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Recap

• Learning is… 
• Collect some data 

• E.g., coin flips 
• Choose a hypothesis class or model 

• E.g., binomial 
• Choose a loss function 

• E.g., data likelihood 
• Choose an optimization procedure 

• E.g., set derivative to zero to obtain MLE 
• Justifying the accuracy of the estimate 

• E.g., Markov’s inequality
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The regression problem, 1-dimensional
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You want to sell your house that is 2,500 sq.ft. 
Q. What is the right price?  

Collect past sales data on zillow.com: 
     y = House sale price and x = {# sq. ft.} 

Training Data:
{(xi, yi)}ni=1

yi 2 Rxi 2 R
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Process

1. Decide on a model/hypothesis class 

2. Find the function/model/hypothesis which explains/fits the data best 

3. Use function to make prediction on new examples  
     How much should you put your house on the market?

assume house sale price is a linear function of square feet. 

Noise error



Fit a function to our data, 1-dimension

Given past sales data on zillow.com, predict: 
     y = House sale price from  
     x = {# sq. ft.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear 
        yi = w ⋅ xi + ϵi

3. Measure of good fit: -loss 

       

ℓ2

min
w∈ℝ

n

∑
i=1

(yi − wxi)2 =
n

∑
i=1

ε2
i

xi 2 R
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The regression problem, d-dimensions

Given past sales data on zillow.com, predict: 
     y = House sale price from  
     x = {# sq. ft., zip code, date of sale, etc.} 

1. Training Data:
{(xi, yi)}ni=1

yi 2 R

2. Hypothesis/Model: linear 
        yi = wT xi + ϵi

3. Measure of good fit: -loss 

       

ℓ2

min
w∈ℝd

n

∑
i=1

(yi − wT xi)2 =
n

∑
i=1

ε2
i
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The regression problem in matrix notation

y =

2
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y1
...
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3
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d : # of features/size of the input 
n : # of examples/datapointsData: OTERO
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The regression problem in matrix notation
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y = Xw + ✏
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Model:

Data:

-Loss:  

 
this is also known as Least Squares solution

ℓ2 ̂w LS = arg min
w∈ℝd

n

∑
i=1

(yi − xT
i w)2

-norm of a vector:  
(also known as Euclidean norm) 

      

it follows that  

     

ℓ2

∥ϵ∥2 = ϵ2
1 + ϵ2

2 + ⋯ + ϵ2
d

d

∑
i=1

ϵ2
i = ∥ϵ∥2

2 = ϵTϵ

F



The regression problem in matrix notation

y =

2

64
y1
...
yn

3

75 X =

2

64
xT
1
...
xT
n

3

75

d : # of features/size of the input 
n : # of examples/datapoints

y = Xw + ✏
<latexit sha1_base64="k1LdFc1OMVRZxUkLfAMqfHn8XTs="></latexit>

<latexit sha1_base64="5sLOXDrFvYu9JkgL2nymVIAY0qc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIAglI4puhKIblxX6gjaGyXTSDp1MwsxEDaEbf8WNC0Xc+hnu/BunbRbaeuDC4Zx7ufceP+ZMacf5tgoLi0vLK8XV0tr6xuaWvb3TVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vB77rXsqFYtEXacxdUPcFyxgBGsjefZe6qHLRw/d1R/gMezSWDFudOTZZafiTADnCcpJGeSoefZXtxeRJKRCE46V6iAn1m6GpWaE01GpmygaYzLEfdoxVOCQKjebPDCCh0bpwSCSpoSGE/X3RIZDpdLQN50h1gM1643F/7xOooMLN2MiTjQVZLooSDjUERynAXtMUqJ5aggmkplbIRlgiYk2mZVMCGj25XnSPKmgs4pze1quXuVxFME+OABHAIFzUAU3oAYagIAReAav4M16sl6sd+tj2lqw8pld8AfW5w/3Q5Vd</latexit>

