
 
Kernels



What if the data is not linearly separable?

• If data is not linearly separabSome points do not satisfy margin constraint:

1

||w||2

1

||w||2

xTw + b = 0

min
w,b

||w||22

yi(x
T
i w + b) � 1 8i

Two options: 

1. Introduce slack to this optimization problem (Support Vector Machine)

2. Lift to higher dimensional space (Kernels)



• Use features, for example, 

What if the data is not linearly separable?

x = (x1, x2) ∈ ℝ2

• Generally, in high dimensional feature space,  
it is easier to linearly separate different classes


• However, it is hard to know which feature map will work for given data


• So the rule of thumb is to use high-dimensional features and hope that the 
algorithm will automatically pick the right set of features

This data is not linearly 
separable 

Can you suggest some features 
 such that this data is 

linearly separable in this 3-dimensional space?
ϕ1(x1, x2), ϕ2(x1, x2), ϕ3(x1, x2)

ϕ1(x)

ϕ2(x)

ϕ3(x)



Example: adding more polynomial features

• data: x in 2-dimensions, y in {+1,-1}

• features: polynomials

• model: linear on polynomial features

•

4

2

66666664

h0(x) = 1
h1(x) = x[1]
h2(x) = x[2]
h3(x) = x[1]2

h4(x) = x[2]2

...

3

77777775

<latexit sha1_base64="R8lT9YrTLdjF0zIJVePceYxnBEw="></latexit>

Polynomial

features

f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·
<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



Learned decision boundary
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>

x[1]
<latexit sha1_base64="tI1dD7ifFzvm6NeEzfCF5mfwbWw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevK9YFCtuXV3DrRKvILUoEBrUP3qD2OSCioN4Vhr33MTE2RYGUY4nVX6qaYJJhM8or6lEguqg2x+6wydWWWIoljZkgbN1d8TGRZaT0VoOwU2Y73s5eJ/np+a6DrImExSQyVZLIpSjkyM8sfRkClKDJ9agoli9lZExlhhYmw8FRuCt/zyKuk06t5FvXF/WWveFHGU4QRO4Rw8uIIm3EEL2kBgDM/wCm+OcF6cd+dj0Vpyiplj+APn8we5yo4H</latexit>
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decision boundary

• Simple regression models had smooth predictors

• Simple classifier models have smooth decision boundaries

Feature Value Coefficient

learnedh0(x) 1 0.23

h1(x) x[1] 1.12
h2(x) x[2] -1.07

x[1]
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x[2]
<latexit sha1_base64="68KD07JPHpmYifnn3x19MRCCeNk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevIbwaBac+vuHGiVeAWpQYHWoPrVH8YkFVQawrHWvucmJsiwMoxwOqv0U00TTCZ4RH1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/PD810XWQMZmkhkqyWBSlHJkY5Y+jIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdJp1L2LeuP+sta8KeIowwmcwjl4cAVNuIMWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w+7T44I</latexit>

f(x) = w0 + w1x[1] + w2x[2]
<latexit sha1_base64="OhcY2F7Kh/dVA/LxiIP9xgba30Q=">AAACA3icbVDLSsNAFJ34rPUVdaebwSJUCiWJgm6EohuXFewD0hAm00k7dDIJMxPbEgpu/BU3LhRx60+482+cPhbaeuDC4Zx7ufeeIGFUKsv6NpaWV1bX1nMb+c2t7Z1dc2+/LuNUYFLDMYtFM0CSMMpJTVHFSDMRBEUBI42gdzP2Gw9ESBrzezVMiBehDqchxUhpyTcPw+Lg9KrvW7AE+749cG2v1Pedget4vlmwytYEcJHYM1IAM1R986vVjnEaEa4wQ1K6tpUoL0NCUczIKN9KJUkQ7qEOcTXlKCLSyyY/jOCJVtowjIUuruBE/T2RoUjKYRTozgiprpz3xuJ/npuq8NLLKE9SRTieLgpTBlUMx4HANhUEKzbUBGFB9a0Qd5FAWOnY8joEe/7lRVJ3yvZZ2bk7L1SuZ3HkwBE4BkVggwtQAbegCmoAg0fwDF7Bm/FkvBjvxse0dcmYzRyAPzA+fwCN9ZWN</latexit>



Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex8

Feature Value Coefficient

 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
h5(x) x[1]x[2] Omitted
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Adding quadratic features

• Adding more features gives more complex models

• Decision boundary becomes more complex10

Feature Value Coefficient

 learnedh0(x) 1 1.68

h1(x) x[1] 1.39
h2(x) x[2] -0.59
h3(x) (x[1])2 -0.17
h4(x) (x[2])2 -0.96
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Adding higher degree polynomial features

11

Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large
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Adding higher degree polynomial features
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Overfitting leads to  
non-generalization

Feature Value Coefficient
learned

h0(x) 1 21.6
h1(x) x[1] 5.3
h2(x) x[2] -42.7
h3(x) (x[1])2 -15.9
h4(x) (x[2])2 -48.6
h5(x) (x[1])3 -11.0
h6(x) (x[2])3 67.0
h7(x) (x[1])4 1.5
h8(x) (x[2])4 48.0
h9(x) (x[1])5 4.4
h10(x) (x[2])5 -14.2
h11(x) (x[1])6 0.8
h12(x) (x[2])6 -8.6

Coefficient values 
getting large

• Overfitting leads to very large values of
f(x) = w0h0(x) + w1h1(x) + w2h2(x) + · · ·

<latexit sha1_base64="JUYZhM1SkEXYn6hp60bsVkxC6Bo=">AAACHnicbZDLSsNAFIYnXmu9RV26GSxCRShJVBSKUHTjsoK9QBPCZDpphk4uzEzUUvokbnwVNy4UEVzp2zhpI2jrDwPf/OccZs7vJYwKaRhf2tz8wuLScmGluLq2vrGpb203RZxyTBo4ZjFve0gQRiPSkFQy0k44QaHHSMvrX2b11i3hgsbRjRwkxAlRL6I+xUgqy9VP/PL9AbSr53YV3rlG4BrZ/VCxGbjmD1uBa03Yxt1YClcvGRVjLDgLZg4lkKvu6h92N8ZpSCKJGRKiYxqJdIaIS4oZGRXtVJAE4T7qkY7CCIVEOMPxeiO4r5wu9GOuTiTh2P09MUShEIPQU50hkoGYrmXmf7VOKv0zZ0ijJJUkwpOH/JRBGcMsK9ilnGDJBgoQ5lT9FeIAcYSlSrSoQjCnV56FplUxjyrW9XGpdpHHUQC7YA+UgQlOQQ1cgTpoAAwewBN4Aa/ao/asvWnvk9Y5LZ/ZAX+kfX4DTw6drQ==</latexit>



Creating Features

• Feature mapping  maps original data  
into a rich and high-dimensional feature space (usually )

ϕ : ℝd → ℝp

d ≪ p

For example, in d=1, one can use For example, for d>1,  
one can generate vectors 

 
and define features:

• Feature space can get really large really quickly!

• How many coefficients/parameters are there for degree-  polynomials  

for  ?

• At a first glance, it seems inevitable that we need memory (to store  

the features ) and run-time that increases with  where 

k
x = (x1, …, xd) ∈ ℝd

{ϕ(xi) ∈ ℝp}n
i=1 p

d < n ≪ p

ϕ(x) =

ϕ1(x)
ϕ2(x)

⋮
ϕk(x)

=

x
x2

⋮
xk

ϕj(x) = cos(uT
j x)

ϕj(x) = (uT
j x)2

ϕj(x) =
1

1 + exp(uT
j x)



Creating Features

• Feature mapping  maps original data  
into a rich and high-dimensional feature space (usually )

ϕ : ℝd → ℝp

d ≪ p

For example, in d=1, one can use For example, for d>1,  
one can generate vectors 

 
and define features:

{uj}pj=1 ⇢ Rd

• Feature space can get really large really quickly!

• How many coefficients/parameters are there for degree-  polynomials  

for  ?

• At a first glance, it seems inevitable that we need memory (to store  

the features ) and run-time that increases with  where 
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x = (x1, …, xd) ∈ ℝd
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How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

A function K : Rd ⇥ Rd ! R is a kernel for a map �
if K(x, x0) = �(x) · �(x0) for all x, x0.

