
> Learn: f:X —>Y

– X – features

– Y – target classes

> Expected loss of f:

>  

 
 
 

> Bayes optimal classifier: 

> Model of logistic regression: 

Linear classification
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`(f(x), y) = 1{f(x) 6= y}

EXY [1{f(X) 6= Y }] = EX [EY |X [1{f(x) 6= Y }|X = x]]

f(x) = argmax
y

P(Y = y|X = x)

EY |X [1{f(x) 6= Y }|X = x] =
X

i

P (Y = i|X = x)1{f(x) 6= i} =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(x)|X = x)

EY |X [1{f(x) 6= Y }|X = x] =
X

i

P (Y = i|X = x)1{f(x) 6= i} =
X

i 6=f(x)

P (Y = i|X = x)

= 1� P (Y = f(x)|X = x)

■ Loss function: 

P (Y = y|x,w) = 1

1 + exp(�y wTx)

What if the model is wrong?

Y 2 {�1, 1}



> Perceptron guaranteed to converge if
■ Data linearly separable:

Binary Classification

©Kevin Jamieson 2016

Can we do classification without a model of                              ? f(x) = argmax
y

P(Y = y|X = x)
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> Classification setting: y in {-1,+1}
> Linear model

– Prediction: 

> Training: 
– Initialize weight vector: 
– At each time step:

> Observe features:
> Make prediction:
> Observe true class:

> Update model:
– If prediction is not equal to truth

The Perceptron Algorithm [Rosenblatt ‘58, ‘62]
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> Classification setting: y in {-1,+1}
> Linear model

– Prediction: 

> Training: 
– Initialize weight vector: 
– At each time step:

> Observe features:
> Make prediction:
> Observe true class:

> Update model:
– If prediction is not equal to truth

sign(wTxi + b)

w0 = 0, b0 = 0


wk+1

bk+1

�
=


wk

bk

�
+ yk


xk

1

�

xk

sign(xT
kwk + bk)

yk

The Perceptron Algorithm [Rosenblatt ‘58, ‘62]
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Rosenblatt 1957

5

"the embryo of an electronic computer that [the Navy] expects will be able to walk, 
talk, see, write, reproduce itself and be conscious of its existence."

The New York Times, 1958
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Linear Separability

■ Perceptron guaranteed to converge if

■ Data linearly separable:
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Perceptron Analysis: Linearly Separable 
Case

■ Theorem [Block, Novikoff]: 

□ Given a sequence of labeled examples:

□ Each feature vector has bounded norm:

□ If dataset is linearly separable:


■ Then the number of mistakes made by the online perceptron on any such sequence is 
bounded by

7
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Beyond Linearly Separable Case
■ Perceptron algorithm is super cool!


□ No assumption about data distribution! 

■ Could be generated by an oblivious adversary, no 

need to be iid

□ Makes a fixed number of mistakes, and it’s done 

for ever!

■ Even if you see infinite data

8
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Beyond Linearly Separable Case
■ Perceptron algorithm is super cool!


□ No assumption about data distribution! 

■ Could be generated by an oblivious adversary, no 

need to be iid

□ Makes a fixed number of mistakes, and it’s done 

for ever!

■ Even if you see infinite data


■ Perceptron is useless in practice!

□ Real world not linearly separable

□ If data not separable, cycles forever and hard to 

detect

□ Even if separable may not give good 

generalization accuracy (small margin)

9
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What is the Perceptron Doing???

■ When we discussed logistic regression:

□Started from maximizing conditional log-likelihood


■ When we discussed the Perceptron:

□Started from description of an algorithm


■ What is the Perceptron optimizing????