y1 = xT
1 w + ✏1

<latexit sha1_base64="moJWLW7iHvGfXqdqoIs8spnyf0o=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARBKEkQdGNUHTjskJf0MYwmd60QycPZiZqCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvff4CWdSWda3sbC4tLyyWlgrrm9sbm2bO7sNGaeCQp3GPBYtn0jgLIK6YopDKxFAQp9D0x9cj/3mPQjJ4qimhgm4IelFLGCUKC155v7Qcy4fPeeu9oBPcAcSybjWHc8sWWVrAjxP7JyUUI6qZ351ujFNQ4gU5UTKtm0lys2IUIxyGBU7qYSE0AHpQVvTiIQg3WzywAgfaaWLg1joihSeqL8nMhJKOQx93RkS1Zez3lj8z2unKrhwMxYlqYKIThcFKccqxuM0cJcJoIoPNSFUMH0rpn0iCFU6s6IOwZ59eZ40nLJ9VrZuT0uVqzyOAjpAh+gY2egcVdANqqI6omiEntErejOejBfj3fiYti4Y+cwe+gPj8wf785Vg</latexit>

y2 = xT
2 w + ✏2

<latexit sha1_base64="guifJbTKu4Qti3rusrgxoKnBRw0=">AAACAHicbVBNS8NAEJ3Ur1q/qh48eFksgiCURBS9CEUvHiv0C9oYNtttu3SzCbsbNYRe/CtePCji1Z/hzX/jts1BWx8MPN6bYWaeH3GmtG1/W7mFxaXllfxqYW19Y3OruL3TUGEsCa2TkIey5WNFORO0rpnmtBVJigOf06Y/vB77zXsqFQtFTScRdQPcF6zHCNZG8op7iScuHz1xV3tAx6hDI8W40Y1Tssv2BGieOBkpQYaqV/zqdEMSB1RowrFSbceOtJtiqRnhdFToxIpGmAxxn7YNFTigyk0nD4zQoVG6qBdKU0Kjifp7IsWBUkngm84A64Ga9cbif1471r0LN2UiijUVZLqoF3OkQzROA3WZpETzxBBMJDO3IjLAEhNtMiuYEJzZl+dJ46TsnJXt29NS5SqLIw/7cABH4MA5VOAGqlAHAiN4hld4s56sF+vd+pi25qxsZhf+wPr8ARVRlhQ=</latexit>

yn = xT
nw + ✏n

<latexit sha1_base64="B1pwU2JRVAB4dpn6t+NGyIzL2QQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AMzBj0Y=</latexit>...

Data:

Linear 
Model:

-Loss:  ℓ2 ̂w LS = arg min
w∈ℝd

n

∑
i=1

(yi − xT
i w)2 = arg min

w
∥y − Xw∥2

2

= arg min
w

(y − Xw)T(y − Xw)

-norm of a vector:  

      

it follows that  
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The regression problem in matrix notation

Set gradient w.r.t.  to zero to find the minima:w

 ̂w LS = arg min
w∈ℝd

(y − Xw)T(y − Xw)
A few reminders on vector calculus 
- Gradient of a function:  

 

- Example: 
 

 
 

∇w f (w) =

df(w)
dw1

df(w)
dw2

⋮
df(w)
dwd

f (w) = wT w ⟹ ∇W f (w) = 2w
f (w) = (Aw)T(Aw) ⟹ ∇W f (w) = 2A AT w
f (w) = (Aw + b)T(Aw + b) ⟹ ∇W f (w) = 2AT(Aw + b)
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= argmin
w

(y �Xw)T (y �Xw)

bwLS = argmin
w

||y �Xw||22

The regression problem in matrix notation

= (XTX)�1XTy

 “Closed form” solution!

l



= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

What about an offset  
(a.k.a intercept)?

