T

⋮
h(xn)T

y = 1b + Hw + ϵ
h(x) sin(ax + b), e−b(x−a)2, log x



Which  should we choose?p
• First instance of class of models with different  

          representation power = model complexity

• How do we determine which is better model?
input x

label y

input x

label y



Generalization
• we say a predictor generalizes if it performs as well on unseen data 

as on training data

• formal mathematical definition involves probabilistic assumptions 

(coming later in this week)

• the data used to train a predictor is training data or in-sample data 
• we want the predictor to work on out-of-sample data 

• we say a predictor fails to generalize if it performs well on in-

sample data but does not perform well on out-of-sample data

• train a cubic predictor on 32 (in-sample) white circles: Mean Squared Error (MSE) 174 

• predict label  for 30 (out-of-sample) blue circles: MSE 192


• conclude this predictor/model generalizes, as in-sample MSE  out-of-sample MSE

y
≃



Split the data into training and testing

• a way to mimic how the predictor performs on unseen data 

• given a single dataset 


• we split the dataset into two: training set and test set

• selection of data train/test should be done randomly  

(80/20 or 90/10 are common)

• training set used to train the model


• 


• test set used to evaluate the model


• 


• this assumes that test set is similar to unseen data 

• test set should never be used in training

S = {(xi, yi)}n
i=1

minimize ℒtrain(w) =
1

|Strain | ∑
i∈Strain

(yi − xT
i w)2

ℒtest(w) =
1

|Stest | ∑
i∈Stest

(yi − xT
i w)2



small training error              large training error

small test error

large test error

generalizes well

performs well

generalizes well

performs poorly
fails to generalize

possible, but unlikely

We say a model  or predictor overfits if  w ℒtrain(w) ≪ ℒtest(w)

Overfitting



How do we choose which model to use?

Degree-  polynomial modelpx

y Error

1. first use 60 data points to train and 60 data points to test and train 
several models to get the above graph on the right


2. then choose degree , since it achieves minimum test error

3. now re-train on all 120 data points with degree 5 polynomial model

p = 5

demo2_lin.ipynb



Another example: Diabetes

yi

xi[1]

• Example: Diabetes


• 10 explanatory variables


• from 442 patients


• we use half for train and half for validation



demo3_diabetes.ipynb

Features Train MSE Test MSE

All 2640 3224

S5 and BMI 3004 3453

S5 3869 4227

BMI 3540 4277

S4 and S3 4251 5302

S4 4278 5409

S3 4607 5419

None 5524 6352

• test MSE is the primary criteria for model selection 
• Using only 2 features (S5 and BMI), one can get very close to the prediction 

performance of using all features

• Combining S3 and S4 does not give any performance gain



What does the bias-variance theory tell us?

• Train error (random variable, randomness from ) 

• Use  to find 


• Train error: 


• recall the test error is an unbiased estimator of the true error 

• True error (random variable, randomness from ) 

• True error:  

• Test error (random variable, randomness from ) 

• Use 


• Test error: 


• theory explains true error, and hence expected behavior of the (random) 
test error

𝒟
𝒟 = {(xi, yi)}n

i=1 ∼ PX,Y ̂w

ℒtrain( ̂w LS) =
1

|𝒟 | ∑
(xi,yi)∈𝒟

(yi − ̂w T xi)2

𝒟
ℒtrue( ̂w ) = 𝔼(x,y)∼PX,Y

[(y − ̂w T x)2]

𝒟 and 𝒯
𝒯 = {(xi, yi)}m

i=1 ∼ PX,Y

ℒtest( ̂w ) =
1

|𝒯 | ∑
(xi,yi)∈𝒯

(yi − ̂w T xi)2



What does the bias-variance theory tell us?
• Train error is optimistically biased (i.e. smaller) because the trained 

model is minimizing the train error

• Test error is unbiased estimate of the true error, if test data is never 

used in training a model or selecting the model complexity


• Each line is an i.i.d. instance of  and 𝒟 𝒯

Train error

Test error 

model complexity

error



Questions? 



