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Sub-Gradient Descent

Initialize: wg = 0
fort=1,2,...
Find any g¢; such that f(y) > f(w:) + g, (y — wy)

Wiy = Wt — NGt
g is a subgradient at x if f(y) > f(z) +g¢" (v — )

Convex Function Non-convex Function

N2




Running example: linear regression

. Givendata: {(z;,v;)}~; x; ¢ R? y; € R

= Learning model parameters:

forpw)

WLS = arg min “y — XW”% 100~

weR® _ ) 75

Jw)

50

e Although we know the optimal solution 25
in a closed form, we will use this as 9
a running example to understand GD

w, 20 -20 W,



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Jw)

Taylor series approximation: Sf(wp)
For w very close to w, we have

df(w)

W Iw=w,

is very close to f(w)

Swp) + (w —wy)

I
Wy Wy = arg min f(w)
w



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

W Iw=w,

Swp) + (w —wy)

is very close to f(w)

Thus, for very small 7 > 0,

ifw, =wy — r/M ‘
1 v Cl w W=W,,
df(w) 2
fwy) — 1 ( p
W Tw=w,

is very close to [ () < f(wy)

then

df(w)

dw

W= H»'()

I
Wy = arg min f(w)



1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

W Iw=w,

is very close to f(w)

Swp) + (w —wy)

df(w ! .

Thus, for very smalln > 0, Wo Wy =wy—1 lf;‘/v) ws = arg min f(w)

| df(w) w

if w, IWO—V]—‘ then :

dw lw=w, Gradient descent
df(w) 2 For k=0,1,2,3,...
fwg) —n( dfw)
dw w=w, Wk 41 = Wk — ;/]W B
is very close to f(w,) < f(wy) W=
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if then
Gradient descent

For k=0,1,2,3,...

df(w)
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1-dimensional gradient descent

Let w, be an initial guess. How can we improve this solution?

Taylor series approximation:
For w very close to w, we have

df(w)

W Iw=w,

Swp) + (w —wy)

is very close to f(w)

Thus, for very small 7 > 0,

if then

is very close to < f(wy)

Wy = arg min f(w)

Gradient descent

For k=0,1,2,3,...
3 df(w)
Wienil = Wi = =2 .
— "Wk
d
Note that as k — co we have % — 0

W=Wy



Running example: linear regression

. Givendata: {(z;,v;)}~; x; ¢ R? y; € R

= Learning model parameters:

forpw)

Wig = arg min ||Y—XW||% 100--
weR? :

Jw) NS
= Gradient descent:
e Initialize: wy = 0
e For t=0,1,2,...
oW, 1 < W —H- wa(wt)



ew, = (900, — 0.1)
e For t=0,1,2,...

\n Wiy < W, — 1V, f(w)
{(x 9 yl) 1=1
700 ' '
600"
- 500+
()
S
= 400
A=)
% 300 y=w][l]+w][2]x
(W)
i =900 — 0.1x
100+ Training data
— Current hypothesis
0 1 1 T T
0.5 | | ‘
1000 2000 3000 4000 %00 -500 0 500 1000 1500 2000

Size (feetz) Wil

Evolution of the predictor GD dynamics in the Parameter space

e Which direction will the GD move?



oWy = (900, — 0.1)
eFort=0,1,2,...
Wiy & W, =1~ wa(wt)

700 0.5
600 0.4
0.3
- 500¢ I
é 0.2
= 400/ 0.1
8 wl2] 0
& 3007
,§ -0.1+
& 200} 0.2
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— Current hypothesis -0.4f
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wl[1]

Evolution of the predictor GD dynamics in the Parameter space



Price $ (in 1000s)

[\
(@]

1007

< Training data "*-, |

— Current hypothesis
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Evolution of the predictor
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GD dynamics in the Parameter space
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Price $ (in 1000s)
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oWy = (900, — 0.1)
eFort=0,1,2,...
Wiy & W, =1~ wa(wt)
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Gradient descent for linear regression

e [n this example of linear regression,
we can derive exactly the gradient For linear regression, we have

descent trajectory
 Initialize: w, = 0 Wis = afg;g{@ ly = XW||2

eFor t=0,1,2,... flw)
W, 1 — W, —n: wa(Wt)




Gradient descent for Ridge regression

e Initialize: wy = 0
eFort=0,1,2,...