10



 
Support Vector Machines



Logistic regression for binary classification

• Data 

• Model: 
• Loss function: logistic loss 
• Optimization: solve for  

             

• As this is a smooth convex optimization,  
it can be solved efficiently  
using gradient descent 

• Prediction: 

𝒟 = {(xi ∈ ℝd, yi ∈ {−1, + 1})}n
i=1

̂y = xTw + b
ℓ( ̂y, y) = log(1 + e−y ̂y)

( ̂b , ̂w ) = arg min
b,w

n

∑
i=1

log(1 + e−yi(b+xT
i w))

sign(b + xTw)

x[1]
<latexit sha1_base64="G4qQjwHB5qu/snoWuKUhnnxkpFg=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WUAcYKFsYi0Q8pjSrHdVpTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtatPvhdU++WKW3PnQKvEy0kFcjT75a/eQJI0psIQjrX2PTcxQYaVYYTTaamXappgMsZD6lsqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/np+a6CrImEhSQwVZLIpSjoxEs9fRgClKDJ9Ygoli9lZERlhhYmxAJRuCt/zyKmnXa95FrX5XrzSu8ziKcAKncA4eXEIDbqEJLSDwAM/wCm+OdF6cd+dj0Vpw8plj+APn8wdyRI5h</latexit>

x[2]
<latexit sha1_base64="+kGcMsx6YZr6dnzaJZGSu+hJC/s=">AAAB7XicbVA9T8MwEL2Ur1K+CowsFi0SU5WEAcYKFsYi0Q8pjSrHdVtTx45sB1FF/Q8sDCDEyv9h49/gthmg5UknPb13p7t7UcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVibCmnAnaNMxw2kkUxXHEaTsa38z89iNVmklxbyYJDWM8FGzACDZWalWfAj+s9soVt+bOgVaJl5MK5Gj0yl/dviRpTIUhHGsdeG5iwgwrwwin01I31TTBZIyHNLBU4JjqMJtfO0VnVumjgVS2hEFz9fdEhmOtJ3FkO2NsRnrZm4n/eUFqBldhxkSSGirIYtEg5chINHsd9ZmixPCJJZgoZm9FZIQVJsYGVLIheMsvr5KWX/Muav6dX6lf53EU4QRO4Rw8uIQ63EIDmkDgAZ7hFd4c6bw4787HorXg5DPH8AfO5w9zyo5i</latexit>

+1

-1

decision boundary at 
wT x + b = 0



How do we choose the best linear classifier?
• Informally, margin of a set of examples to a decision boundary is  

the distance to the closest point to the decision boundary 

• For linearly separable datasets, maximum margin classifier is a natural 

choice

• Large margin implies that the decision boundary can change without losing 

accuracy, so the learned model is more robust against new data points
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Geometric margin
• Given a set of training examples , with 


• and a linear classifier 

• such that the decision boundary is  

a separating hyperplane , 

which is the hyperplane orthogonal to  with a shift of 


• we define margin of   
with respect to a training example  as 
the distance from the point  to the  
decision boundary, which is 
 

           

{(xi, yi)}n
i=1 yi ∈ {−1, + 1}

(w, b) ∈ ℝd × ℝ

{x |b + w1x[1] + w2x[2] + ⋯ + wdx[d]

wT x+b

= 0}

w b
(b, w)

(xi, yi)
(xi, yi)

γi = yi
(wT xi + b)

∥w∥2

+
+

+

+

+

+
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- -
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-

-

(xi, yi = + 1)

w

{x | wT x + b = 0}

γi

(The proof is on the next slide)



Geometric margin
• The distance  from a hyperplane  to a point  can be 

computed geometrically as follows:


• We know that if you move from   
in the negative direction of  by length ,  
you arrive at the line, which can be written as 
 
       is in 


• So we can plug the point in the formula: 
 
        

which is 
 

       

and hence 

      ,            

We multiply the formula by  so that for negative samples we use the 
opposite direction of  instead of 

γi {x |wT x + b = 0} xi

xi
w γi

( xi −
w

∥w∥2
γi ) {x | wT x + b = 0}

wT( xi −
w

∥w∥2
γi ) + b = 0

wT xi −
∥w∥2

2

∥w∥2
γi + b = 0

γi =
wT xi + b

∥w∥2
yi

−w w

+

+
+

-
-

-

- -

-
-

-

xi

w

{x | wT x + b = 0}

γi



Maximum margin classifiers
• The margin with respect to a set 

is defined as  
 

        