Lecture 5:
Bias-Variance Tradeoff

- explaining test error using theoretical analysis



Train/test error vs. complexity

• Model complexity e.g., degree  of the polynomial 
model, number of features used in diabetes example 

• Related to the dimension of the model parameter 
• Train error monotonically decreases with model 

complexity 
• Test error has a U shape

p

Error

degree  of the polynomial regressionp

x

y

y

y

x



Statistical learning
• Suppose data is generated from a statistical model 


• and assume we know    (just for now to explain statistical learning)


• Then learning is to find a predictor  that minimizes 


• the expected error 


• think of this random  as a new sample you will encounter when you 
deployed your learned model, and we care about its average performance


• Since, we do not assume anything about the function , it can take any value for 
each , hence the optimization can be broken into sum (or more precisely 
integral) of multiple objective functions, each involving a specific value 


•  

                                 


        Or for discrete ,         

(X, Y ) ∼ PX,Y

PX,Y

η : ℝd → ℝ
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2]

(X, Y )

η(x)
X = x

X = x
𝔼(X,Y )∼PX,Y

[(Y − η(X ))2] = 𝔼X∼PX[𝔼Y∼PY|X
[(Y − η(x))2 |X = x] ]

= ∫ 𝔼Y∼PY|X
[(Y − η(x))2 |X = x] PX(x) dx

X = ∑
x

PX(x) 𝔼Y∼PY|X
[(Y − η(x))2 |X = x]

Where we used the chain rule:  𝔼X,Y[ f (X, Y )] = 𝔼X[ 𝔼Y|X[ f (x, Y ) |X = x] ]

Typical notation:  
 denotes a random variable 
 denotes a deterministic instance

X
x



Statistical learning
• We can solve the optimization for each  separately 


• 


• The optimal solution is ,  
which is the best prediction in -loss/Mean Squared Error


• Claim: 


• Proof:  


• Note that this optimal statistical estimator  cannot be 
implemented as we do not know  in practice 


• This is only for the purpose of conceptual understanding

X = x
η(x) = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼Y∼PY|X
[Y |X = x]

ℓ2

𝔼Y∼PY|X
[Y |X = x] = arg min

a∈ℝ
𝔼Y∼PY|X

[(Y − a)2 |X = x]

η(x) = 𝔼[Y |X = x]
PX,Y



Statistical Learning

x

PXY (X = x, Y = y)

x0 x1

PXY (Y = y|X = x0)

PXY (Y = y|X = x1)

Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x0) = 𝔼[Y |X = x0]

y = 0

y = 1

y = 0

y = 0 y = 1

y = 1

η(x1) = 𝔼[Y |X = x1]



Statistical Learning

x

y

PXY (X = x, Y = y) Ideally, we want to find:

⌘(x) = EY |X [Y |X = x]

η(x) = 𝔼Y|X[Y |X = x]

But we do not know  

We only have samples. 

PX,Y



Statistical Learning

x

y

PXY (X = x, Y = y)

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

Ideally, we want to find:

(xi, yi)
i.i.d.⇠ PXY for i = 1, . . . , n

But we only have samples:

⌘(x) = EY |X [Y |X = x]

⌘(x) = EY |X [Y |X = x]

bf = argmin
f2F

1

n

nX

i=1

(yi � f(xi))
2

So we need to restrict our 
predictor to a function class (e.g., 
linear, degree-  polynomial) to 
avoid overfitting: 

p

We care about how our predictor performs on future unseen data   
                           True Error of  : ̂f 𝔼X,Y[(Y − ̂f(X))2]



Future prediction error  is random  
because  is random (whose randomness comes from training data )

𝔼X,Y[(Y − ̂f(X))2]
̂f 𝒟

x

y

PXY (X = x, Y = y)

Each draw D = {(xi, yi)}ni=1 results in di↵erent bf



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

Notation:  
I use predictor/model/estimate,  
interchangeably

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• We are interested in the True Error of a (random) learned predictor:   
                                          

• But the analysis can be done for each  separately, so we analyze  
the conditional true error:  
                                          

• And we care about the average conditional true error, averaged over training data:             
                                  
written compactly as       

𝔼X,Y[(Y − ̂f𝒟(X ))2]
X = x

𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x]

𝔼𝒟[ 𝔼Y|X[(Y − ̂f𝒟(x))2 |X = x] ]
= 𝔼[(Y − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
             

                                                    
𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]
Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average conditional true error:             
             

 

(this follows from independence of  and  and  
) 

                   

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼𝒟,Y|x[(Y − η(x) + η(x) − ̂f𝒟(x))2]
= 𝔼𝒟,Y|x[ (Y − η(x))2 + 2(Y − η(x))(η(x) − ̂f𝒟(x)) + (η(x) − ̂f𝒟(x))2 ]
= 𝔼Y|x[(Y − η(x))2] + 2𝔼𝒟,Y|x[(Y − η(x))

=0

(η(x) − ̂f𝒟(x))] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

𝒟 (X, Y )
𝔼Y|x[Y − η(x)] = 𝔼[Y |X = x] − η(x) = 0

= 𝔼Y|x[(Y − η(x))2] + 𝔼𝒟[(η(x) − ̂f𝒟(x))2]

Irreducible error 
(a) Caused by stochastic  

label noise in  
(b) cannot be reduced

PY|X=x

Average learning error 
Caused by  

(a) either using too “simple” of a model or  
(b) not enough data to learn the model accurately