The regression problem in matrix notation
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<latexit sha1_base64="q6f+xCFdcV7E1/9KfICEq4D5+M4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQRBKIopuhKIblxX6gjaGyXTSDp08mJmoIXTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOUNr8d+654KyaKwrtKYOgHuh8xnBCstueZe6rLLR5fd1R/QMerSWDKudeaaZatiTYDmiZ2TMuSoueZXtxeRJKChIhxL2bGtWDkZFooRTkelbiJpjMkQ92lH0xAHVDrZ5IEROtRKD/mR0BUqNFF/T2Q4kDINPN0ZYDWQs95Y/M/rJMq/cDIWxomiIZku8hOOVITGaaAeE5QonmqCiWD6VkQGWGCidGYlHYI9+/I8aZ5U7LOKdXtarl7lcRRhHw7gCGw4hyrcQA0aQGAEz/AKb8aT8WK8Gx/T1oKRz+zCHxifP/3SlgU=</latexit>

yi = xT
i w + ✏iLinear model:

Least squares solution:

3offset



= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

= argmin
w,b

||y � (Xw + 1b)||22

The regression problem in matrix notation

©2018 Kevin Jamieson

<latexit sha1_base64="q6f+xCFdcV7E1/9KfICEq4D5+M4=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQRBKIopuhKIblxX6gjaGyXTSDp08mJmoIXTjr7hxoYhbP8Odf+O0zUJbD1w4nHMv997jxZxJZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMkoEoQ0S8Ui0PSwpZyFtKKY4bceC4sDjtOUNr8d+654KyaKwrtKYOgHuh8xnBCstueZe6rLLR5fd1R/QMerSWDKudeaaZatiTYDmiZ2TMuSoueZXtxeRJKChIhxL2bGtWDkZFooRTkelbiJpjMkQ92lH0xAHVDrZ5IEROtRKD/mR0BUqNFF/T2Q4kDINPN0ZYDWQs95Y/M/rJMq/cDIWxomiIZku8hOOVITGaaAeE5QonmqCiWD6VkQGWGCidGYlHYI9+/I8aZ5U7LOKdXtarl7lcRRhHw7gCGw4hyrcQA0aQGAEz/AKb8aT8WK8Gx/T1oKRz+zCHxifP/3SlgU=</latexit>

yi = xT
i w + ✏iLinear model:

Least squares solution:

Affine model:
<latexit sha1_base64="486nGDaeRfpP+6neopkBLNkEQ58=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSSi6EYounFZoS9oY5hMb9qhkwczEzWELtz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfd4MWdSWda3sbC4tLyyWlgrrm9sbm2bO7tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9Dyxtejf3WHQjJorCu0hicgPRD5jNKlJZcs5S67OLBZbf1e3yEPV1diCXj2mOuWbYq1gR4ntg5KaMcNdf86vYimgQQKsqJlB3bipWTEaEY5TAqdhMJMaFD0oeOpiEJQDrZ5IkRPtBKD/uR0BUqPFF/T2QkkDINPN0ZEDWQs95Y/M/rJMo/dzIWxomCkE4X+QnHKsLjRHCPCaCKp5oQKpi+FdMBEYQqnVtRh2DPvjxPmscV+7Ri3ZyUq5d5HAVUQvvoENnoDFXRNaqhBqLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucP5EeW+g==</latexit>

yi = xT
i w + b+ ✏i

Least squares solution:

©2018 Kevin Jamieson

TR



Dealing with an offset

Set gradient w.r.t.  and  to zero to find the minima:w b

̂w LS, ̂b LS = arg min
w∈ℝd,b∈ℝ

∥y − (Xw + 1b)∥2
2

= arg min
w∈ℝd,b∈ℝ

(y − (Xw + 1b))T(y − (Xw + 1b))
ℒ(w,b)