• Among all linear classifiers,  
we would like to find one that has 
the maximum margin 

• We will derive an algorithm that finds the maximum margin 
classifier, by transforming a difficult to solve optimization into an 
efficient one

γ = min
i∈{1,…,n}

γi = min
i

yi
(wT xi + b)

∥w∥2
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w

{x | wT x + b = 0}

γ



Maximum margin classifier  
(we transform the optimization into an efficient one)

• We propose the following optimization problem: 
 
        
 

       


• If we fix , the optimal solution of the optimization is the margin


• Together with , this finds the classifier with the maximum margin


• Note that this problem is scale invariant in , i.e. changing a  to  does not 
change either the feasibility or the objective value, hence the following reparametrization is valid


• The above optimization looks difficult, so we transform it using reparametrization 
 
       
     

       

                            


• Because of scale invariance, the optimal solution does not change,  
as the solutions to the original problem did not depend on ,  
and only depends on the direction of  

maximizew∈ℝd,b∈ℝ,γ∈ℝ γ

subject to
yi(wT xi + b)

∥w∥2
≥ γ  for all i ∈ {1,…, n}

(w, b)
(w, b)

(w, b) (w, b) (2w,2b)

maximizew∈ℝd,b∈ℝ,γ∈ℝ γ

subject to
yi(wT xi + b)

∥w∥2
≥ γ  for all i ∈ {1,…, n}

∥w∥2 =
1
γ

∥w∥2
w

(maximize the margin)

(s.t.  is a lower bound on  
the margin)

γ
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+
+
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•        
     

       

                            


• The above optimization still looks difficult, but can be transformed into  

       

     

       

 
 
which simplifies to 
 
       
     
       

• This is a quadratic program with linear constraints, which can be easily solved


• Once the optimal solution is found, the margin of that classifier  is 

maximizew∈ℝd,b∈ℝ,γ∈ℝ γ

subject to
yi(wT xi + b)

∥w∥2
≥ γ  for all i ∈ {1,…, n}

∥w∥2 =
1
γ

maximizew∈ℝd,b∈ℝ
1

∥w∥2

subject to
yi(wT xi + b)

∥w∥2
≥

1
∥w∥2

 for all i ∈ {1,…, n}

minimizew∈ℝd,b∈ℝ ∥w∥2
2

subject to yi(wT xi + b) ≥ 1  for all i ∈ {1,…, n}

(w, b)
1

∥w∥2

(maximize the margin)

(now  plays the role of  

a lower bound  
on the margin)

1
∥w∥2



What if the data is not separable?
• We cheated a little in the sense that the reparametrization of  is 

possible only if the the margins are positive,  
i.e. the data is linearly separable with a positive margin


• Otherwise, there is no feasible solution

• The examples at the margin are called support vectors


•

∥w∥2 =
1
γ

19

{x | wT x + b = 0}

subject to yi(wT xi + b) ≥ 1  for all i ∈ {1,…, n}

minimizew∈ℝd,b∈ℝ ∥w∥2
2

{x | wT x + b = + 1}

{x | wT x + b = − 1}



Two issues
• it does not generalize to non-separable datasets

• max-margin formulation we proposed is sensitive to outliers

+
+

+
+

+

+

+

+--
-

-

- -
--

-

+
+

+
+

+

+

+

+--
--
- -

--

-

-



What if the data is not separable?
• We introduce slack so that 

some points can violate the 
margin condition 
    yi(wT xi + b) ≥ 1 − ξi

{x | wT x + b = 0}

{x | wT x + b = + 1}

{x | wT x + b = − 1}

• This gives a new optimization problem with some positive constant  

       

     
      


                                               

the (re-scaled) margin (for each sample) is allowed to be less than one, 
but you pay  in the cost, and  balances the two goals: 
maximizing the margin for most examples vs. having small number of violations

c ∈ ℝ
minimizew∈ℝd,b∈ℝ,ξ∈ℝn ∥w∥2

2 + c
n

∑
i=1

ξi

subject to yi(wT xi + b) ≥ 1 − ξi  for all i ∈ {1,…, n}
ξi ≥ 0  for all i ∈ {1,…, n}

cξi c



Support Vector Machine
• For the optimization problem  

       