<latexit sha1_base64="ybat6+IidtIJiF4ZL7I5CzGQJ1c="></latexit>

This notation is for dot product (which is the same as inner product)
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How do we deal with high-dimensional lifts/data?

A fundamental trick in ML: use kernels

A function K : Rd ⇥ Rd ! R is a kernel for a map �
if K(x, x0) = �(x) · �(x0) for all x, x0.

<latexit sha1_base64="ybat6+IidtIJiF4ZL7I5CzGQJ1c="></latexit>

• So, if we can represent our 
• training algorithms and 
• decision rules for prediction 

• as functions of dot products of feature maps (i.e. )  
and if we can find a kernel for our feature map such that  
        

{ϕ(x) ⋅ ϕ(x′￼)}

K(x . x′￼) = ϕ(x) ⋅ ϕ(x′￼)
then we can avoid explicitly computing and storing (high-dimensional)  
and instead only work with the kernel matrix of the training data 

{ϕ(xi)}n
i=1

{K(xi, xj)}i, j∈{1,…,n}

This notation is for dot product (which is the same as inner product)
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• Suppose we have the map ϕ(x) = (x3
1 , 3x2

1 x2, 3x1x2
2 , x3

2)
• Mapping 2-d vector into 3-d, with a degree-3 polynomial 
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• As an exercise, we will represent prediction with using linear kernel 
defined as  

̂w
K(x, x′￼) = xT x′￼

• Training:  

                                 (when  via linear algebra)

̂w = (XTX + λId×d)−1XTy
= XT(XXT + λIn×n)−1y n < d

•  Prediction:  

                      

                               

xnew ∈ ℝd

̂y new = ̂w T xnew

= yT(XXT + λIn×n)−1Xxnew
• Hence, to make prediction on any future data points, all we need to know is 

•
, and Xxnew =

K(x1, xnew)
⋮

K(xn, xnew)
∈ ℝn XXT =

K(x1, x1) K(x1, x2) ⋯
⋮ ⋮

K(xn, x1) K(xn, x2) ⋯
∈ ℝn×n

• Even if we run ridge linear regression on feature map , we only need to 
access the features via kernel  and  and not the features 

ϕ(x) ∈ ℝp
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• Given data , pick a kernel {(xi, yi)}n
i=1 K : ℝd × ℝd → ℝ

1. For a choice of a loss, use a linear predictor of the form  

   for some  to be learned  

 

Prediction is  

̂w =
n

∑
i=1

αixi α =
α1
⋮
αn

∈ ℝn

̂y new = ̂w T xnew =
n

∑
i=1

αi xT
i xnew

2. Design an algorithm that finds  while accessing the data only via  α {xT
i xj}

3. Substitute  with , and find  using the above algorithm from step 2.xT
i xj K(xi, xj) α

4. Make prediction with   

(replacing  with )

̂y new =
n

∑
i=1

αiK(xi, xnew)

xT
i xnew K(xi, xnew)

The Kernel Trick



The Kernel Trick for regularized least squares
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= arg minα | |y − Pα | |2
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• Polynomials of degree exactly  
 
                              

• Polynomials of degree up to  
 
                              

• Gaussian (squared exponential) kernel  
(a.k.a RBF kernel for Radial Basis Function) 
 

                               

• Sigmoid 
 
                               

k

K(x, x′￼) = (xT x′￼)k

k

K(x, x′￼) = (1 + xT x′￼)k

K(x, x′￼) = exp( −
∥x − x′￼∥2

2

2σ2 )

K(x, x′￼) = tanh(γxT x′￼+ r)

Examples of popular Kernels



RBF kernel k(xi, x) = exp{ −
∥xi − x∥2

2

2σ2 }

22

y
xi

bandwidth : σ

K(xi, x)

x

samples {(xi, yi)}n
i=1

• predictor  is taking weighted sum of  kernel functions 

centered at each sample points

f (x) =
n

∑
i=1

αiK(xi, x) n



RBF kernel k(xi, x) = exp{ −
∥xi − x∥2

2

2σ2 }

� = 10�2 � = 10�1� = 10�4 � = 10�4

bf(x) =
nX

i=1

b↵iK(xi, x)