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:             
 𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]



Bias-variance tradeoff

⌘(x) = EY |X [Y |X = x]

Ideal predictor Learned predictor

̂f𝒟 = arg min
f∈ℱ

1
|𝒟 | ∑

(xi,yi)∈𝒟

(yi − f (xi))2

• Average learning error:             
 

 

                  

 

𝔼𝒟[(η(x) − ̂f𝒟(x))2] = 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)] + 𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x) )2 ]
= 𝔼𝒟[ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 2(η(x) − 𝔼𝒟[ ̂f𝒟(x)])(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))

+(𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]
= ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

biased squared variance



Bias-variance tradeoff

biased squared variance

irreducible error

+ ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2 + 𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

𝔼𝒟,Y|x[(Y − ̂f𝒟(x))2] = 𝔼Y|x[ (Y − η(x))2 ]
• Average conditional true error:            

• Bias squared:  
measures how the  
predictor is mismatched with 
the best predictor in 
expectation 

• variance: 
measures how the predictor  
varies each time with a new  
training datasets



Questions?



Lecture 6: 
Bias-Variance Tradeoff 
(continued)



Test error vs.  
model complexity

Error

degree  of the polynomial regressionp

x

y p = 1

p = 2

p = 3

p = 4

p = 5

p = 10

p = 15

p = 20

Test Error
Train Error

Optimal predictor   
is degree-5 polynomial

η(x)

Simple model: 
Model complexity is below  
the complexity of η(x)

Complex model: 

demo4_tradeoff.ipynb



Recap: Bias-variance tradeoff with simple model

• When model complexity is low (lower than the optimal predictor ) 

• Bias  of our predictor, , is large 

• Variance of our predictor, , is small 
• If we have more samples, then 

• Bias   
• Variance 
• Because Variance is already small, overall test error 

η(x)
2 ( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 4



Recap: Bias-variance tradeoff with simple model

• When model complexity is high (higher than the optimal predictor ) 

• Bias of our predictor, , is small 

• Variance of our predictor, , is large 
• If we have more samples, then 

• Bias 
• Variance 
• Because Variance is dominating, overall test error

η(x)
( η(x) − 𝔼𝒟[ ̂f𝒟(x)])2

𝔼𝒟[ (𝔼𝒟[ ̂f𝒟(x)] − ̂f𝒟(x))2 ]

(Conceptual) bias variance tradeoff
η(x)

Average predictor 𝔼𝒟[ ̂f𝒟(x)]

p = 20



• let us first fix sample size N=30, collect one dataset of size N i.i.d. from a 
distribution, and fix one training set  and test set  via 80/20 split


• then we run multiple validations and plot the computed MSEs for all values of p 
that we are interested in

Strain Stest

error
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true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

• Given sample size N there is a threshold, , where training error is zero

• Training error is always monotonically non-increasing

• Test error has a trend of going down and then up, but fluctuates

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)
p*N=24 ≃ 24 − 1

OVERFITUNDERFIT



• let us now repeat the process changing the sample size to N=40 , 
and see how the curves change

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

true model complexity
<latexit sha1_base64="+TnUAG3YGWh+ibnzyc7BBpgLiZ4=">AAAB/nicbVDLSgNBEJz1GeNrVTx5GQyCp7AbD3oMevEYwTwgCWF20kmGzOwsM71iWAL+ihcPinj1O7z5N04eB00saCiquunuihIpLAbBt7eyura+sZnbym/v7O7t+weHNatTw6HKtdSmETELUsRQRYESGokBpiIJ9Wh4M/HrD2Cs0PE9jhJoK9aPRU9whk7q+MdoUqBKd0FSrlUi4VHgqOMXgmIwBV0m4ZwUyByVjv/V6mqeKoiRS2ZtMwwSbGfMoOASxvlWaiFhfMj60HQ0ZgpsO5ueP6ZnTunSnjauYqRT9fdExpS1IxW5TsVwYBe9ifif10yxd9XORJykCDGfLeqlkqKmkyxoVxjgKEeOMG6Eu5XyATOMo0ss70IIF19eJrVSMbwolu5KhfL1PI4cOSGn5JyE5JKUyS2pkCrhJCPP5JW8eU/ei/fufcxaV7z5zBH5A+/zB484ld4=</latexit>

p⇤24
<latexit sha1_base64="p7Coty7qlwiFjV+FYNx+txI/4zw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9iNAT0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJeWK5NeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRL3kWpfFcpVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1hHj4M=</latexit>

p⇤32
<latexit sha1_base64="imkQXCtlBfHMS2YknuSm9SVzV2U=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDEQ9hNBD0GvXiMYB6QxDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777aysrq1vbOa28ts7u3v7hYPDho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHN1O/+YRK80jem3GM3ZAOJA84o8ZKrfjhvJdWypNeoeiW3BnIMvEyUoQMtV7hq9OPWBKiNExQrdueG5tuSpXhTOAk30k0xpSN6ADblkoaou6ms3sn5NQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgqptyGScGJZsvChJBTESmz5M+V8iMGFtCmeL2VsKGVFFmbER5G4K3+PIyaZRLXqVUvrsoVq+zOHJwDCdwBh5cQhVuoQZ1YCDgGV7hzXl0Xpx352PeuuJkM0fwB87nD1bDj4I=</latexit>