A reminder on vector calculus 
 f (w) = (Aw + b)T(Aw + b) ⟹ ∇W f (w) = 2AT(Aw + b)

p y
1b

O O



If XT1 = 0 (i.e., if each feature is mean-zero) then

XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

, if the features have zero mean,

̂b LS = (1T1)−11Ty = 1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

<latexit sha1_base64="q5mJdZP7QHxIxpU9mtL5h5kShAg=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2AriJQyUxBdFt3orkJv0NaSSc+0oZnMmGSUMvQd3Pgqblwo4taNO9/G9LLQ1h8CH/85h5PzexFnSjvOt5VaWl5ZXUuvZzY2t7Z37N29mgpjSaFKQx7KhkcUcCagqpnm0IgkkMDjUPcGl+N6/R6kYqGo6GEE7YD0BPMZJdpYHfvkWuAeCJCE5/FDHwTOJS3Px43RbWUC7qgl4A47uXzHzjoFZyK8CO4Msmimcsf+anVDGgcgNOVEqabrRLqdEKkZ5TDKtGIFEaED0oOmQUECUO1kctMIHxmni/1Qmic0nri/JxISKDUMPNMZEN1X87Wx+V+tGWv/vJ0wEcUaBJ0u8mOOdYjHAeEuk0A1HxogVDLzV0z7RBKqTYwZE4I7f/Ii1IoF97Tg3BSzpYtZHGl0gA7RMXLRGSqhK1RGVUTRI3pGr+jNerJerHfrY9qasmYz++iPrM8f2ymcOw==</latexit>

In general, when XT1 6= 0,
<latexit sha1_base64="SZkBfqR5y+KfUUq5NKlmoWu7Pp0=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZwISUp+NgIBTe6q9AXtLVMppN26GQSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/EizpR2nG9rZXVtfWMzt5Xf3tnd27cPDpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sY3U7/1SKVioajrJKK9AA8F8xnB2kh9u3Dno1La9XzUfqgjd3LtnJX6dtEpOzOgZeJmpAgZan37qzsISRxQoQnHSnVcJ9K9FEvNCKeTfDdWNMJkjIe0Y6jAAVW9dHb8BJ0YZYD8UJoSGs3U3xMpDpRKAs90BliP1KI3Ff/zOrH2r3opE1GsqSDzRX7MkQ7RNAk0YJISzRNDMJHM3IrICEtMtMkrb0JwF19eJs1K2T0vO/eVYvUiiyMHR3AMp+DCJVThFmrQAAIJPMMrvFlP1ov1bn3MW1esbKYAf2B9/gBx/5Km</latexit>

If XT1 = 0,

̂b LS = 1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



XTX bwLS +bbLSX
T1 = XTy

1TX bwLS +bbLS1
T1 = 1Ty

bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Dealing with an offset

<latexit sha1_base64="q5mJdZP7QHxIxpU9mtL5h5kShAg=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2AriJQyUxBdFt3orkJv0NaSSc+0oZnMmGSUMvQd3Pgqblwo4taNO9/G9LLQ1h8CH/85h5PzexFnSjvOt5VaWl5ZXUuvZzY2t7Z37N29mgpjSaFKQx7KhkcUcCagqpnm0IgkkMDjUPcGl+N6/R6kYqGo6GEE7YD0BPMZJdpYHfvkWuAeCJCE5/FDHwTOJS3Px43RbWUC7qgl4A47uXzHzjoFZyK8CO4Msmimcsf+anVDGgcgNOVEqabrRLqdEKkZ5TDKtGIFEaED0oOmQUECUO1kctMIHxmni/1Qmic0nri/JxISKDUMPNMZEN1X87Wx+V+tGWv/vJ0wEcUaBJ0u8mOOdYjHAeEuk0A1HxogVDLzV0z7RBKqTYwZE4I7f/Ii1IoF97Tg3BSzpYtZHGl0gA7RMXLRGSqhK1RGVUTRI3pGr+jNerJerHfrY9qasmYz++iPrM8f2ymcOw==</latexit>