• 


• The bandwidth  of the kernel regularizes the predictor, and the regularization 
coefficient  also regularizes the predictor

ℒ(α) = ∥Pα − y∥2
2 + λαTPα

σ2

λ

� = 10�1 � = 10�0

� = 10�3 � = 10�4

� = 10�0 � = 10�4
x

y



RBF kernel for SVMs
̂w = arg min

w,b

1
n

n

∑
i=1

max{0,1 − yi(b + wT xi)} + λ∥w∥2
2

̂α , ̂b = arg min
α∈ℝn,b

1
n

n

∑
i=1

max{0,1 − yi(b +
n

∑
j=1

αjK(xj, xi))} + λ
n

∑
i=1, j=1

αiαjK(xi, xj)

Bandwidth  is large enoughσ Bandwidth  is smallσ



 
Bootstrap



Confidence intervals

• Suppose you have training data  drawn i.i.d. from some true 
distribution 


• We train a kernel ridge regressor, with some choice of a kernel
 

       

• The resulting predictor is  

       ,  

where  
         


• We wish to build a confidence interval  
for our predictor , using  
5% and 95% percentiles 

{(xi, yi)}n
i=1

Px,y

K : ℝd×d → ℝ
minmizeα ∥Pα − y∥2

2 + λαTPα

f(x) =
n

∑
i=1

K(xi, x)α̂i

α̂ = (P + λI)−1y ∈ ℝn

f(x)

Example of 5% and 95% percentile 
curves for predictor f(x)



Confidence intervals
• Let's focus on a single 


• Note that our predictor  is a random  
variable, whose randomness comes  
from the training data 


• If we know the statistics  
(in particular the CDF of the  
random variable ) of the predictor,  
then the confidence interval with  
confidence level 90% is defined as 


• As we do not have the cumulative distribution function (CDF), 
we need to approximate them

x ∈ ℝd

f(x)

Strain = {(xi, yi)}n
i=1

f(x)

27

f (x)

CDF( f (x))
0.95

0.05
5% percentile 95% percentile

if we know the distribution of our predictor ,

the green line is the expectation  
and the black dashed lines are the  
5% and 95% percentiles in the figure above 

f (x)
𝔼[ f (x)]

0.90



Confidence intervals
• Hypothetically, if we can sample as many times as we want,  

then we can train  i.i.d. predictors, each trained on  fresh samples to get 
empirical estimate of the CDF of 


• For b=1,…,B


• Draw  fresh samples 


• Train a regularized kernel  
regression 


• Predict 


• Let the empirical CDF of those B predictors 
 be , defined as  

 

     


• Compute the confidence interval using 

B ∈ ℤ+ n
̂y = f (x)

n {(x(b)
i , y(b)

i )}n
i=1

α*(b)

̂y(b) =
n

∑
i=1

K(x(b)
i , x)α*(b)

i

{ ̂y(b)}B
b=1

̂CDF ( ̂y)

̂CDF ( ̂y) =
1
B

B

∑
b=1

I{ ̂y(b) ≤ ̂y }

̂CDF ( ̂y)

̂y

CDF( ̂y)

̂CDF ( ̂y)



Bootstrap 
• As we cannot sample repeatedly (in typical cases), we use bootstrap 

samples instead 

• Bootstrap is a general tool for assessing statistical accuracy

• We learn it in the context of confidence interval for trained models


• A bootstrap dataset is created from the training dataset by  
taking  (the same size as the training data) examples uniformly at 
random with replacement from the training data  

• For b=1,…,B


• Create a bootstrap dataset 


• Train a regularized kernel regression 


• Predict    


• Compute the empirical CDF from the bootstrap datasets, and compute 
the confidence interval

n
{(xi, yi)}n

i=1

S(b)
bootstrap

α*(b)

̂y(b) =
n

∑
i=1

K(x(b)
i , x)α*(b)

i



bootstrap 
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Figures from Hastie et al

training a single predictor multiple bootstrapped 
predictors 90% confidence interval


