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Your first consulting job

* Billionaire: | have special coin, if | flip it, what’s the
probability it will be heads?

* You: Please flip it a few times:

* You: The probability is:

* Billionaire: Why?



Coin — Binomial Distribution

- Data: sequence D= (HHTHT...), k heads out of n flips
- Hypothesis: P(Heads) = 6, P(Tails) =1-6
* Flips are i.i.d.:
 Independent events

* Identically distributed according to Binomial
distribution

+ P(D|0) =



Maximum Likelihood Estimation
- Data: sequence D= (HHTHT...), k heads out of n flips
- Hypothesis: P(Heads) = 06, P(Tails) =1-0

P(D|#) = 0%(1 — )" "

« Maximum likelihood estimation (MLE): Choose 6 that
maximizes the probability of observed data:
P(D|0)

é\MLE — argm@ax P(D‘@)

= argmax log P(D|6)

)

LE




Your first learning algorithm

é\MLE — arg m@ax 10g P(D|9)

— argmax log 6% (1 — 6)" "

« Set derivative to zero:

0

d

do

log P(D|A) =0




Maximum Likelihood Estimation

Observe X1, Xo,..., X, drawn IID from f(x;#) for some “true” 6 = 0,

n

Likelihood function L,(0) =[] f(X:;0)
=1

Log-Likelihood function [,(0) =log(L,(0)) = Zlog(f(Xi; 6))

1=1

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, ()
0



Recap

* Learning is...
* Collect some data
* E.g., coin flips
« Choose a hypothesis class or model
* E.g., binomial
« Choose a loss function
 E.g., data likelihood

« Choose an optimization procedure
* E.g., set derivative to zero to obtain MLE



What about continuous variables?

* Billionaire: What if | am measuring a continuous variable?
 You: Let me tell you about Gaussians...

1 ==
Pz | p,o) = oot 20




Some properties of Gaussians

« affine transformation (multiplying by scalar and adding a
constant)

« X~ N(u,0?)
cY=aX+b = Y~ Naut+b,a2o?)

« Sum of Gaussians
« X~ N(MX’OZX)

« Y ~ N(uy,0%)
e Z=X+Y > Z~ N(uytuy, 02+02))



MLE for Gaussian

- Prob. of i.i.d. samples D={x,,...,x } (e.g., temperature):

P(D|\p,0) = P(x1,...,%n|,0)

( 1 )” D (e w?
— H é 202
o\ 2T

1=1

 Log-likelihood of data:

S

log P(D|p,0) = —nlog(ov?2 Z
1=1

 What is é\MLE for § = (,u,a )? Draw a picture!



Your second learning algorithm:
MLE for mean of a Gaussian

e \What’s MLE for mean?

N

d

— log P(D|u,0) = a4 —nlog(ov2m) — Z (z: = 1)”
du ’ d — 202



MLE for variance

o Again, set derivative to zero:

N

d d (; — p)?
- log P(D|u, o) = - —nlog(oV2m) — ; 52



Learning Gaussian parameters

» MLE: R ] —
UMLE = - z;ibz
1=

- 1

O_QMLE — E Z(xz — ,TJJ\MLE)2
1=1

n

MLE for the variance of a Gaussian is biased

N

E[O’QMLE] 7& 0'2

Unbiased variance estimator:

n
0~ unbiased — n— 1 (xz — ,UJMLE)

1—=1



Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

n

Likelihood function L,(0)=]] f(X:0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0

Under benign assumptions, as the number of observations 7 — oo we have 0, p — 0.

The MLE is a “recipe” that begins with a model for data f(x; 0)



Applications preview
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Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Likelihood function L,(0)=]] f(X;0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0

Under benign assumptions, as the number of observations 7 — oo we have 0, p — 0.

Why is it useful to recover the “true” parameters 6. of a probabilistic model?

- Estimation of the parameters 6. is the goal
* Help interpret or summarize large datasets
» Make predictions about future data

- Generate new data X ~ f( - ; (/9\MLE)



Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

UK poll tracker

Opinion polls
How does the greater

population feel about an issue?
Correct for over-sampling? . B

. 0. is “true” average opinion Iy
[ Xl, XZ, e o are Sample Ca”S ozom T o e T e o 5o hor e ngreen

z.o-’l:'

How do we figure out which ad
results in more click-through? e O
« O, are the “true” average rates iz i

« X, X,, ... are binary “clicks” | =
Treatment

A/B testing o %

o

A




Interpret

Observe X1, Xo,...,X,, drawn IID from f(x;6) for some “true” 6 = 6,

Customer segmentation / clustering
Can we identify distinct groups of
customers by their behavior?