     
      


                                               


notice that at optimal solution, 's satisfy


•  if margin is big enough , or 


• , if the example is within the margin 


• So one can write 


• , which gives  

                  

minimizew∈ℝd,b∈ℝ,ξ∈ℝn ∥w∥2
2 + c

n

∑
i=1

ξi

subject to yi(wT xi + b) ≥ 1 − ξi  for all i ∈ {1,…, n}
ξi ≥ 0  for all i ∈ {1,…, n}

ξi

ξi = 0 yi(wT xi + b) ≥ 1
ξi = 1 − yi(wT xi + b) yi(wT xi + b) < 1

ξi = max{0,1 − yi(wT xi + b)}

minimizew∈ℝd,b∈ℝ
1
c

∥w∥2
2 +

n

∑
i=1

max{0,1 − yi(wT xi + b)}



Recall: we were looking for a loss function
• We want a loss function that 


• approximates (captures the flavor of) the 0-1 loss 

• can be easily optimized (e.g. convex and/or non-zero derivatives)


• More formally, we want a loss function

•  

•  

•  which has other nice characteristics, e.g., differentiable or convex


• We now have a new loss function from the SVM optimization problem:

with `(ŷ,�1) small when ŷ < 0 and larger when ŷ > 0
<latexit sha1_base64="Ye8A6Yf0RfRi+v4zjJTnAxqs56c="></latexit>

with `(ŷ, 1) small when ŷ > 0 and larger when ŷ < 0
<latexit sha1_base64="FPK/cEAUSYhH2bAZlkPbi0NO30g="></latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

prediction ŷ
<latexit sha1_base64="uJpWFMYdANdmk99ktBejslaed3k=">AAAB/XicbVC7TsMwFL3hWcorPDYWixaJqUrKAGMFC2OR6ENqo8px3Naq40S2gxSiil9hYQAhVv6Djb/BaTNAy5EsHZ9zrnx9/JgzpR3n21pZXVvf2Cxtlbd3dvf27YPDtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3udx6oVCwS9zqNqRfikWBDRrA20sA+NumAkfyCqv0x1lk6rQ7silNzZkDLxC1IBQo0B/ZXP4hIElKhCcdK9Vwn1l6GpWaE02m5nygaYzLBI9ozVOCQKi+bbT9FZ0YJ0DCS5giNZurviQyHSqWhb5Ih1mO16OXif14v0cMrL2MiTjQVZP7QMOFIRyivAgVMUqJ5aggmkpldERljiYk2hZVNCe7il5dJu15zL2r1u3qlcV3UUYITOIVzcOESGnALTWgBgUd4hld4s56sF+vd+phHV6xi5gj+wPr8AUYKlRg=</latexit>

`(ŷ,�1) =

⇢
0 ŷ < 0

+1 ŷ � 0
<latexit sha1_base64="+7dzkzD0kIytNYrA39/oTDjk/xo="></latexit>

`(ŷ,+1) =

⇢
0 ŷ > 0

+1 ŷ  0
<latexit sha1_base64="NGZSeuQiASQVE+HdEdOEfCy3d1M="></latexit>

minimizew∈ℝd,b∈ℝ
1
c

∥w∥2
2 +

n

∑
i=1

max{0,1 − yi(wT xi + b)}



Logistic loss ℓ( ̂y, y) = log(1 + e−y ̂y)