Wi < W, — 1" wa(wt)

For Ridge we have

WRidge = arg min Sy = Xwll3 +3 IIWIIZ

Rdz

Jw)

Viw,)

Wi



Gradient descent for Ridge regression

e Initialize: wy = 0
eFort=0,1,2,...
W1 < W =1+ wa(wt)

For Ridge we have

WRidge = arg min Sy = Xwll3 +3 IIWIIZ

Rdz

Jw)

Viw,) ==Xy = Xw) + iw,
wy = (1 =Dw, + 57X (y — Xw,)



Gradient descent for Lasso regression

/
/ﬂ@wo

(Jwl]

e Initialize: wy = 0
eFort=0,1,2,...

.WZ‘+1 —Ww,—n: VWf(wt)

\

-

For Lasso we have

J
A R 1
Wiasso = arg min Slly = Xwli3 + 2wl _ <7p,,

weR

=

Jw)

. (),. J 1%’1)0
X (Ve 7’) £ A £?jn/w> Stgnlx *é-\ f X<

O FA:p

Viw,)

Wi



Gradient descent for Lasso regression

e Initialize: wy = 0
eFort=0,1,2,...
oW < W,—n-V,f(w)

For Lasso we have

A . 1 2
Wiasso — 4aIg Héluq?d E”y_XWHQ"'/”lW”l
w

Jw)

Viw,) = —XI(y — Xw,) + Asign(w,)

wo = w,+ X (y — Xw,) — isign(w,)



How do you choose step size?

Let w, be an initial guess. How can we improve this solution?

Jw)

Taylor series approximation: Sf(wp)
For w very close to w, we have

df(w)

W Iw=w,

Swp) + (w —wy)

is very close to f(w)

I
Wy Wy = arg min f(w)
w

If # too big, does not converge!
If 7 too small, converges very, very slowly.

In practice: choose the largest value of 77 that converges (guess and check)



Stochastic Gradient Descent

W
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Machine Learning Problems
2
= [y, -xT
= Given data: L)z (9: =)
{(rs,yi)}imy @ € RY y; € R

= Learning a model’s parameters: Z Ui(w) = A ()
=1

Gradient Descent: | o
— — Ve | — l; ‘
s =% (1300 |

1=1



Machine Learning Problems

« Given data:
{(rs,yi)}imy @ € RY y; € R

= Learning a model’s parameters: Z i (w

Gradient Descent: n
26w ) |
w = W —
t+1 t — n - ) w—10,
Stochastic Gradient Descent:
I, drawn uniform at
Wi = Wy — V., 0 | t
t+l t r.(w) Ww=w, random from {1,...,n}

E[V{r, (w)] = S P(T,0) Vhi) = % 240 =T 7 (520)

L'-I
cl



Machine Learning Problems
= Learning a model’s parameters: Z i(w)
1=1

Stochastic Gradient Descent:

I; drawn uniform at

wt_|_1 o wt — T}vwéft (w) ‘w:’LUt random from {1, .. ,n}

E[VLr, (w)] = Vé(w)



Stochastic Gradient Descent

/c/t\/> [  Cenvex

Theorem
Let w1 = wy — NV lr, (W) |w:w f;f;;":lnfg;fo{rlm at al so that
E[Ver, (w Z \ A (w)

It Hw _"UJOH < R and sup max ||VZ;(w)||s < G  then
¥ 2 Up 1

_ R nG RG R
i) — ) < e+ B <\ B2 w=ygg

1 T
w = Tzlwt

(In practice use last iterate)



Stochastic Gradient Descent

Proof

Efl|wer1 — wi3] = E[Jw; — nVLr, (we) — w.[3]



Stochastic Gradient Descent

Proof
Ell|werr — wil|3] = Ef||wy — nVez, (we) — w.]]3]
= E[||wy — w.||3] — 20E[VEy, (we)" (we — w)] + n”E[| VL7, (wy)]]3]
< E[f|wy — wy|5] — 2nE[l(w;) — L(ws)] + n*G

E[V {7, (we)" (we — w.)]