In general, when XT1 6= 0,<latexit sha1_base64="SZkBfqR5y+KfUUq5NKlmoWu7Pp0=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZwISUp+NgIBTe6q9AXtLVMppN26GQSZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd77/EizpR2nG9rZXVtfWMzt5Xf3tnd27cPDpsqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sY3U7/1SKVioajrJKK9AA8F8xnB2kh9u3Dno1La9XzUfqgjd3LtnJX6dtEpOzOgZeJmpAgZan37qzsISRxQoQnHSnVcJ9K9FEvNCKeTfDdWNMJkjIe0Y6jAAVW9dHb8BJ0YZYD8UJoSGs3U3xMpDpRKAs90BliP1KI3Ff/zOrH2r3opE1GsqSDzRX7MkQ7RNAk0YJISzRNDMJHM3IrICEtMtMkrb0JwF19eJs1K2T0vO/eVYvUiiyMHR3AMp+DCJVThFmrQAAIJPMMrvFlP1ov1bn3MW1esbKYAf2B9/gBx/5Km</latexit>

If XT1 = 0,
<latexit sha1_base64="DMA6LUwO/rbr+OkM+WPNZ4ZOfQ8="></latexit>

µ =
1

n
XT1

eX = X� 1µT

bwLS = (eXT eX)�1 eXTy
<latexit sha1_base64="tEVry/bSvHGbwabO33X/+t33TaA="></latexit>

bbLS =
1

n

nX

i=1

yi � µT bwLS

̂b LS = 1
n

n

∑
i=1

yi

̂w LS = (XTX)−1XTy



Process for linear regression with intercept
Collect data:   
 
Decide on a model:   

Choose a loss function - least squares 
Pick the function which minimizes loss on data 

Use function to make prediction on new examples 

+ = {(xi, yi)}n
i=1

xnew

bwLS ,bbLS = argmin
w,b

nX

i=1

�
yi � (xT

i w + b)
�2

ŷnew = xT
newŵLS + b̂LS

<latexit sha1_base64="OBCTZ1ysswu78fvh4ENNelplGmk="></latexit>

<latexit sha1_base64="486nGDaeRfpP+6neopkBLNkEQ58=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSSi6EYounFZoS9oY5hMb9qhkwczEzWELtz4K25cKOLWj3Dn3zhts9DWAxcO59zLvfd4MWdSWda3sbC4tLyyWlgrrm9sbm2bO7tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9Dyxtejf3WHQjJorCu0hicgPRD5jNKlJZcs5S67OLBZbf1e3yEPV1diCXj2mOuWbYq1gR4ntg5KaMcNdf86vYimgQQKsqJlB3bipWTEaEY5TAqdhMJMaFD0oeOpiEJQDrZ5IkRPtBKD/uR0BUqPFF/T2QkkDINPN0ZEDWQs95Y/M/rJMo/dzIWxomCkE4X+QnHKsLjRHCPCaCKp5oQKpi+FdMBEYQqnVtRh2DPvjxPmscV+7Ri3ZyUq5d5HAVUQvvoENnoDFXRNaqhBqLoET2jV/RmPBkvxrvxMW1dMPKZPfQHxucP5EeW+g==</latexit>

yi = xT
i w + b+ ✏i



bwLS ,bbLS = argmin
w,b

||y � (Xw + 1b)||22

Another way of dealing with an offset

<latexit sha1_base64="HNhQFwCOHBrzCMmKClxWyySPZDo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSk4ANEKLhxWcE+oAllMp20QyeTMDNRSsgXuPFX3LhQxK1rd/6Nkzagth4YOJxzLnfu8SJGpbKsL6OwtLyyulZcL21sbm3vmLt7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl446vM79wRIWnIb9UkIm6Ahpz6FCOlpb5ZrUAn1IFsPnE8H3ZT6Bz/SPepc3FZ6Ztlq2ZNAReJnZMyyNHsm5/OIMRxQLjCDEnZs61IuQkSimJG0pITSxIhPEZD0tOUo4BIN5mek8KqVgbQD4V+XMGp+nsiQYGUk8DTyQCpkZz3MvE/rxcr/9xNKI9iRTieLfJjBlUIs27ggAqCFZtogrCg+q8Qj5BAWOkGS7oEe/7kRdKu1+yTmnVTLzdO8zqK4AAcgiNggzPQANegCVoAgwfwBF7Aq/FoPBtvxvssWjDymX3wB8bHNx6Xm3o=</latexit>