• The threshold, , moves right


• Training error tends to increase, because more points need to fit

• Test error tends to decrease, because Variance decreases 

p*N

Test error ℒtest

Training error ℒtrain

Model complexity ( = degree of the polynomial)



• let us now fix predictor model complexity p=30, collect multiple 
datasets by starting with 3 samples and adding one sample at a time to 
the training set, but keeping a large enough test set fixed


• then we plot the computed MSEs for all values of train sample size 
Ntrain that we are interested in

• There is a threshold, , below which training error is zero (extreme overfit)


• Below this threshold, test error is meaningless, as we are overfitting and there are 
multiple predictors with zero training error some of which have very large test error


• Test error tends to decrease

• Training error tends to increase

N*p

error
<latexit sha1_base64="3srcD6Q8A6U49q6u0/IMHrACHCg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqST1oMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkoBKiXVoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2reuOhUWveFnGU4QzO4RJ8uIYm3EMLAqDA4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gAQxI7Y</latexit>

train sample size Ntrain
<latexit sha1_base64="fIJ2//F1hnbZnFY00Jg2CEjXpt8=">AAACCnicbVA9SwNBEN3zM8avqKXNaiJYhbtYaBm0sZII5gOS49jbTJIlu3vH7p4Qj9Q2/hUbC0Vs/QV2/hs3lxSa+GDg8d4MM/PCmDNtXPfbWVpeWV1bz23kN7e2d3YLe/sNHSWKQp1GPFKtkGjgTELdMMOhFSsgIuTQDIdXE795D0qzSN6ZUQy+IH3JeowSY6WgcGQUYRJrImIOWLMHwKWbIO0ogTNnXAoKRbfsZsCLxJuRIpqhFhS+Ot2IJgKkoZxo3fbc2PgpUYZRDuN8J9EQEzokfWhbKokA7afZK2N8YpUu7kXKljQ4U39PpERoPRKh7RTEDPS8NxH/89qJ6V34KZNxYkDS6aJewrGJ8CQX3GUKqOEjSwhVzN6K6YAoQo1NL29D8OZfXiSNStk7K1duK8Xq5SyOHDpEx+gUeegcVdE1qqE6ougRPaNX9OY8OS/Ou/MxbV1yZjMH6A+czx9z+5oY</latexit>

Test error ℒtest

Training error ℒtrain

lecture2_polynomialfit.ipynb

N*p = p + 1 = 31

OVERFIT UNDERFIT



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy =

=
η(x) = 𝔼Y|X[Y |X = x] =

̂f𝒟(x) = xT ̂w MLE =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

y = Xw* + ϵ
̂w MLE = (XTX)−1XTy = (XTX)−1XT(Xw* + ϵ)

= w* + (XTX)−1XTϵ
η(x) = 𝔼Y|X[Y |X = x] = xTw*

̂f𝒟(x) = xT ̂w MLE = xTw* + xT(XTX)−1XTϵ

• Irreducible error:  

• Bias squared:  
(is independent of the sample size!)

𝔼X,Y[(Y − η(x))2 |X = x] =

( η(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 =

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)



Bias-variance tradeoff for linear models

̂w MLE = w* + (XTX)−1XTϵ
η(x) = xTw*
̂f𝒟(x) = xTw* + xT(XTX)−1XTϵ

• Variance: 𝔼𝒟[ ( ̂f𝒟(x) − 𝔼𝒟[ ̂f𝒟(x)] )2 ]=

If  and Yi = XT
i w* + ϵi ϵi ∼ 𝒩(0,σ2)

𝔼𝒟[xT(XTX)−1XTϵϵTX(XTX)−1x]
= σ2 𝔼𝒟[xT(XTX)−1XTX(XTX)−1x]
= σ2 xT𝔼𝒟[(XTX)−1]x

• To analyze this, let’s assume that  and number of samples, , is large 

enough such that  with high probability and , then 

• Variance is , and decreases with increasing sample size 

Xi ∼ 𝒩(0,I) n

XTX = nI 𝔼[(XTX)−1] ≃
1
n

I
σ2xT x

n
n



Questions?