E[E[Ver, (w) (wy — w1, w1,y L1, we—1]]

=E[Vl(w)" (wy — w,)]
> E[ﬁ(wt) — Z(w*)}

T

1
> El(wy) — £(w,)] < o (El||wy — w.|3] — E[[|lwrs1 — wsl|3]) + TH*G)
=1 ﬁ TnG

277jL 2



Stochastic Gradient Descent

Proof

Jensen’s inequality:
For any random Z € R? and convex function ¢ : R? — R, ¢(E[Z]) < E[¢(Z)]

T

T
1
B{t(@) — f(w)] < 3 SO Blew) —fw)] 0=
t=1

t=1



Mini-batch SGD

e Instead of one iterate, average B stochastic gradient together

e Advantages:
- Smaller variance: the variance of the stochastic gradient

is smaller by a factor of 1/4/B

 Parallelization: each gradient in the mini-batch
can be computed in parallel

1 n
_ If you have regularizer, — Z Z(w) + r(w), then update
n

i=1
with the stochastic gradient of the loss and gradient of the
regularizer



Questions?



Coordinate Descent
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Optimization: how do we solve Lasso?

e among many methods to find the solution, we will learn
coordinate descent method

e as an illustrating example, we show coordinate descent updates
on finding the minimum of a very simple function:

f(x,y) = 5x* — 6xy + 5y°

1.5 , f(z.y) = 5a® — by + 5y°

1.5



Optimizing LASSO Objective
One Coordinate at a Time

Fix any j € {1,...,d}

n

n d 2 d
Z(yi_x?w)2+)\”w”1 —Z<yi—zxi,kwk> +)\Z|wkl
k=1 k=1

1=1 i=1



Optimizing LASSO Objective
One Coordinate at a Time

Fix any j € {1,...,d}

n d 2 d
Z(yi—wfw)2+A]]w\\1 —Z<yi—zxi,kwk> +)\Z|wk\
k=1 k=1

1=1 i=1

3

2
— Z ((yz _in,k wk) — Liyj wj) +)‘Z|w’f| + Alwj]

i=1 = =



Optimizing LASSO Objective
One Coordinate at a Time

Fix any j € {1,...,d}

n

n d 2 d
Z(yi_x?w)2+)\”w”1 —Z<yi—zxi,kwk> +)\Z|wk]
i=1 k=1 k=1

1=1

||M:
p—

k#j k#j

2
(( szkwk) xi,jwj) +)\Z|wk|+)\\wj|

Initialize wy = 0 for all k € {1,...,d}
Loop over j € {1,...,d}:

7}(]) = Yi — szg@k

k?'é] n

2
_argmmZ( () azww]) + A|w;|

1=1




Optimizing LASSO Objective
One Coordinate at a Time Z (T@ s wj)g + Al

1=1

200 A

100 A

40
50 A ]
“ \_/

10 75 5 As 2.5 5 75 10 -8 -6 4 2 2 4 6 8 -1 -t 2;7 5 7.5 10

D

minimum minimum

minimum

Initialize wy = 0 for all k € {1,...,d}
Loop over j € {1,...,d}:

7“2(‘7) = Yi — szg@k

k#j n

2
—argmmZ( () zcww]) + A|w;|

1=1




n

Taking the Subgradient 3 (r§j> — 3y wj)Q + Aw;]

1=1

of(x) = { g€ R f(y) >f(x)+g"(y—x), forally e R?}

awj ‘wj‘ —

Ow, ( x”wj)Q =

1=1



Convexity
f@) = x|

* for a non-differentiable function, gradient is not defined at some points,
for example at x = O for f(x) = | x|
e at such points, sub-gradient plays the role of gradient
* sub-gradient at a differentiable point is the same as the gradient
* sub-gradient at a non-differentiable point is a set of vector satisfying

ofx) = {ge€RIF() = fx)+g"(y—x), forally € R?}
+1 forx >0
| —1,1] forx=0
{ —1 forax <0

e for example, sub-gradientof | - | is d|x| =

43



n

Taking the Subgradient 3 (r§j> — 3y wj)Q + Aw;]