Y
« 0. describes “center” of distinct groups :“tz

« X{,X,, ... are individual customers

Data exploration

What are the degrees of freedom of the
dataset?

« 0. describes the principle directions of
variation

« X{,X,, ... are the individual images




Predict

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Content recommendation amazon
Can we predict how much someone will ~—Tprime
like a movie based on past ratings?

- 0. describes user’s preferences
- X, X,, ... are (movie, rating) pairs

Spotify’
98% Match e potify

Discover Weekly

Object recognition / classification
|dentify a flower given just its picture?

- 0. describes the characteristics of
each kind of flower
Figure 1.1: Three types of Iris flowers: Setosa, Versicolor and Virginica. Used with kind permission of Dennis

« X, X5, ... are the (image, label) pairs s wasicra

index sl sw pl pw label
0 51 35 14 02 Setosa
1 49 30 14 02 Setosa

50 7.0 32 47 14 Versicolor

149 59 3.0 5.1 1.8 Virginica




Generate

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Text ti “Kaia the dog wasn't a natural pick to go to mars.
ext generation No one could have predicted she would...”
Can Al generate text that could have R —_—

fun "
his.element=a(b) };¢ 2 poplacel/ - : « 50 5 wu s

been written like a human? 13 RN BTN |
« 0. describes language structure
« X, X,, ... are text snippets found

RANSIT

onlne eI SN YU
- selelgl” | S
https://chat.openai.com/chat
|mag e to text g eneration “dog talking on cell phone under water, oil painting”

Can Al generate an image from a prompt?

« 0. describes the coupled structure of
images and text

- X, X5, ... are the (image, caption) pairs
found online

https://labs.openai.com/



Linear Regression
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The regression problem, 1-dimensional

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data:
¢ n y; € R
¢ (24, yi) Fieq

Sale Price
( ]
o0
( ]

2018 Kevin Jamieson


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

o
best linear fit 4

S . . Hypothesis/Model: linear

(a R ..

= o yi = viw+ e g R N(0,0%)
(0p)

# square feet

©2018 Kevin Jamieson


http://zillow.com

Fit a function to our data, 1-d

Given past sales data on zillow.com, predict:

y = House sale price from
x = {# sq. ft.}

Training Data: eR
(24, yi) Fieq e

o
best linear fit 4

S . . Hypothesis/Model: linear

(a R ..

w o' Yy = w6 e KN N(0,02)
(0p)

# square feet

©2018 Kevin Jamieson


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {#t sq. ft., zip code, date of sale, etc.}

.. d
Training Data: %: € R

: 200 {(x'“y@) ?:1 ek
Sale price sus 100 Hypothesis/Model: linear
O yi=ajwte g RN N(0,02)
~100
% -. —200
#L:O\l? -2 -1 0 1 = -

a
throoms # square feet

©2018 Kevin Jamieson


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {#t sq. ft., zip code, date of sale, etc.}

Sale price

©2018 Kevin Jamieson

il 0 1
# square feet

Training Data:

oo UTiy i) Hieq

wiE]Rd
y; € R

w0 Hypothesis/Model: linear

ps &

r—100

[ —200

T
Yi = T; W+ €

p(y\x, w, U) —

€; big N(0,0%)


http://zillow.com

The regression problem, d-dim

Given past sales data on zillow.com, predict:

y = House sale price from

x = {#t sq. ft., zip code, date of sale, etc.}

Sale price

a -2 -1 0 1
throoms # square feet

©2018 Kevin Jamieson

.. d
Training Data: %: € R
o\ y; € R

200 {:(5627 Z/Z) 1=1

w0 Hypothesis/Model: linear

L _ T 1.1.d. 2
s Yi = T; W+ € €; (0,0‘)
=100

200 1 e—(y—xTw)2/2a2


http://zillow.com

Maximizing log-likelihood

Training Data: % € R

{(szpyz) n yiER p(y‘$7w70

1=1

Likelihood: P(D|w,o) :Hp(yi\%’waa) :H 1

1=1

©2018 Kevin Jamieson




Maximum Likelihood Estimation

Observe X1, Xo,..., X,, drawn IID from f(x;6) for some “true” 6 = 0,

Likelihood function L,(0)=]] f(X;0)

1=1

Log-Likelihood function [,(8) =log(L,(0)) = Zlog(f(Xi; 6))

Maximum Likelihood Estimator (MLE) é\MLE = arg max L, (6)
0

Under benign assumptions, as the number of observations 7 — oo we have 0, p — 0.

