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n

» Justifying the accuracy of the estimate mginz £(6,x) or mgle u(6, x,)
» E.g., Markov’s inequality =l _ i=1
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The regression problem, 1-dimensional

You want to sell your house that is 2,500 sq.ft.
Q. What is the right price?

Collect past sales data on zillow.com:

y = House sale price and x = {# sq. ft.}

Training Data: ;e R y; €R
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# square feet


http://zillow.com

Process

1. Decide on a model/hypothesis class

-

assume house sale price is a linear function of square feet.

2. Find the function/model/hypothesis which explains/fits the data best

3. Use function to make prediction on new examples
How much should you put your house on the market?



Fit a function to our data, 1-dimension

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

o
best linear fit 4

Sale Price

# square feet

Tymg w=10
€L ((j‘ Xt = Y{

1. Training Data:

(@i, ¥i) fieq viER
NSAAZEK:

2. Hypothe5|s/ModeI I|near Nose
yl : w - x +@ \./

;}J L - W Y(_. = éL
3. Mea$ure of good fit: £5-loss

n

min Z(yl wx)2 Z 2

eR
W i=1
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The regression problem,/d)dimension§) s
=

-

Given past sales data on zillow.com, predict: o~ (to -9

y = House sale price from oars old
x = {# sq. ft., zip code, date of sale, etc.} corstniion [J
1. Training Data: @e R

e R

%M.)—— S ebels UQ‘K
2. Hypothesis/Model: linear

’ yi=@+€i

3. Measure of good fit: £5-loss

n n
min 2 (v, —wlx)? = 2 g?

o
best linear fit 4

Sale Price

# square feet

weRd 4
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The regression problem in matrix notation

Data:

y:

Yn

/7&,7
@ 0

\

_:IZ?_ d : # of features/size of the input
) n : # of examples/datapoints
£
W—Xll - X\é‘
T



The regression problem in matrix notation

i _371T_ d : # of features/size of the input

Data: y=|: X — n : # of examples/datapoints

T N

—yn _'Tn_ /{V( ‘7/\1{, N\
T [ T 3//— X/w/ + E/7
inear =W + € —
yl 1 1 > A, é‘

Model:
Y

- x| v
T -

n = T, W+ €y
Y " d




The regression problem in matrix notation

i -y1- _:IZ?_ d : # of features/size of the input
Data: n : # of examples/datapoints
y = X=": ' g
| Yn | ftgl
Linear Y1 = ZC,{’U] —|— €1 y = Xw + €
Model: -
Yo = To W + €9

£»-norm of a vector:
(also known & i

T
y’I’L :xnw+€n

weR? 4

n
£»-Loss: lw LS! = /arg min Z (y; — x/ w)? o=
=1 )

this is also known as Least Squares solution



The regression problem in matrix notation

i _331T_ d : # of features/size of the input

Data: n : # of examples/datapoints

T
y’n :C'n,

Linear Y1 = gzlew +€1 y= Xw + € fz-norm of a vector:
Model:

— 2 2 2
Y2 = Tp W + €3 lelly = /€2 + &2 + - + €
) it foIIows that
. 63 |€”2 = cle

Un :xnw+en

i=1
£y-Loss: Wi = N — x{'w)?
,-Loss: W¢ = arg min Z(yl x!'w) arg mm@
weRd
—

— = arg m1n (y — Xw)l(y = Xw)




The regression problem in matrix notation

%(m% arg min (y — Xw)’(y — Xw)

weR

Set gradient w.r.t. w to zero to find the minima:

> Qﬁ = ZQT (Q“E’)
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The regression problem in matrix notation

s = argmin||y — Xwl|;

= arg min(y — Xw)* (y — Xw)

_ (XTX)_ley

“Closed form” solution!




The regression problem in matrix notation

. T
Linear model: ¥y; = X; W + €;

Least squares solution:

s = argmin|[ly — Xw|[;

= (X'X)' X"y

What about an offset
(a.k.a intercept)?




The regression problem in matrix notation

. T
Linear model: ¥y; = X; W + €;

Least squares solution:

wrs = argmin ||y — Xwl|3

= (X'X)"' X"y

Affine model: y; = x;-rw +b+ ¢

Least squares solution:

n

~ T : 2
wrs,brs = arg mll])a (yZ — (a:;rw + b))
T =1

= argmin [ly — (Xuw + 10)|[3

R



Dealing with an offset

Wis bpg=arg min -l — Xw + 15)|1
we ,be

=arg min (y— Xw+ 1) (y — Xw + 1b))
weR? beR

Z(w,b)
Set gradient w.r.t. w and b to zero to find the minima:

:\( ’j—\D

A reminder on vector calculus
fw) = (Aw + b)(Aw +@ = V,, f(w) = 24T (Aw +@



Dealing with an offset

@15 bus = argmin ly — (X + 10)[
XTX g +brsXT1 =Xy
17X ;6 +brs171 = 1Ty
If X*'1 =0, if the features have zero mean,
wis = XTX)" Xy

A 1 &
Ay = — 3y,
i=1

S
)
w
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Dealing with an offset
@rs,brs = arg mln ly — (Xw + 1b)]5
X' Xiirg + bLSXTl = X'y

1" X g +br5171 =17y
In general, when X*1 # 0,

If XT1 =0,
wis = XIX)" X7y
N\ 1 L

S
)
w2

|
|
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Dealing with an offset

@rs,brg = arg I{Ullgl ly — (Xw + 1b)||5

XX w16 +brsXT1 =XTy
1" X s +br5171 =17y

T
If XT1 =0, In general, when X~ 1 # 0,
W - 1
wis = X'X)™' X'y pw=-X"1
A~ 1 <& _n .
brs = o Yi X=X-1u
= s = (XTX)"'XTy



Process for linear regression with intercept

Collectdata: & = {(x;,y)}_,

Decide onamodel: 1, = 27w 4+ b+ ¢;

Choose a loss function - least squares
Pick the function which minimizes loss on data

n

~ 7 : 2
wrs,brs = arg mlil (yz — (x;rw =+ b))
=1

Use function to make prediction on new examples x,.,

A T A -
Unew = TpowWLS + OLs



Another way of dealing with an offset
Ws,brs = arg min ly — (Xw + 1b)|]3

reparametrize the problem as X = [X, 1] and w = [7[1;]

Xw =



Why do we use least squares (i.e. z/”z-loss)?

Wps = argmin |ly — Xwl|;

_ (XTX)_ley

— Py, w,0) =



Why do we use least squares (i.e. z,”z-loss)?

Wps = argmin |ly — Xwl|;

_ (XTX)_ley

: i.i.d.
Consider y; =x; w+¢ where ¢ <~ N(0,0%)

— Py, w,0) =



Why do we use least squares (i.e. z,”z-loss)?

Maximum Likelihood Estimator:

wymLe = argmax log P({y; b i;4{xi} i, w, 0)
— (y; — 2l w)?
= —nl 27) + — -
argmax —n og(ov2m) ;:1 52



Why do we use least squares (i.e. z,”z-loss)?

Maximum Likelihood Estimator:

WMLE —

Recall:

arg max IOgP({y’L 1= 17{377, i=1> W, U)

n T2
arg max —nlog(ov2mw) + g i 2% w)
w o
i=1

argmm E —x w)

Wrs = arg minz (yz — x?w)Z
w

1=1

Wrs = Wypre = (X' X) ' X'Y




Recap of linear regression

Data {(zi, y:) }iey

Minimize the loss Maximize the likelihood

(Empirical Risk Minimization) (MLE)

Choose a loss Choose a Hypothesis class

e.g., £5-loss: (y; — xl.Tw)2 eg., )y = xiTw +€, €~ N (0,0%)

n
Solve W | ¢ = arg min Z (y; — xI'w)? Maximize the likelihood, o
w o~ - (yz — X w)
i=1 WMLE = arg mv?X { —n log(ax/ﬂ) — Z Sy }

i=1



Analysis of Error under additive Gaussian noise

Let’'s suppose y; = xIw* + €; and €; ~ N (0,62), then this can be written as

y =Xw*+¢€ i

X'X)" X"y

= (XI'X)"IXT(Xw* + ¢)
w* + (XTX)"'X e

W MLE

Maximum Likelihood Estimator is unbiased:



Analysis of Error under additive Gaussian noise

Let’s suppose y; = xiT

y =Xw*+¢€

w* + ¢; and €; ~ 4(0,67), then this can be written as

X'X)"'X"y
= (XI'X)"IXT(Xw* + ¢)
w* + (XTX)"'X e

W MLE

Covariance is:



Analysis of Error under additive Gaussian noise

Let's suppose y; = xiTw* + €;and €; ~ N (0,62), then this can be written as

y = Xw* + ¢, and the MLE is
w MLE = \/V>x< -+ (XTX)_1XT€

This random estimate has the following distribution:
E[Wyg gl = w*, Cov(Wygg) = E[(W — EpW])(W — E[Ww])T] = a*(XTX)™!

e ~ A eA(XTX)™)

Interpretation: consider an example with x = |~!

- O O O O
|

|0 —1]

The covariance of the MLE, az(XTX)_l, captures how each sample gives information

about the unknown w™*, but each sample gives information about for different
(linear combination of) coordinates and of different quality/strength



Questions?