1=1

of(x) = { g€ R f(y) >f(x)+g"(y—x), forally e R?}

awj ‘wj‘ —

Ow, ( x”wj)Q =

1=1



n

Taking the Subgradient 3 (rgﬂ — 3y wj)Q + Aw;]

1=1

of(x) = { g€ R f(y) >f(x)+g"(y—x), forally e R?}

1 ifwj>0
Ow, |w;| = ¢ [-1,1] ifw; =0
\—1 ifwj<0

Ow, ( x”wj)Q =

1=1



n

Taking the Subgradient 3 (rgﬁ — 3y wj)Q + Aw;]

1=1

of(x) = { g€ R f(y) >f(x)+g"(y—x), forally e R?}

y

1 if w; > 0
Ow, |w;| = ¢ [-1,1] ifw; =0
\—1 if w; < 0
n 2 n
J J
Ow, ("“z( ) — i, ’wj) = (—2z;) ( 2 ﬂ?fz:,j’wj)
1=1 1=1

me )+ 2( Zazd W




Setting Subgradient to 0

(
Cijj —Cj —)\

[—c; — A\, —¢; + A

\ajwj — Cj —+ )\

ifwj <0
1fwj:O
ifwj > 0



Setting Subgradient to 0

e

n ajwj—cj—)\ ifwj<0
. 2
o, (350 =)+ wl) = e A ) it =
1=1 Lajw; —¢j + A if w; >0
a] — Q(Z Ly ]) Cj — 2(2 TZ(J)ZEZ J)
1=1 =1
— /() 2
wW; = arg min T T W Al w
J gwjzl(z i, J)‘|‘|J|
1=

(Cj —+ )\)/CLJ' if c; < — A\
T if [c;] < A
(cj—)\)/aj iij>)\

w 1S a minimum if
0 is a sub-gradient at w



Soft Thresholding

(c;+AN)/a; ifc; <—A
@j: 0 if ’Cﬂé)\
(cj—)\)/aj iij>)\

P i=1 k#j




Coordinate Descent for LASSO
(aka Shooting Algorithm)

Initialize wy = 0 for all k € {1,...,d}
Loop over j € {1,...,d}:
7}@ = Yi —Zl‘z‘,j’@k
k#i n

. 2
~ : (7) - |
wj = argmin E (ri — T ;w; ) + Aw
J .
1=1




Coordinate Descent for LASSO
(aka Shooting Algorithm)

Initialize wy = 0 for all k € {1,...,d}
Loop over j € {1,...,d}:




52

When does coordinate descent work?

e Consider minimizing a differentiable convex function f(x),
then coordinate descent converges to the global minima

-

e when coordinate descent has stopped, that means

af (x) =0forallje {1,...,d)}

a.x]'

e this implies that the gradient V . f(x) = 0, which happens only
at minimum




When does coordinate descent work?

e Consider minimizing a non-differentiable convex function
f(x), then coordinate descent can get stuck

7

X2
0

f(x,x0) = Bx; +4x, + 1)2 + A x; —x,

53



When does coordinate descent work?

* then how can coordinate descent find optimal solution for Lasso?

e consider minimizing a non-dcgfferentiable convex function but has a

structure of f(x) = g(x) + Z hj(xj) , with differentiable convex

J=1
function g(x) and coordinate-wise non-differentiable convex functions
hj(x,-)’s, then coordinate descent converges to the global minima

&

:X

\

|
-4 -2 0 2 4
(%)) = Bx; + 4%, + D2+ 4| x| + 4] x| x1

N
N
RN
N
\\\.

N
N

N
NN
N
X

\\\
N
N

7

N
N

7

x2
0
|

%
7
7
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Questions?