Xw =

<latexit sha1_base64="Wx5+OmfJ/3OGaAbkx4Y0YbOKSOg="></latexit>

reparametrize the problem as X = [X,1] and w =


w
b

�



Why do we use least squares (i.e. -loss)?ℓ2

= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

<latexit sha1_base64="OKICsrtaQuzu5ZHrDDTuGHC0M1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSiKJQhKIblxXsA5oQJtNJO3QmCTMTNYS68VfcuFDErX/hzr9x+lho64ELh3Pu5d57/JhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4Grkt+6IkDQKb1UaE5ejXkgDipHSkmfu1UupR6sPHi3flx1JexwdOdULp+qZRatijQHniT0lRTBF3TO/nG6EE05ChRmSsmNbsXIzJBTFjAwLTiJJjPAA9UhH0xBxIt1s/MEQHmqlC4NI6AoVHKu/JzLEpUy5rzs5Un05643E/7xOooJzN6NhnCgS4smiIGFQRXAUB+xSQbBiqSYIC6pvhbiPBMJKh1bQIdizL8+T5nHFPq1YNyfF2uU0jjzYBwegBGxwBmrgGtRBA2DwCJ7BK3gznowX4934mLTmjOnMLvgD4/MHgsmVow==</latexit>

P (yi;xi, w,�) =

<latexit sha1_base64="82MBHCD3m4tKyKgr22M5JPvy3v8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBVUkKPsBNwY0LFxXsA5pSJtNJOnQyE2YmSghdufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd77/FjRpV2nG+rsLS8srpWXC9tbG5t79i7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3Q18dv3RCoq+J1OY9KLUMhpQDHSRurbhxXvRvBQ0nCokZTiwbuEaZ9CT9EIVvp22ak6U8BF4uakDHI0+vaXNxA4iQjXmCGluq4T616GpKaYkXHJSxSJER6hkHQN5SgiqpdN3xjDY6MMYCCkKa7hVP09kaFIqTTyTWeE9FDNexPxP6+b6OCil1EeJ5pwPFsUJAxqASeZwAGVBGuWGoKwpOZWiIdIIqxNciUTgjv/8iJp1aruadW5rZXrZ3kcRXAAjsAJcME5qINr0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w/7gZgd</latexit>

=) yi ⇠
<latexit sha1_base64="Swj/kJKR93qJhVx2dFHa+wee7Xg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KknBB7gpuHHhooJ9QBPKZDpJh05mwsxECaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtrayurW9slrbK2zu7e/v2wWFHiVRi0saCCdkLkCKMctLWVDPSSyRBccBINxhfT/3uA5GKCn6vs4T4MYo4DSlG2kgDu1LzbgWPJI1GGkkpHr2r2sCuOnVnBrhM3IJUQYHWwP7yhgKnMeEaM6RU33US7edIaooZmZS9VJEE4TGKSN9QjmKi/Hx2/ASeGGUIQyFNcQ1n6u+JHMVKZXFgOmOkR2rRm4r/ef1Uh5d+TnmSasLxfFGYMqgFnCYBh1QSrFlmCMKSmlshHiGJsDZ5lU0I7uLLy6TTqLtndeeuUW2eF3GUwBE4BqfABRegCW5AC7QBBhl4Bq/gzXqyXqx362PeumIVMxXwB9bnDznqlHM=</latexit>

=)



Why do we use least squares (i.e. -loss)?ℓ2

= (XTX)�1XTy

bwLS = argmin
w

||y �Xw||22

Consider yi = xT
i w + ✏i where ✏i

i.i.d.⇠ N (0,�2)

