
Gradient Descent

 



Sub-Gradient Descent

g is a subgradient at x if f(y) � f(x) + gT (y � x)g is a subgradient at x if f(y) � f(x) + gT (y � x)

Initialize: w0 = 0

for t = 1, 2, . . .

Find any gt such that f(y) � f(wt) + g>t (y � wt)

wt+1 = wt � ⌘gt

Convex Function Non-convex Function



Running example: linear regression

{(xi, yi)}ni=1 xi 2 Rd yi 2 R■ Given data:

w1 w2

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

■ Learning model parameters:
f (w1, w2)

• Although we know the optimal solution  
in a closed form, we will use this as  
a running example to understand GD



1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

f (w0)
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f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  
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is very close to  

η > 0

w1 = w0 − η
df (w)
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f (w1) < f (w0)

w1 = w0 − η df(w)
dw w=w0

f (w0)

f (w1)
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1-dimensional gradient descent

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

Thus, for very small ,  

if  then 

   

is very close to  

η > 0

w1 = w0 − η
df (w)

dw w=w0

f (w0) − η( df (w)
dw w=w0

)2

f (w1) < f (w0)

w1

f (w0)

f (w1)

Gradient descent 
For k=0,1,2,3,… 

wk+1 = wk − η df(w)
dw w=wk

w2

f (w2)

w3

f (w3)

Note that as  we have k → ∞ df(w)
dw w=wk

→ 0



Running example: linear regression

{(xi, yi)}ni=1 xi 2 Rd yi 2 R■ Given data:

w1 w2

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

■ Learning model parameters:
f (w1, w2)

■ Gradient descent:
• Initialize:  
• For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)



y

w[1]

w[2]

•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt){(xi, yi)}ni=1

y = wt[1] + wt[2]x
= 900 − 0.1x

GD dynamics in the Parameter space Evolution of the predictor

• Which direction will the GD move?

w*

w0



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w[1]

w[2]

GD dynamics in the Parameter space Evolution of the predictor



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]
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wt+1 ← wt − η ⋅ ∇w f(wt)
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w3

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]
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w0w1

w2

w3

w4
w5
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•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5
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GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5

w6
w7

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]



•  
•For t=0,1,2,… 

•

w0 = (900, − 0.1)

wt+1 ← wt − η ⋅ ∇w f(wt)
w0w1

w2

w3

w4
w5

w6w7
w8

GD dynamics in the Parameter space Evolution of the predictor

w[1]

w[2]

w*LS



Gradient descent for linear regression

For linear regression, we have

ŵLS = arg min
w∈ℝd

∥y − Xw∥2
2

f(w)

•In this example of linear regression, 
we can derive exactly the gradient 
descent trajectory 

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)
∇f(wt) = − 2XT(y − Xwt)



Gradient descent for Ridge regression

For Ridge we have

∇f(wt) =

ŵRidge = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ
2 ∥w∥2

2

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 =



Gradient descent for Ridge regression

For Ridge we have

∇f(wt) = − XT(y − Xwt) + λwt

ŵRidge = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ
2 ∥w∥2

2

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 = (1 − λ)wt + ηXT(y − Xwt)



Gradient descent for Lasso regression

For Lasso we have

∇f(wt) =

ŵLasso = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ∥w∥1

f(w)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 =
Yu y t sign w signal



Gradient descent for Lasso regression

∇f(wt) = − XT(y − Xwt) + λsign(wt)

•Initialize:  
•For t=0,1,2,… 

•

w0 = 0

wt+1 ← wt − η ⋅ ∇w f(wt)

wt+1 = wt + ηXT(y − Xwt) − λsign(wt)

For Lasso we have

ŵLasso = arg min
w∈ℝd

1
2 ∥y − Xw∥2

2 + λ∥w∥1

f(w)



How do you choose step size?

f(w)

w* = arg min
w

f (w)w0

Let  be an initial guess.  How can we improve this solution?w0

Taylor series approximation:  
For  very close to  we have  

  

is very close to  

w w0

f (w0) + (w − w0) df (w)
dw w=w0

f (w)

f (w0)

If  too big, does not converge! 
If  too small, converges very, very slowly.

η
η

In practice: choose the largest value of  that converges (guess and check)η



Stochastic Gradient Descent



Machine Learning Problems

{(xi, yi)}ni=1 xi 2 Rd yi 2 R
nX

i=1

`i(w)■ Learning a model’s parameters:

■ Given data:

wt+1 = wt � ⌘rw

 
1

n

nX

i=1

`i(w)

!���
w=wt

Gradient Descent:

lilo ly x.tw

L w



Machine Learning Problems

{(xi, yi)}ni=1 xi 2 Rd yi 2 R
nX

i=1

`i(w)■ Learning a model’s parameters:

■ Given data:

wt+1 = wt � ⌘rw

 
1

n

nX

i=1

`i(w)

!���
w=wt

Gradient Descent:

Stochastic Gradient Descent:

wt+1 = wt � ⌘rw`It(w)
���
w=wt

It drawn uniform at
random from {1, . . . , n}

E[r`It(w)] = É IP Iti Dl lw I ÉOlin DHE ios



Machine Learning Problems
nX

i=1

`i(w)■ Learning a model’s parameters:

Stochastic Gradient Descent:

wt+1 = wt � ⌘rw`It(w)
���
w=wt

It drawn uniform at
random from {1, . . . , n}

E[r`It(w)] = r`(w)



Stochastic Gradient Descent

wt+1 = wt � ⌘rw`It(w)
���
w=wt

It drawn uniform at
random from {1, . . . , n}

Let so that

If sup
w

max
i

kr`i(w)k2  Gkw1 � w0k22  R and then

w̄ =
1

T

TX

t=1

wt

E[`(w̄)� `(w⇤)] 
R

2T⌘
+

⌘G

2


r
RG

T
⌘ =

r
R

GT

Theorem

(In practice use last iterate)

E
⇥
r`It(w)

⇤
=

1

n

nX

i=1

r`i(w) =: r`(w)

lil w is convex



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]
Proof



Stochastic Gradient Descent

E[||wt+1 � w⇤||22] = E[||wt � ⌘r`It(wt)� w⇤||22]

= E[||wt � w⇤||22]� 2⌘E[r`It(wt)
T (wt � w⇤)] + ⌘2E[||r`It(wt)||22]

E[r`It(wt)
T (wt � w⇤)] = E

⇥
E[r`It(wt)

T (wt � w⇤)|I1, w1, . . . , It�1, wt�1]
⇤

= E
⇥
r`(wt)

T (wt � w⇤)
⇤

� E
⇥
`(wt)� `(w⇤)

⇤

 E[||wt � w⇤||22]� 2⌘E[`(wt)� `(w⇤)] + ⌘2G

TX

t=1

E[`(wt)� `(w⇤)] 
1

2⌘

�
E[||w1 � w⇤||22]� E[||wT+1 � w⇤||22] + T⌘2G

�

 R

2⌘
+

T⌘G

2

Proof



Stochastic Gradient Descent

Jensen’s inequality:
For any random Z 2 Rd and convex function � : Rd ! R, �(E[Z])  E[�(Z)]

E[`(w̄)� `(w⇤)] 
1

T

TX

t=1

E[`(wt)� `(w⇤)] w̄ =
1

T

TX

t=1

wt

Proof



Mini-batch SGD

• Instead of one iterate, average B stochastic gradient together 

• Advantages: 
• Smaller variance: the variance of the stochastic gradient  

is smaller by a factor of 

• Parallelization: each gradient in the mini-batch  

can be computed in parallel  
 


• If you have regularizer, , then update  

with the stochastic gradient of the loss and gradient of the 
regularizer

1/ B

1
n

n

∑
i=1

ℓi(w) + r(w)



Questions?



Coordinate Descent

ŵLasso = arg min
w∈ℝd

∥y − Xw∥2
2 + λ∥w∥1

f(w)



Optimization: how do we solve Lasso?
• among many methods to find the solution, we will learn 

coordinate descent method

• as an illustrating example, we show coordinate descent updates 

on finding the minimum of a very simple function: 
f(x, y) = 5x2 − 6xy + 5y2



Optimizing LASSO Objective  
One Coordinate at a Time

=
nX

i=1

 
yi �

dX

k=1

xi,k wk

!2

+ �
dX

k=1

|wk|
nX

i=1

�
yi � xT

i w
�2

+ �||w||1

Fix any j 2 {1, . . . , d}



Optimizing LASSO Objective  
One Coordinate at a Time

=
nX

i=1

 
yi �

dX

k=1

xi,k wk

!2

+ �
dX

k=1

|wk|
nX

i=1

�
yi � xT

i w
�2

+ �||w||1

=
nX

i=1

0

@
⇣
yi �

X

k 6=j

xi,k wk

⌘
� xi,j wj

1

A
2

+ �
X

k 6=j

|wk|+ �|wj |

Fix any j 2 {1, . . . , d}



Optimizing LASSO Objective  
One Coordinate at a Time

=
nX

i=1

 
yi �

dX

k=1

xi,k wk

!2

+ �
dX

k=1

|wk|
nX

i=1

�
yi � xT

i w
�2

+ �||w||1

=
nX

i=1

0

@
⇣
yi �

X

k 6=j

xi,k wk

⌘
� xi,j wj

1

A
2

+ �
X

k 6=j

|wk|+ �|wj |

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

Fix any j 2 {1, . . . , d}

Initialize bwk = 0 for all k 2 {1, . . . , d}

r(j)i = yi �
X

k 6=j

xi,j bwk

Loop over j 2 {1, . . . , d}:



Optimizing LASSO Objective  
One Coordinate at a Time

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

Initialize bwk = 0 for all k 2 {1, . . . , d}

r(j)i = yi �
X

k 6=j

xi,j bwk

Loop over j 2 {1, . . . , d}:

minimum minimum minimum
wj

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |



Taking the Subgradient

@wj |wj | =

@wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
=

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }



Convexity

• for a non-differentiable function, gradient is not defined at some points,  
for example at  for 


• at such points, sub-gradient plays the role of gradient

• sub-gradient at a differentiable point is the same as the gradient

• sub-gradient at a non-differentiable point is a set of vector satisfying 

             
 

       

• for example, sub-gradient of  is  

x = 0 f(x) = |x |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }
| ⋅ | ∂ |x | =

43

f (x) = |x |

8
<

:

+1 for x > 0
[� 1, 1] for x = 0

�1 for x < 0
<latexit sha1_base64="hzBueI/d1Y3x52aFAC526t0E5Ck="></latexit>



Taking the Subgradient

@wj |wj | =

@wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
=

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }



@wj |wj | =

@wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
=

8
><

>:

1 if wj > 0

[�1, 1] if wj = 0

�1 if wj < 0

Taking the Subgradientbwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }



@wj |wj | =

@wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
=

8
><

>:

1 if wj > 0

[�1, 1] if wj = 0

�1 if wj < 0

=
nX

i=1

(�2xi,j)
⇣
r(j)i � xi,jwj

⌘

= � 2(
nX

i=1

xi,jr
(j)
i )

| {z }
=:cj

+2(
nX

i=1

x2
i,j)

| {z }
=:aj

wj

Taking the Subgradientbwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

∂f(x) = { g ∈ ℝd | f(y) ≥ f(x) + gT(y − x),  for all y ∈ ℝd }



Setting Subgradient to 0

@wj

 
nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

!
=

8
><

>:

ajwj � cj � � if wj < 0

[�cj � �,�cj + �] if wj = 0

ajwj � cj + � if wj > 0

aj = 2(
nX

i=1

x2
i,j) cj = 2(

nX

i=1

r(j)i xi,j)



Setting Subgradient to 0

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

bwj =

8
><

>:

(cj + �)/aj if cj < ��

0 if |cj |  �

(cj � �)/aj if cj > �

w is a minimum if
0 is a sub-gradient at w

@wj

 
nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

!
=

8
><

>:

ajwj � cj � � if wj < 0

[�cj � �,�cj + �] if wj = 0

ajwj � cj + � if wj > 0

aj = 2(
nX

i=1

x2
i,j) cj = 2(

nX

i=1

r(j)i xi,j)



Soft Thresholding 

cj = 2
nX

i=1

⇣
yi �

X

k 6=j

xi,k wk

⌘
xi,j

bwj =

8
><

>:

(cj + �)/aj if cj < ��

0 if |cj |  �

(cj � �)/aj if cj > �

aj = 2
nX

i=1

x2
i,j

cj

̂w j



Coordinate Descent for LASSO  
(aka Shooting Algorithm)

bwj = argmin
wj

nX

i=1

⇣
r(j)i � xi,j wj

⌘2
+ �|wj |

Initialize bwk = 0 for all k 2 {1, . . . , d}

r(j)i = yi �
X

k 6=j

xi,j bwk

Loop over j 2 {1, . . . , d}:



Coordinate Descent for LASSO  
(aka Shooting Algorithm)

cj = 2
nX

i=1

⇣
yi �

X

k 6=j

xi,k wk

⌘
xi,j

bwj =

8
><

>:

(cj + �)/aj if cj < ��

0 if |cj |  �

(cj � �)/aj if cj > �

aj = 2
nX

i=1

x2
i,j

Initialize bwk = 0 for all k 2 {1, . . . , d}
Loop over j 2 {1, . . . , d}:



When does coordinate descent work?
• Consider minimizing a differentiable convex function , 

then coordinate descent converges to the global minima


• when coordinate descent has stopped, that means  
 for all 


• this implies that the gradient , which happens only 
at minimum

f(x)

∂f(x)
∂xj

= 0 j ∈ {1,…, d}

∇x f(x) = 0
52



When does coordinate descent work?
• Consider minimizing a non-differentiable convex function 

, then coordinate descent can get stuck


•

f(x)

53

f (x1, x2) = (3x1 + 4x2 + 1)2 + λ |x1 − x2 |



When does coordinate descent work?
• then how can coordinate descent find optimal solution for Lasso?

• consider minimizing a non-differentiable convex function but has a 

structure of  , with differentiable convex 

function  and coordinate-wise non-differentiable convex functions 
’s, then coordinate descent converges to the global minima


•

f(x) = g(x) +
d

∑
j=1

hj(xj)

g(x)
hj(xj)

54 f (x1, x2) = (3x1 + 4x2 + 1)2 + λ |x1 | + λ |x2 |



Questions?