• Differentiable and convex in 

• Approximation of 0-1 loss

• Most popular choice of a loss function for classification problems

̂y

`(ŷ,�1) = log(1 + eŷ)
<latexit sha1_base64="dfDuPaHuglh+tIV/Off0fWMs5Eo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g63QUi1JXehGKLpxWcE+oIllMr1th04ezEyEEPoRbvwVNy4UcevCnX9j0mah1QMXDufcy733OAFnUhnGl5ZbWl5ZXcuvFzY2t7Z39N29tvRDQaFFfe6LrkMkcOZBSzHFoRsIIK7DoeNMrlK/cw9CMt+7VVEAtktGHhsySlQi9fVqyQLOy9aYqDiaHp+YFXyBscX9Udmswl2cGdNKCRf6etGoGTPgv8TMSBFlaPb1T2vg09AFT1FOpOyZRqDsmAjFKIdpwQolBIROyAh6CfWIC9KOZ09N8VGiDPDQF0l5Cs/UnxMxcaWMXCfpdIkay0UvFf/zeqEantsx84JQgUfni4Yhx8rHaUJ4wARQxaOEECpYciumYyIIVUmOaQjm4st/SbteM09r9Zt6sXGZxZFHB+gQlZGJzlADXaMmaiGKHtATekGv2qP2rL1p7/PWnJbN7KNf0D6+AYY2m/g=</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

true y
<latexit sha1_base64="aHb1GRETLaJvPZKLjXa2qiOPoRo=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mkizZ2zt394TjyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMviAXXxnW/nbX1jc2t7cJOcXdv/+CwdHTc0lGiGDZZJCLVCahGwSU2DTcCO7FCGgYC28Hkdua3n1BpHskHk8boh3Qk+ZAzaqzUMSpBUkkr/VLZrbpzkFXi5aQMORr90ldvELEkRGmYoFp3PTc2fkaV4UzgtNhLNMaUTegIu5ZKGqL2s/m9U3JulQEZRsqWNGSu/p7IaKh1Gga2M6RmrJe9mfif103M8NrPuIwTg5ItFg0TQUxEZs+TAVfIjEgtoUxxeythY6ooMzaiog3BW355lbRqVe+yWruvles3eRwFOIUzuAAPrqAOd9CAJjAQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8wc6ko9t</latexit>

`(ŷ,+1) = log(1 + e�ŷ)
<latexit sha1_base64="BavQ7kgEsDPZS9sh/dE1nxYZjoo=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoOYEA27UdCLEPTiMYJ5QHYNs5NOMmT2wcyssCz5BC/+ihcPinj16M2/cZLsQaMFDUVVN91dbsiZVKb5ZWQWFpeWV7KrubX1jc2t/PZOUwaRoNCgAQ9E2yUSOPOhoZji0A4FEM/l0HJHVxO/dQ9CssC/VXEIjkcGPuszSpSWuvlDGzgv2kOiknh8VLZK+ALbPBgUrTLcJcepMS518wWzYk6B/xIrJQWUot7Nf9q9gEYe+IpyImXHMkPlJEQoRjmMc3YkISR0RAbQ0dQnHkgnmT40xgda6eF+IHT5Ck/VnxMJ8aSMPVd3ekQN5bw3Ef/zOpHqnzsJ88NIgU9ni/oRxyrAk3RwjwmgiseaECqYvhXTIRGEKp1hTodgzb/8lzSrFeukUr05LdQu0ziyaA/toyKy0BmqoWtURw1E0QN6Qi/o1Xg0no03433WmjHSmV30C8bHNyn1m2s=</latexit>

̂y ̂y



Sub-gradient descent for SVM
• SVM is the solution of 

 




• As it is non-differentiable, we solve it using sub-gradient descent 
• which is exactly the same as gradient descent, except when we are at a 

non-differentiable point, we take one of the sub-gradients instead of the 
gradient (recall sub-gradient is a set)


• this means that we can take (a generic form derived from previous page) 
               
and apply  
 
            

 

minimizew∈ℝd,b∈ℝ
1
c

∥w∥2
2 +

n

∑
i=1

max{0,1 − yi(wT xi + b)}

∂wℓ(wT xi + b, yi) = I{yi(wT xi + b) ≤ 1}(−yixi)

w(t+1) ← w(t) − η (
n

∑
i=1

I{yi((w(t))T xi + b(t)) ≤ 1}(−yixi) +
2
c

w(t))
b(t+1) ← b(t) − η

n

∑
i=1

I{yi((w(t))T xi + b(t)) ≤ 1)}(−yi)


