Linear Regression

UNIVERSITY of WASHINGTON



The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft.}
.. ] r; € R
. . Training Datz. u € R
SRR €2 7)) i
4 o ¢
8 ees L,
a o o o
w ® A o .Q
A © o o o
[
o o °
[

2018 Kevin Jamieson


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {#sq. ft.}

Training Data:
; €ER
(24, yi) biey "o

o
best linear fit 4

S . e Hypothesis/Model: linear

(o' ..

% .Q Yi = T;0 + €; €; Z.r’{,\.Jd. N(O, 0_2)
(V)

# square feet
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

d
Training Data: Zi €R
5 n y; € R

g {(CBZa y%) 1=1
Sale price 100 Hypothesis/Model: linear
[ 0 x;-rw + € ¢ 5 N (0, 02)
=100
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}
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The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {# sq. ft., zip code, date of sale, etc.}

Sale price

Training Data:

56k {(CB’M yz)

T

=100

[ —200

©2018 Kevin Jamieson

-1 0 1 2
# square feet

Y imT w6 g

x; € Rd
n y; € R
1=1

100 Hypothesis/Model: linear

1.1.d. (O, 0_2)

L ——cTw)?/20?


http://zillow.com

Maximizing log-likelihood

d
Training Data: % €R 1 yaTw)?/202
n YeER p(ylz, w,0) = e
{(Cl?z,yz) i—1 V2102

6—(,%—33,?11))2/202

Likelihood: P(Dlw, ) = [] plyilzs, w, ) = !

1=1 1
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Maximum Likelihood Estimation

Observe X1, Xs,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

Likelihood function L,(0)=]] f(X;0)
=1
Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) 0,5 = arg max Ly, (0)

Under benign assumptions, as the number of observations n — co we have 0 ,,;  — 0

Why is it useful to recover the “true” parameters 6. of a probabilistic model?

- Estimation of the parameters 0. is the goal
* Help interpret or summarize large datasets
« Make predictions about future data

« Generate new data X ~ f(-; 0,/ 5)



Maximizing log-likelihood

d
Training Data: % €R 1 T2 o
Ui R p(y|x7w70-) — e (y—x w)* /20
{(xzjyz) n 1 \/27'(-0-2
TPRT - ol T o)? /262
Likelihood: P(D|w,0) = Y|z, w, o) = e~ Wi—w w)* /20
(Pluso) = [Tt =

_— - 1 T \2 /6 2
Maximize (wrt w): log P(D|w,0o) = log <| | e~ (Wi w)*/20
V2
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Maximizing log-likelihood

d
Training Data: % €R 1 yaTw)?/202
U, Ys) b Vamo?
TPRT - ol T o)? /262
Likelihood: P(D|w,0) = Y|z, w, o) = e~ Wi—w w)* /20
(Dlw,0) 7,1;[1 il EW

_— 51 2 902
Maximize (wrt w): log P(Djw, o) = log (H e~ (vi—z] w) /2a>

i—1 7TO'

DO

mn
. : T N2
@yrp =argmin ) (y; — 2] w)
1=1
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Maximizing log-likelihood

n
. : T N2
@yrp = argmin ) (y; — 2 w)
1=1

Set derivate=0, solve for w
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Maximizing log-likelihood

n

~ - Z T2 .
W LE — argimin (yz — X, w) Set derivate=0, solve for w
w

1=1

n —1 n
~ T
WMLE = E X;x; E LilYq
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The regression problem in matrix notation

WNMLE = argmui)n E (s
i—1
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n

T

— T, W
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T
L,

)2

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

mn
A~ . T 2
@yrp = argmin ) (y; — 2 w)
1=1
Yy | Exl d : # of features
n : # of examples/datapoints
y = X=|: ples/datap
yz-:a:;‘;rerei y = Xw + €
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The regression problem in matrix notation

zuMLEzzzwgngn E (s

/\
MLE

n

i=1
o
y=1":

_Yn |

T
Yi = T; W+ €

= arg min(y — Xw)* (y — Xw)

L ‘.@LS — argmlnHy — Xw”%
w

T

— T, W

-

L1

T
L,

)2

d : # of features
n : # of examples/datapoints

y = Xw + €

: n 2 T
£ynorm: [l2lly =/ T, 7 = Ve




The regression problem in matrix notation

WNMLE = argmui)n E (s
i—1

y:

T

Yi = T; W+ €

Wps = argmin |ly — Xwl|;

= arg min(y — Xw)* (y — Xw)
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d : # of features
n : # of examples/datapoints

y = Xw + €



The regression problem in matrix notation

mn
A~ . T 2
@yrp = argmin ) (y; — 2 w)
1=1
Yy | Exl d : # of features
) n : # of examples/datapoints
y=|: X=|: ples/datap
R
Yi = T; W+ € y = Xw + €
~ . ) 2 —
s = argmin ||y — Xuw|| N D]
w

= arg min(y — Xw)* (y — Xw)

Wrs = Wpnre = (X X) ' X'Y
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The regression problem in matrix notation

42 %
/

. o . B 5 \3

wrs = argmin ||y — Xwl||3 .

w L1~
= (X'X)"' X"y
e
What about an offset? 2 JIx+b
n T
Wrs,brs = argmin > (y; — (27w + b))2 ot

w,b 4
1=1

— argmigl |y — (Xw + 1b)Hg

w,
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Dealing with an offset H

Wrs,brs = argmin ly — (Xw + 1b)]]3

0, lly- (lotb I f{?X(g (X +1) =0

XA S+ X1 b = Xy

MLE
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Dealing with an offset
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Make Predictions

A new house is about to be listed. What should it sell for?