Why is it useful to recover the “true” parameters 6. of a probabilistic model?

- Estimation of the parameters 6. is the goal
* Help interpret or summarize large datasets
» Make predictions about future data

- Generate new data X ~ f( - ; (/9\MLE)



Maximizing log-likelihood

d
Training Data: % € R 1 T2 2
iER T, w,0) = e(yacw)/20'
RS y p(y| ) s

T - L | 2 12
Likelihood: P(D|w,o) =] p(yilzi,w,0) =]] o~ (i—z] w)?/20
1=1 )

Maximize (wrt w): log P(D|w,0) 1og< —<yi—x2 w>2/20—2>

©2018 Kevin Jamieson



Maximizing log-likelihood

d
Training Data:  %i €R 1 T w)? /20

n yi €R p(y‘$7w70) = e Y
{(mzayz) i=1 V2mo?

L1 - S| 2 2
Likelihood: P(D|w,o) =] p(yilzi,w,0) =]] o~ (yi—z] w)? /20
1=1 )

. &1 2 /92
Maximize (wrt w): log P(D|w,0) = log (H e~ (wi—z{ w)*/20 )

=1

n
~ : T \2
WM LE = arg mféﬂ E (yz — 4 w)
i=1

©2018 Kevin Jamieson



Maximizing log-likelihood

mn
~ : T.\2
WpMLE = arg mu%n E (yz —T; w)
i=1

Set derivate=0, solve for w

2018 Kevin Jamieson



Maximizing log-likelihood

n
~ : T2
WMLE = argiin E (yi —z; w)
i=1

Set derivate=0, solve for w

n —1 n
~ L T
WMLE — E r;x; E LiY;

©2018 Kevin Jamieson



The regression problem in matrix notation

WL E = arg muijn E (y;
i—1

©2018 Kevin Jamieson

Y1

Yn

n

-

—T; W

-

Ly

T
Ly

)2

d : # of features
n : # of examples/datapoints



The regression problem in matrix notation

mn
AN . _|_ 2
WMLE = argmin E (y; —x; w)
1=1
_yl— _:Eff_ d : # of features
y = X — n : # of examples/datapoints
_yn_ _sz;_

©2018 Kevin Jamieson



The regression problem in matrix notation

WM LE = argmuijn E (y;
i—1

y:

T

yi:xiw—kei

Wrg = argmui)n |y — XwH%

— argmin(y — Xw)! (y — Xw)

Y1

Yn

-

—T; W

-

Ly

T
Ly

d : # of features
n : # of examples/datapoints

y = Xw + €

) — n 2 _ T
£ norm: ||z]l, = 4/ Zizl F=\2Zz

2018 Kevin Jamieson



The regression problem in matrix notation

WM LE = argmuijn g (y;
i—1

y:

T

yi:xiw—kei

Wrg = argmui)n |y — XwH%

— argmin(y — Xw)! (y — Xw)

Y1

Yn

-

—T; W

-

Ly

T
Ln

d : # of features
n : # of examples/datapoints

y = Xw + €



The regression problem in matrix notation

n

~ : T N2
WpMLE = arg mu%n E (Z/z —z; w)
1=1
[y | N d : # of features
i n : # of examples/datapoints
y=|: X = : xamples/datap
T
Y; = T; W+ € y = Xw + €

Wrg = argmui)n |y — XwH%

— argmin(y — Xw)! (y — Xw)

Wrs = WNLE = (XTX)_IXTY




The regression problem in matrix notation

Wrs = afgffgn HY — X@UH%

= (X'X)"' X"y

What about an offset?

n

.~ . 2
Wwrg,brg = arg min (yz — (z]w + b))
w7 .
1=1

= argmin [ly — (Xw + 1b)||;

©2018 Kevin Jamieson



Dealing with an offset

Wrs,brs = argrgiil ly — (Xw + 1b)||3



Dealing with an offset

Drs,brs = argmin ly — (Xw + 1b)][3
XX +brsXT'1 =Xy
1'X @ g+brg1t1 =11y
If X171 =0 (i.e., if each feature is mean-zero) then

s = (X'X)"1X'Y

~ 1 <
brs = E;yz



Make Predictions

A new house is about to be listed. What should it sell for?

A T A -
Unew = TnewWLs + 0L s



Process

Decide on a model for the likelihood function f(x; &)

Find the function which fits the data best
Choose a loss function- least squares
Pick the function which minimizes loss on data

Use function to make prediction on new examples