<latexit sha1_base64="OKICsrtaQuzu5ZHrDDTuGHC0M1c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSiKJQhKIblxXsA5oQJtNJO3QmCTMTNYS68VfcuFDErX/hzr9x+lho64ELh3Pu5d57/JhRqSzr28gtLC4tr+RXC2vrG5tb5vZOU0aJwKSBIxaJto8kYTQkDUUVI+1YEMR9Rlr+4Grkt+6IkDQKb1UaE5ejXkgDipHSkmfu1UupR6sPHi3flx1JexwdOdULp+qZRatijQHniT0lRTBF3TO/nG6EE05ChRmSsmNbsXIzJBTFjAwLTiJJjPAA9UhH0xBxIt1s/MEQHmqlC4NI6AoVHKu/JzLEpUy5rzs5Un05643E/7xOooJzN6NhnCgS4smiIGFQRXAUB+xSQbBiqSYIC6pvhbiPBMJKh1bQIdizL8+T5nHFPq1YNyfF2uU0jjzYBwegBGxwBmrgGtRBA2DwCJ7BK3gznowX4934mLTmjOnMLvgD4/MHgsmVow==</latexit>

P (yi;xi, w,�) =

<latexit sha1_base64="82MBHCD3m4tKyKgr22M5JPvy3v8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvBVUkKPsBNwY0LFxXsA5pSJtNJOnQyE2YmSghdufFX3LhQxK3f4M6/cdpmoa0HLhzOuZd77/FjRpV2nG+rsLS8srpWXC9tbG5t79i7ey0lEolJEwsmZMdHijDKSVNTzUgnlgRFPiNtf3Q18dv3RCoq+J1OY9KLUMhpQDHSRurbhxXvRvBQ0nCokZTiwbuEaZ9CT9EIVvp22ak6U8BF4uakDHI0+vaXNxA4iQjXmCGluq4T616GpKaYkXHJSxSJER6hkHQN5SgiqpdN3xjDY6MMYCCkKa7hVP09kaFIqTTyTWeE9FDNexPxP6+b6OCil1EeJ5pwPFsUJAxqASeZwAGVBGuWGoKwpOZWiIdIIqxNciUTgjv/8iJp1aruadW5rZXrZ3kcRXAAjsAJcME5qINr0ABNgMEjeAav4M16sl6sd+tj1lqw8pl98AfW5w/7gZgd</latexit>

=) yi ⇠
<latexit sha1_base64="Swj/kJKR93qJhVx2dFHa+wee7Xg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCu4KknBB7gpuHHhooJ9QBPKZDpJh05mwsxECaH+ihsXirj1Q9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtrayurW9slrbK2zu7e/v2wWFHiVRi0saCCdkLkCKMctLWVDPSSyRBccBINxhfT/3uA5GKCn6vs4T4MYo4DSlG2kgDu1LzbgWPJI1GGkkpHr2r2sCuOnVnBrhM3IJUQYHWwP7yhgKnMeEaM6RU33US7edIaooZmZS9VJEE4TGKSN9QjmKi/Hx2/ASeGGUIQyFNcQ1n6u+JHMVKZXFgOmOkR2rRm4r/ef1Uh5d+TnmSasLxfFGYMqgFnCYBh1QSrFlmCMKSmlshHiGJsDZ5lU0I7uLLy6TTqLtndeeuUW2eF3GUwBE4BqfABRegCW5AC7QBBhl4Bq/gzXqyXqx362PeumIVMxXwB9bnDznqlHM=</latexit>

=)



Maximum Likelihood Estimator:

Why do we use least squares (i.e. -loss)?ℓ2

<latexit sha1_base64="jc6JH90BW2ghoKs2QSRBrIGz5L4="></latexit>

bwMLE = argmax
w

logP ({yi}ni=1; {xi}ni=1, w,�)
<latexit sha1_base64="TJkI3tyzSSRAG4Nf+DXxcsaOY8w="></latexit>

= argmax
w

�n log(�
p
2⇡) +

nX

i=1

� (yi � xT
i w)

2

2�2



Maximum Likelihood Estimator:

Why do we use least squares (i.e. -loss)?ℓ2

bwLS = argmin
w

nX

i=1

�
yi � xT

i w
�2

Recall:

bwLS = bwMLE = (XTX)�1XTY

<latexit sha1_base64="NHVJmu0ANeJDwTB/emAuXFy1sXg="></latexit>

bwMLE = argmax
w

logP ({yi}ni=1; {xi}ni=1, w,�)

= argmax
w

�n log(�
p
2⇡) +

nX

i=1

� (yi � xT
i w)

2

2�2

= argmin
w

nX

i=1

(yi � xT
i w)

2



Recap of linear regression
<latexit sha1_base64="/ZjYM6B/XXVcMIaE0L6+Oz/BNac=">AAACBXicbVDLSsNAFJ3UV62vqEtdDLZCBSlJwcdGKOjCZQX7gLaGyXTSDp1MwsxEDCEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPW7IqFSW9W3kFhaXllfyq4W19Y3NLXN7pymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3Q59lv3REga8FsVh6TnowGnHsVIackx96+QQrDUTcoPDj2OHXrUTZ2EXtjpHS85ZtGqWBPAeWJnpAgy1B3zq9sPcOQTrjBDUnZsK1S9BAlFMSNpoRtJEiI8QgPS0ZQjn8heMvkihYda6UMvELq4ghP190SCfClj39WdPlJDOeuNxf+8TqS8815CeRgpwvF0kRcxqAI4jgT2qSBYsVgThAXVt0I8RAJhpYMr6BDs2ZfnSbNasU8q1k21WDvN4siDPXAAysAGZ6AGrkEdNAAGj+AZvII348l4Md6Nj2lrzshmdsEfGJ8/grGXQw==</latexit>

Data {(xi, yi)}ni=1

Minimize the loss 
(Empirical Risk Minimization) 

Maximize the likelihood 
(MLE) 

Choose a loss 
 e.g., -loss: ℓ2 (yi − xT

i w)2
Choose a Hypothesis class 
e.g., yi = xT

i w + ϵi, ϵi ∼ -(0,σ2)

Solve ̂w LS = arg min
w

n

∑
i=1

(yi − xT
i w)2 Maximize the likelihood, 

̂w MLE = arg max
w {− n log(σ 2π) −

n

∑
i=1

(yi − xT
i w)2

2σ2 }



Analysis of Error under additive Gaussian noise

Maximum Likelihood Estimator is unbiased: 

Let’s suppose  and , then this can be written as yi = xT
i w* + ϵi ϵi ∼ -(0,σ2)

y = Xw* + ϵ

̂w MLE = (XTX)−1XTy
= (XTX)−1XT(Xw* + ϵ)
= w* + (XTX)−1XTϵ



Analysis of Error under additive Gaussian noise

Covariance is: 

Let’s suppose  and , then this can be written as yi = xT
i w* + ϵi ϵi ∼ -(0,σ2)

y = Xw* + ϵ

̂w MLE = (XTX)−1XTy
= (XTX)−1XT(Xw* + ϵ)
= w* + (XTX)−1XTϵ



Analysis of Error under additive Gaussian noise

,  .[ŵMLE] = w* Cov(ŵMLE) = .[(ŵ − .[ŵ])(ŵ − .[ŵ])T] = σ2(XTX)−1

ŵMLE ∼ -(w*, σ2(XTX)−1 )

Let’s suppose  and , then this can be written as 
, and the MLE is
yi = xT

i w* + ϵi ϵi ∼ -(0,σ2)
y = Xw* + ϵ

̂w MLE = w* + (XTX)−1XTϵ
This random estimate has the following distribution: 

Interpretation: consider an example with X =

1 0
1 0

−1 0
−1 0
0 1
0 −1

The covariance of the MLE, , captures how each sample gives information 
about the unknown , but each sample gives information about for different  
(linear combination of) coordinates and of different quality/strength 

σ2(XTX)−1

w*



Questions?