A~ T N -
ynew — xneWwLS —I_ bLS



Process

Decide on a model for the likelihood function f(x; 8)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



Linear regression with non-
linear basis functions

W
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Recap: Linear Regression

label
’ f(x) =400 x
O
5 0 0’ 9 y - f(x) = 100,000 + 200 x
O 00, %9 A 0 O
oS OOO
/ o
input x

* In general hlgh -dimensions, we fit a linear model with intercept
yi~wlx +b, orequwalently yvi=wlx +b+e
with model parameters (w € R4, b € R) that minimizes z,”z-loss

L(w,b) = 2 01 = (W + b))’

error €;




Recap: Linear Regression

« The least squares solution, i.e. the minimizer of the L”z-loss can be
written in a closed form as a function of data X and y as

or equivalently using
straightforward linear algebra
by setting the gradient to zero:

5] - (1 ) B



Quadratic regression in 1-dimension

Data: X = , Y=

« Linear model with parameter (b, w)):

« ¥, =b+wx

Y1
Y2

Yn

label y

_—

mput x



Quadratic regression in 1-dimension

X1 Y1 bl

X abel y
Data: X = :2 , Y= y.2

'xn yn

* Linear model with parameter (b, w)):

« Vi=b+wx //
wy mput x
. Quadratic model with parameter (b, w = ):

e Vi=b+wx;+w,x?



Quadratic regression in 1-dimension

X1 Y1 bl

X abel y
Data: X = :2 , Y= y.2

'xn yn

* Linear model with parameter (b, w)):
« ¥, =b+wx

Wy nput x
. Quadratic model with parameter (b, w = ):

e Vi=b+wx;+w,x?
W,
Degree-p polynomial model with parameter (b,w = | : |):
* w
p

e Vi=b+wix+wy x4+ . +w,xP




Quadratic regression in 1-dimension

X1 Y1 bl

X abel y
Data: X = :2 , Y= y.2

'xn yn

Linear model with parameter (b, w)):
« ¥, =b+wx

input x

w
Quadratic model with parameter (b, w = [ 1] ):

e Vi=b+wx;+w,x?
]
Degree-p polynomial model with parameter (b,w = | : |):
* w
L p_
e Vi=b+wix+wy x4+ . +w,xP
W,
General p-features with parameter w = | :
* w
p

* 3’\1' = (w, h(x;)) where h : R — R?



Quadratic regression in 1-dimension

X1 Y1 el
X abel y
Data: X = .2 , ¥y = y.2
_-xn_ _yn_ /
]
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

Note: h can be arbitrary non-linear functions!

§
h(x) = llog(x), x2, sin(x), \/}]



Quadratic regression in 1-dimension

X1 Y1 |
X abel y
Data: X = .2 , ¥y = y.2
_xn | _yn ] /
]
General p-features with parameter w = | :
* w
p

e V.= (w,h(x))where h : R - R”

How do we learn w?



Quadratic regression in 1-dimension

X1 Y1 el
X abel y
Data: X = :2 , Y= y.2
_xn_ _yn_
/
W
General p-features with parameter w = | :
* w
- p_
e V.= (w,h(x))where h : R - R”
How do we learn w?
] ] W = argmin ||[Hw — y||3
— —h(x)" — - w
H= : € R™? For a new test point x, predict
|~ h)" =~ y =(W,hx))




Which p should we choose?

* First instance of class of models with different
representation power = model complexity

label y degree 3 label y degree 20 overfits

0.10 0.10 -

0.05 0.05 -

0.00 0.00 -
~0.05 1 ~0.05 -
~0.10 1 ~0.10 -
0154 * -0.15 -
-0.20 - ° -0.20 A

~1.00 -0.75 -0.50 -0.25 000 025 050 075 100 2100 —075 —050 -025 000 025 050 075 100
input x input x

« How do we determine which is better model?



Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

* the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

* we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data



Generalization

* we say a predictor generalizes if it performs as well on unseen data
as on training data (we will formalize the next lecture)

* the data used to train a predictor is training data or in-sample data
e we want the predictor to work on out-of-sample data

* we say a predictor fails to generalize if it performs well on in-
sample data but does not perform well on out-of-sample data

e train a cubic predictor on 32 (in-sample) white circles: Mean Squared Error (MSE) 174
e predict label y for 30 (out-of-sample) blue circles: MSE 192

e conclude this predictor/model generalizes, as in-sample MSE ~ out-of-sample MSE



Split the data into training and testing

e away to mimic how the predictor performs on unseen data

« given asingle dataset § = {(x;, y)}'_,

e we split the dataset into two: training set and test set (e.g., 90/10)
* fraining set used to train the model

1
minimize £, (W)= Y Gi—xlw)?

° | Strain | icS

train

e test set used to evaluate the model

1
o Zz test(w) = Z (y i xiTW)z
[Sieat| 4

e this assumes that test set is similar to unseen data




Train/test error vs. complexity

Error
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- Degree p = 3, since it achieves minimum

test error

 Train error monotonically decreases with model
complexity

» Test error has a U shape

test set should never be used in training or picking degree
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